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PREFACE. 



Fbopessob De Moboak, in speaking of Simspn's Edition 
of the Elements (Dictionaiy of Gtreek and Soman 
Biography and Mjrthology, s. v. Eucleides), says, " with 
the exception of the editorial fancy about the perfect 
restoration of Euclid, there is little to object to in 
this -celebrated edition. It might indeed have been 
expected that some notice would have been taken of 
various points on which Euclid has evidently fsdlen 
short of that formality of rigor which is tacitly claimed 
for him." In preparing an edition for the use of schools 
and those commencing the study of geometry, it has 
been the Editor's aim to restore such " formality of 
rigor" in all places where it seemed wanting, and to 
render both text and figures as accurate as he could. 
No step has accordingly been omitted in the propositions, 
or left implied ; the text has been made clearer and more 

a 
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symmetrical by marking the diyisions into cases, and 
stating similar pieces of reasoning as far as may be in the 
same words ; all looseness of expression (in the enuncia- 
tions, for example, or the determining of points, etc. in 
the figures) has been careftdly corrected ; and a new set 
of figures drawn, the thick lines of which are those that 
are given in the enunciation of a proposition, and the 
thin such as are afterwards made use of in the con- 
struction or proof. • 

Gbbat Dean's Yard, 
Westminster, 

23rd Feb. 1863. 
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DEFINITIONS. 

I. 

A POINT is that which has neither length, breadth, 
nor thickness, but position only. 

Obs. a point is usually denoted by a single capital letter of the 
alphabet. 

Ex. We speak of the point 
A, the point B, the point C, 

11. 

A line is that which has neither breadth nor thick- 
ness, but length only, 

III. 
The extremities of a line are points. 

Obs. a line is usually denoted by two letters, these two letters 
denoting the points which are the extremities of the line. But 
lines are sometimes denoted by a single letter. 

Ex. We speak of the 
lines AB, CD ; A, B 
denoting the points 
which are the extre- 
mities of one line, 
and C, D those wldch are the extremities of the other. We may 
also speak of the line £. 
^ B 
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IV. 

A straight line is a line which lies evenly between 
its extreme points. 

V. 

A superficies or surface is that which has length 
and breadth^ but not thickness. 

VI. 
The extremities of a surface are lines. 

VII. 

A plane surface or plane is a surface, in which, if 
any two points be taken, the straight line of which 
they are the extremities, lies wholly in that surface, 
i. e. every point in the straight line is also a point in 
the surface. 

VIII. 

A plane angle is the inclination of two lines to one 
another in a plane, which meet together in a point, 
but are not in the same direction. 

IX. 

A plane rectilinear angle is the inclination of two 
straight lines to one another, which meet together in 
a point, but are not in the same straight line. 

Obs. I. Unless the contrary be expressly stated, whenever an angle 
is spoken of, a plane rectilinear angle is to be understood. 

Obs. 2. When there are several angles at one point, any one of 
them is denoted by three letters, of which the letter put between the 
other two denotes the poinjt where the straight lines meet together ; 
and one of these two denotes some point in one of the two straight 
lines, that include the angle, and the other denotes some point in 
the other, the order of the first and third being indifferent. 

Ex. Of the 
three angles at 
the point A (Fig. 
i), the angle in- 
cluded by the 
straight lines 
AC, AB is de. 
noted by CAB 





F 

or BAC; the Fig. 1. Fig. 2. 
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angle indaded by the straiglil Uties AC, AD is denoted by CAD 
or DAC ; and the angle induded by the straight lines AB, AD is 
denoted by BAD or DAB. 

Ob8. 3. But when there is only one angle at a point, it may be de- 
noted dther by the single letter that denotes the point, or by three 
letters as above. 

Ex. The angle at the point E (Fig. 2) may either be denoted 
by £, or by FEG, or by 6£P. 

X. 

When one 
straight line 
standing on an- 
other straight ^^^^ 
line makes with 
that straight line, or with that straight line produced, 
if necessary, the adjacent angles equal to one an- 
other, each of these angles is defined to be a right 
angle ; and each of the straight lines is defined to- be 
peipendicular to the other. 

XI. 

An obtuse angle is an angle' which 
is greater than a right angle. 

xn. 

An acute angle is an angle which is 
less than a right angle. 

xin. 

The boundary is the extremity of any thing. 

XIV. 

A figure is a portion of space which is enclosed by 
one or more boundaries ; and when all the points in 
a figure are also points in th^ same plane, the figure 
is called a plane figure. 

Obs. Unless the contrary be expressly stated, whenever a figure is 
spoken of a plane figure is to be understood. 

b2 
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XV. 

A circle is defined to be a 

{)lane figure, contained by one 
ine^ such that all straight lines 
drawn from a certain point 
within the figure^ to meet this 
one line, are equal to one an- 
other. 

XYI. 

This one line is called the circumference of the 
circle ; the point within the figure is called the centre 
of the circle ; and any one of the straight lines drawn 
from the centre to meet the circumference is called a 
radius of the circle. 

Obs. It is usual to denote a drde by three letters, these three 
letters denoting any three points in the drcumferenoe of the drde ; 
and the same three letters may be taken to denote the drcumfer- 
enoe. 

Ex. In the above figure the drcle may be denoted by ABC, or by 
DBC, or by BEA, &c. ; and we may speak of the drcumference 
ABC, or DBC, &c. F is the centre ; 'and FA, FB, FC» &c., are 
radii. 

xvn. 

A diameter of a circle is any straight line drawn 
through the centre and terminated both ways by the 
circumference. 

XVIII. 

A semicircle is the figure contained by any dia- 
meter of a circle, and by either of the two parts of 
the circumference, into which it is divided by the 
diameter. 

XIX. 
This definition is the same as Bk. iii. Def. €. 

XX. 

When the lines which contain a plane figure are 
all straight lines, it is called a rectilinear figure, and 
the straight lines are called its sides. 
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A rectilinear figure which has three sides is called 
a triangle. 

xxn. 

A rectilinear figure which has four sides is called 
a quadrilateral figure ; one which has five^ a pen- 
tagon ; and one which has six^ a hexagon. 

Polygon is the general name for a rectilinear 
figure of any number of sides, including the triangle, 
quadrilateral figure, 8dc., as particular oases. 

XXIV. 

* 

An equilateral triangle is a triangle 
which has its three sides all equal; an 
equilateral polygon is a polygon with all 
its sides equal ; and an equiangular poly- 
gon is a polygon with all its angles equal. 

XXY. 

An isosceles triangle is a triangle which 
has two of its three sides equaU 

XXVI, 

A scalene triangle is a triangle which has its three 
sides all unequal. 

xxvn. 

A right-angled triangle is a triangle 
one of the three angles of which is a 
right angle. ^ 

xxvin. 

An obtuse-angled triangle Isl a 
triangle one of the three angles of 
which is an obtu^ie angle. 

B 3 
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An acute-angled triangle is a triangle 
each of the three angles of which is an 
acute angle. 

XXX. 

A square is defined to be a four- sided 
figure which has all its sides equal and 
all its angles right angles. 

XXXL 
An oblone is a four-sided figure 
which has all its angles right angles, 
but has not all its sides equal. 

XXXIL 

A rhombus is a four-sided figure which /"~7 

has all its sides equals but its angles not / / 

right angles. ^ / 

xxxni. 

A rhomboid is a four-sided figure 
which has its opposite sides equals 7" 
but all its sides are not equals and Z__ 
its angles are not right angles. 

XXXIV. 

Trapeziums are such four-sided figures as are not 
included in the four preceding definitions. 

XXXV. 

Parallel straight lines are ■ 

such straight lines as are in 

the same plane, and as, being : 

produced ever so far both ways, do not meet. 

XXXVI. 
A parallelogram is a four-sided figure which has 



7 



its opposite sides parallel; and each of the two 
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straight lines drawn joining the two pairs of opposite 
angular points^ is called a diagonal of the parallel- 



ogram. 



Obs. In the figure the parallelogram is denoted either by ABCD, 
or by AC, or by BD ; AC, which joins the opposite angi:dar points 
A, C| is one diagonal ; and BD, which joins Uie opposite angular 
points B, Dy is the otb^ diagonal. 




B c B OB G 

Thisdef"., and Bk. ii. Def. i, have superseded Def^. 31, 32, 33. 



POSTULATES. 

I. 

Let it be granted that a straight line may be drawn 
from any one given point to any other given point. 

II. 

Let it be granted that a given terminated straight 
line may be produced to any length required either 
way in a straight line. 

in. 

Let it be granted that a circle may be described 
from any given point as centre, at any given dis- 
tance from that centre ; or, what is the same thing, 
with any given point as centre, and with any given 
finite straight line drawn from that point as radius. 
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L 
e«|ml to Ike sHne dung 



to ooe aiHXher^ 

IL 

If equals^ or the ssnie tldng» be added to equals^ 
the sums are equal* 

If equals^ or the same thing:^ be taken from equals, 
and if equals be taken firom the same thing, the re- 
mainders are equal* 

IT. 

If equals, or the same thing, be added to nnequals, 
the sums are unequal in the same kind of inequality. 

If equals, or the same thing, be taken from un- 
equals, the remainders are unequal in the same kind 
of inequality. 

VI. 

Things that are double of the same thing, or of 
equals, are equal to one another. 

VIL 

Things that are halves of the same thing, or of 
equals, are equal to one another. 

VIII. 

Magnitudes that coincide with one another, i.e. 
exactly fill up the same space, are equal to one an- 
other. 
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IX. 
The whole is greater than its part. 

X. 

Two straight lines cannot enclose a space. 

XI. 

All right angles are equal to one another. 

XII. 

If a straight line cut two straight lines, so as to 
make the two interior angles on the same side of it^ 
when taken together, less than two right angles, then 
those two straight lines, being continually produced, 
shall at length meet on that side of the cutting line 
on which are the angles that are together less than 
two right angles. 

Obs. I. This axiom will be made clearer by illustration. 




Fig. 1. Fig. 2. 

(i) Let the straight line EFGH (Fig. i) cut the two straight lines 
AB, CD in the points F, G, so as to make the two interior angles 
BFG, FGD on the same side of EH (viz. that side towards B, D), 
when taken together, less than two right angles ; then the I2tli 
Axiom asserts that the two straight lines AB, CD, being continu- 
ally produced (as represented by the dotted lines) shall at length 
meet in some point K upon the side of EH towards B, D, that 
being the side on which the angles BFG, FGD are, which are 
together less than two right angles. 

(2) Let the straight line EFGH (Fig. 2) cut the two straight lines 
AB, CD in the points F, G, so as to make the two interior angles 
AFG, FGC on the same side of EH (viz. that side towards A, C), 
when taken together, less than two right angles; then the 12th 
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Axiom Mierto tluit the tiro stni^t lines BA, DC, being oontmn- 
allj produced (as represented bj the dotted lines) shall at length 
meet in some point L on the side of EH towards A, C, that bcsng 
the side on which the angles AF6, FGC are that are together less 
than two right angles. 

Obs. 2. When, as in the figures in Obs. i, a straight line EF6H 
cuts two other straight lines AB, CD in F, 6, it makes with them 
eight angles, four on one side of EF, viz. AFE, AFG, FGC, CGH, 
and four on the other side of EP, viz. EFB, BFG, FGD, DGH. 

Of these eight angles : — 

(i) the angles AFE, EFB, C6H, HGD, are called ezteiior 
angles; 

(2) the angles AFG, FGC, DGF, GFB, are called interior 
angles; 

(3} any angle at F is said to be opposite to any angle at G ; 

(4) the interior angles which are opposite to one another, and 
on different sides of the catting line, are called alternate inte- 
rior, or alternate angles : thus AFG, FGD are alternate angles ; 
BFG, FGC are alternate angles. 

These remarks will render clearer the enunciations of Prop*. 
27, 28, 29. 



PROPOSITIONS. 




PEOP. I. PEOBLEM. 

To describe an equilateral tziangle on a given finite 
straight line. 

Let AB be the given finite straight line. It is reqtiired 
to describe an equilateral triangle on ab. 

With one of the extremities a of 
AB as centre, and with ab as radius, 
describe (Post. 3) the circle bgd ; with 
the other extremity b of ab as centre, 
and BA as radius, describe the circle 
AEF; and from the point a where 
these circles cut one another, draw 
(Post, i) the straight lines oa, ob to the points- A, B. 
Then abg shall be the equilateral triangle required. 

Because a is the centre of the circle bcb, ab is equal 
to AG by def ° (Def. 15) ; and because b is the centre of the 
circle abt, bo is equal to ba for the same reason. Hence 
AG, BO are each of them eqnal to ab ; and things that 
are equal to the same thing are equal to one another (Ax. 
i) : therefore ao is equal to bo, and the three straight 
lines AB, BG, GA, are all equal. Hence the triangle gab 
is equilateral (Def. 24), and it has been described on the 
giyen straight line ab. Which was to be done. 

PEOP. n. PEOB. 

From a given point to draw a straight line equal to 
a given straight line. 

Let A be the given point, and bc the given straight 
line. It is required to draw from A a straight line equal 
to BO. 
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Join A witli one of the extre- 
mities, as B, of the straight line 
BC (Post, i) ; on AB describe 
the equilateral triangle abb 
(i. i) ; and produce the straight 
lines DA, DB to E, E (Post. 2). 
"With centre b and radius bo 
describe (Post. 3) the circle 
CGH, cutting DP in a ; and with 
centre d and radius do describe 
the circle gkl, cutting de in l. 
Then al shall be equfd to bo. 

Because b is the centre of the circle OGH, BC is 
equal to bo by def "* ; and because d is the centre of the 
circle gkl, dl is equal to do for the same reason. 
Now DA is equal to db, since they are sides of the equi- 
lateral triangle dab; from the equals dl, do, take 
away the equals da, db : then the remainders are equal 
(Ax. 3), or al is equal to bo. But bo also is equal to bo ; 
and things that are equal to the same thing are equal to 
one another (Ax. i) ; therefore al is equal to bc. Hence 
from the given point a a straight line al has been drawn 
equal to the given straight line bo. Which was to be 
done. 

PEOP. III. PEOB. 

From the greater of two given straight lines to out 
off a part equal to the less. 

Let AB and c be the two given straight lines, of which 
AB is the greater. It is required to cut off from ab, the 
greater, a part equal to c, the less. 

Prom A, that extremity 
of AB to which the part to 
be cut off is required to be 
adjacent, draw (i. 2) the 
straight line ad equal to c ; 
and with centre a and radius 
AD describe (Post. 3) the 
circle def, cutting ab in E. 
Then ae shall be equal to c. 
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Because a. is the centre of tlie circle def, as is equal 
to XD by def*^ (Def. 15). But by construction the straight 
line is equal to ad ; and things that are equal to the 
same thing are equal to one another (Ax. 3) : therefore 
AB is equal to c. Hence from ab the greater of the two 
straight lines ab and c, a part ae has been cut off equal 
to the lejss. Which was to be done. 

PROP. IV. THEOREM. 

If two triangles have 

(1) two sides of the one respectively equal to two 
sides of the other ; 

(2) the angle included by the tw6 sides of the ono 
equal to the angle included by the two sides of 
the other : 

fhen these triangles shall be equal in every respect ; i. e. 

(1) the base or third side of the one shall be equal to 
the base or third side of the other ; 

(2) the remaining angles of the one shall be reroeo- 
tively equal to the remaining angles of the otner, 
those angles being equal in each to whicli the 
equal sides are opposite ; 

(3) the triangles shsdl be equaL 

Let ABC, DEF be two ^ ^ 

triangles, which have 
(i) the two sides ba, 

AC of the one re- 
spectively equal to 

the two sides eb, 

be of the other, viz, 

BA to EB, and AC to 

BE; 
(2) the angle bao included by the two sides ba, ac of 

the one equal to the angle ebe included by the two 

sides EB, BE of the other. 

Then these triangles shall be equal in every respect : i. e. 

(i) the base bc shall. be equal to the base ee ; 
(2) the remaining angles abo, acb shall be equal to 
the remaining angles bee, bee respectively : viz. 
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ABO, SSF, to whicli the equal sides ao, df are 
opposite, shall be equal; and agb, 3)fe, to which 
the equal sides ab, db are opposite, shall be 
equal; 

(3) the triangle abc shall be equal to the triangle 

DEF. 

Let the triangle abo be applied to the triangle def, 
so that the point a may coincide with the point b, and 
the straight line ab may faU on the straight line be, 
the triangle abc falling on the same side of be as the 
triangle bef. 

Then the point A coinciding with the point b, and the 
straight line ab Mling on be by const^, the point B 
shall coincide with the point e, because ab is equal to 
BE by hypothesis : 

Again, the straight line ab coinciding with be, the 
straight line ao shall fall on bf, because the angle bag 
is equal to the angle ebf by hyp*; and the triangles 
fall by const" on the same side of be : hence also the 
point coincides with the point f, because ao is equal 
to BF by hyp* : 

But the point b was shewn to coincide with the point 
E ; hence the point b coinciding with the point E, and 
the point o coinciding with the point F, the straight line 
BO must coincide with the straight line ef ; because if it 
did not, it would take some other as position in the figure, 
and there would be two straight lines inclosing a space, 
which is impossible (Ax. 10). Hence the straight line bo 
coincides with the straight line ef ; and magnitudes which 
coincide are equal (Ax. 8) : therefore the base bo is equal 
to the base ef. Also the whole triangle abo coincides 
with the whole triangle bef, and the remaining angles 
of the one coincide with the remaining angles of the 
other : therefore, for the same reason as before, the angles 
ABO, ACB are respectively eq|ual to the angles bef, 
BFE, and the triangle abo is equal to the triangle 
BEF. Hence the two triangles have been shewn to be 
equal to one another in every respect as was enunciated. 
"Which was to be proved* 
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PBOP. V. TEEEOE. 
If a trianerle be iiosoeles : thm 




(1) the angles at the base shall be equal ; 

(2) if the equal sides be produced, the angles on the 
other side of the base shall be eqnaL 

Let the triangle abg be isosceles, 
having the side ab equal to the side 
AC. Then 

(i) the angle abc shall be equal to 

the angle agb ; 
(2) if the equal sides ab, AC be pro- 
duced to n and £, the angles 
CBB, BCE on the other side of 
the base bg shall be equal. 

In BB take any point v; from ax 
cut off (i. 3) AGh equal to A!P ; and join or, bg. 

Because at is equal to ACh bj const'^, and ac to ab 
by hyp", and the angle at a is common to the two tri- 
angles FAG, OAB ; therefore these two tnangles have the 
two sides va, ac respeetively equal to the two sides 

GA, AB, and the included angle tag equal-, to the in- 
cluded angle gab. Therefore they are equal in every 
respect (i. 4) ; and hence the base fc is equal to the base 

GB, and the remaining angles agf, agb respectively 
equal to the remaining angles abg, atg, viz. acf to 
ABG, and AFC to agb : 

Again, af is equal to AG, and ab is equal to AG ; 
hence, taking away equals from equals, the remainder bf 
is equal (Ax. 3) to the remainder cg. Also, fc was shewn 
to be equal to gb, and the angle afg was shewn to be 
equal to the angle agb; therefore the two triangles 
BFG, GGB have the two sides bf, fg respectively equal 
to the two sides gg, gb, and the included angle bfq 
equal to the included angle cgb. Therefore they are 
equal (i. 4) in every respect ; and hence the remaining 
angles fbc, fgb are respectively equal to the remaining 
angles ggb, gbg, viz. fbc to ggb, and fgb to gbc : 

jN'ow, it has been shewn that the angle abg is equal 
to the angle acf, and the angle gbg is equal to tha 

c 2 
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angle fcb : hence^ taking away equals from equals, tbe 
remaining angle abc is equal (Ax. 3) to the remaining angle 
ACB. And it was proyed above that angle fbc is equal 
to angle gcb. Therefore (i) the angles abc, acb at 
the base bg are equal ; (2) the angles cbd, box on the 
other side of the base bo are equal. Which was to be 
proved. 

COS.— Every equilateral triangle shall also be equi* 
angular. 

Let ABC be an equilateral triangle. Then it shall 
also be equiangular. 

Since the triangle abo is equi- ^^ 

lateral, the side ab is equal (Def . 24) 
to the side AC ; and therefore by the 
prop", the angles at the base BC,yiz. 
ABC, ACB are equal. Again, since 
the triangle is equilateral, the side 
CA is equal to the side gb, and there* 
fore by the prop° the angles cab, abc are equal. 
Hence each of the angles acb, cab is equal to the 
angle abc ; and things that are equal to the same 
thmg are equal to one another (Ax. i) : therefore 
the angle acb is equal to the angle cab. Hence the 
three angles abc, bca, cab are all equal, that is, the 
triangle abc is equiang^ar. "Which was to bo 
proved. 

PEOP.VL THEOE. 

If a tEiangle have two of its angles equal: then the 
sides which subtend or are opposite to the equal angles 
shall be equaL 

Let the triangle abc have the angle 
ABC equal to the angle acb. Then the 
side AG shall 'be equal to the side ab. 

For if AB, AC be not equal, let them, 
if possible, be unequal, and let ab be the 
one which is greater than the other, ac. 
Prom BA cut off (i. 3) bd equal to AC ; 
and join no. 
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Because bd is equal to ca by eonst°, bo common 
to the two triangles bbo, agb, and the angles abc, 
AOB equal by hyp* ; therefore these two triangles have 
the two sides db, bo respectively equal to the two sides 
AC, CB, and the included angle dbo equal to the in- 
eluded angle aob. Therefore they are equal (i. 4) in every 
respect; and hence the triangle bbo is equal to the 
triangle abc, that is, the part equal to the whole, which 
is impossible (Ax. 9). There£[»e ab, ao are not unequal, 
that is, the side ao is equal to the side ab. Which was 
to be proved. 

COE.^EYery equiangular triangle shall also be eqni- 
lateraL 

Let ABO be an equiangular tri- 
angle. Then it shall also be equi- 
lateral. 

Since tbe triangle abo is equian- 
gular, the angle abc is equal to the 
angle aob; and therdbre by the 
prop° the aides opposite to them» 
viz. AC, AB, are equal. Again, since the triangle is 
equiangular, the angle abo is equal to the angle 
CAB; and therefore the sides OA, OB are equal. Hence 
AB, BO are each of them equal to ao; and things 
that are equal to the same thing are equal to one 
another (Ax. i) : ther^ore ab is equal to bc. Hence 
the three sides ab, bc,, ca are all equal, that is, the 
triangle abc is equilateral (Def. 24). Which was to 
be proved. 

PEOP. VII. 

On the same base and oil the same side ci it there 
cannot be twe triangles whioh have their sides termi- 
nated in one extremity of tiie base equal, and likewise 
tiiose terminated in the other extremity equal, not co- 
inciding with one another. 

Eor, if there canl)e two such : let, if possible, on the 
same base ab, and on the same side al ft, there be two 
triangles aob, abb, having their sides ca, ba termi- 

3 
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nated in the extremity x of the base ab, equal, and like- 
wiae their sides cb, db terminated in the other extre* 
mity b, equal, which two triangles do not coincide with 
one another. 

There are three cases, according as the vertex (i. e. the 
angular point opposite to the base) of each of the tri- 
angles is without the other triangle ; or 'the vertex d of 
one of them falls within the other, acb ; or the vertex 
D of one of them falls on a side ob of the other. 

I. Let the vertex of each of the triangles fall without 
the other triangle. 

Join on. 

Because ac is equal to ad by hyp*, 
the angle acd is equal (i. 5) to the 
angle ado. But -the angle acb is 
greater than the angle bcb (Ax. 9) ; 
therefore the angle ado is greater 
also than the angle bcd: by much ^, 
more then is the angle bdo greater 
than the angle bob. Again, because cb is equal to db 
by hyp*, the angle bdc is equal to the angle bcd ; but 
it has been shewn to be greater than it : which is im- 
possible. 

U. Let the vertex of one of the triangles, as d, be 
within the other triangle, acb. 

Join CD ; and produce ac, ad, to e and f. 

Because ao is equal to ad by 
hyp*, and the equal sides ao, ad 
of the triangle acd are produced 
to E, F : therefore the angles acd, 
ADO on the other side of the base 
CD are equal (i. j). But the an- 
gle BCD is greater (Ax. 9) than 
the angle bcd; therefore ihe an- 
gle FDC is greater also than the 
angle bdc : by much more then is the angle bdo greater 
than the angle bcd. Again, because bc is equal to bd 
by hyp*, the angle bdc is equal (i. 5) to the angle bcd ; 
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but it has been shewn to be greater than it : which is 
impossible. 

III. Let the vertex of one of the triangles, as d, be 
on a side bg of the other. 

Because the whole is greater than 
its part (Ax. 9), bc is greater than 
BD ; but BO is equal to bd by hyp" 2 
which is impossible. 

Hence in every case it has been 
shewn impossible for there to be on 
the same oase ab, and on the same 
side of it, two triangles aob, abb, having their sides AG, 
AD terminated in one extremity a of the base equal, and 
likewise their sides bc, bd terminated in the other ex- 
tremity B equal, which do not coincide with one another. 
Which was to be proved, 

PEOP. Vin. THEOE. 

If two triangles have the three sides of the one 
respectively equal to the three sides of the other : then 
these triangles shall be equal in every respect, 1. e. 

(1) the three angles of the one shall be respectively 
equal to the three angles of the other, those 
being the equal angles to which the equal sides 
are opposite ; 

(2) the triangles shall be equal. 

Let ABG, DEE be two triangles, having the three 
sides AB, BG, GA of the one respectively equal to the 
three sides de, ef, fd of the other, viz. ab to de, bg 
to EE, GA to ED. Then these triangles shall be equal 
in every respect, viz. 

(i) the three angles bga, gab, abc, shall be respec- 
tively equal* to the three angles eed, ede, dee, 
viz. BGA shall be equal to eed, to which the 
equal sides ab, de are opposite; gab to ede, 
to which the equal sides gb, ee are opposite ; 
ABC to DEE, to which the equal sides ag, de are 
opposite; 
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(2) the triaDd^ ^^^ ''^ ^ eqpal to the trian^ 



J>27. 




Let the triangle abc be applied to the triangle dee, so 
that the point a maj coincide with the point p, and the. 
straight line ab may fall on ds ; the triaiigle abo &lling 
on the same side of be as the triangle bei* . 

Then the point a coinciding with the point b^ and the 
straight line ab falling on the straight line be, the point 
B shall coincide with the point e, because ab is equal 
to BE bj hyp* ; therefore the straight line ab coinciduig 
with the straight line be, and the triangles falling on the 
same side of be, the sides ao, gb must coincide with 
the sides be, ee: because, if ag, gb did not coincide 
with BE, EE, thej would take some other position, as 
BG, OE, and on the same base be and on the same 
side of it, there would be two triangles bge, bfe, having 
their sides bo, be terminated in one extremity b of the 
base equal, and likewise their sides ge, ee terminated 
in the other extremity e equal, which do not coincide 
with one another : which is impossible (1. 7). Therefore 
AG, CB coincide with be, eb, and the triangle abc coin- 
cides with the triangle bee. Hence the three angles boa, 
CAB, ABG coincide with, and are therefore equal (Ax. 8) 
to the three angles eeb, ebe, bee respectiyelj : and the 
triangle abg coincides with, and is therefore equal to, 
BEP. Which was to be proved. 

PBOP.IX. PSOB. 

To biiaot a giyea angle, i e. to divide it into two 
equal angles. 

Let BAG be the given an^le. It is required to bisect 
the angle abg, i. e. to divide it into two equal angles. 
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In AB take any point d ; and 
from AC cut off (i. 3) AE e^ual 
to AD, join DE ; on the side of 
3)E opposite to A describe (i. i) 
the equilateral triangle dee ; and 
join AE. Then the angle bao 
shall be bisected bj the straight 
line AE. 

' Because ad is equal to ae by const", and de is equal 
to EE, since they are sides of the equilateral triangle 
DEE, and AE is common to the two triangles ade, aee ; 
therefore these two triangles have the three sides ad, de, 
EA of the one respectively equal to the three sides ae, 
EE, EA of the other. Therefore they are equal in every 
respect (i. 8) ; and hence the angle dae is equal to the 
angle eae. Hence the given angle bag is bisected by the 
straight line ae. Which was to be done. 

PROP.X. PEOB. 

To bisect a given finite straight line, L e. to divide 
it into two equal parts. 

Let AB be the given finite straight 
line. It is required to bisect ab, i. e. 
to divide it into two equal parts. 

On AB describe (i. i) the equi- 
lateral triangle abo ; bisect (i. 9) the 
angle acb by the straight line en, 
cutting AB in D. Then ab shall be 
bisected in the point n. 

Because ag is equal to cb, since they are sides of the 
equilateral triangle abc, gd common to the two tri- 
angles ACD, BCD, and the angle acb equal to the 
angle bcd by const** ; therefore these two triangles 
have the two sides ac, gd respectively equal to the two 
sides bg, gd, and the included angle agd equal to the 
included angle bgd. Therefore they are equal in every 
respect (i. 4) ; and hence the base ad is equal to the base 
DB. Hence the straight line ab is divided into two 
equal parts, or bisected in the point d. Which was to 
be done. 
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PEOP.XL PEOB. 

To diEW a ftniglit line at rigbt angles to a given 
•traight line from a given point in the same. 

Let AB be the giren straight line, and c the giiren 
point in it. It is required to draw from the point c a 
straight line at right angles to ab. 

The giyen point c either lies between the extremities 
A, B, of AB (Fig. i)y or coincides with one of them, aa 
B (Pig. 2). 





If o lie between a and b, in ao take any point n, and 
from OB, or CB produced if necessary, cut off (i 3) cb 
equal to on ; or if c coincide with one extremity, as b, of 
AB, in AB talce any point n, produce ab to a, and from 
BO or 00 cut off (i. 3) CB equal to en. On pb in both, 
cases describe (i. i) the equilateral triangle nrE ; and join 
OP. Then cf shall be at right angles to ab. 

Because jpd is equal to jb, since they are sides of the< 
equilateral triangle pde; do equal to ce by const**; 
and FO common to the two triangles rnc, pec: there- 
fore these two triangles have the three sides rn, nc, cf 
respectively equal to the three sides fe, eo, cp. There- 
fore they are equal in every respect (i. 8) ; and hence the. 
angle dcf is equal to the angle ecf. Thus the straight; 
line FO standing on the straight line be makes with it 
the acyaoent angles bcf, ecf equal to one another : there- 
fore by the def" of a right angle (Def 10), each of these 
angles is a right angle. Hence from the given point 
in the given straight line ab, the straight line fc has 
been drawn at right angles to ab. Which was to be 
done. 
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OOB. — ^Two straiglit lines cannot have a part common 
to both, or a common segment 

For if they can ; let, if pos- ^ ^ 

Bible, the two straight Imes 
JlBC, asb have the part ab 
common taboth, or the com- 
mon segment ab. a b c 

From B draw by the prop" 
BE at right angles to ba. 

By the def^ of a right angle, since abc is a 
straight line, and be at right angles to it, the angle 
CBE is equal to the angle eba ; for the same rea- 
son, since abb is a straight line, and be at right 
angles to it, the angle bbe is eqxial to the angle 
eba ; and things that are equal to the same thing are 
equal to one another (Ax. i) : therefore the angle cbb 
is equal to the angle dbe, that is, the whole equal to 
the part, which is impossible (Ax. 9). Hence two 
straight lines cannot have a common segment. 
Which was to be proyed, 

PEOP. XII. PROB. 

To draw a straiglit line peroendicular to a given 
straight line of indefinite lengUL, from a given point 
without it 

Let AB be the given straight line of indefinite length, 
i. e. which may be produced to any length both ways, and 
let c be the given point without it. It is required from 
c to draw a straight line perpendicular to ab. 

On the side of ab opposite 
to take any point n ; join cd ; 
and with centre and radius 
CD describe the circle ebe. Let 
&, H be the points where this 
cmde cuts ab, or ab produced 
if necessary ; bisect (i. 10) oh in 
K, and join ce. Then ck shall 
be perpendicular to ab. 

J oin oa and ch. 
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Because ca is equal to ch "by the def** of ft circle, 
GK to KH by const°; and CK common to the two 
triangles cgk, ohk j therefore these two triangles 
have the three sides co, gk, kc respectively equal to 
the three sides ch, hk, kc. Therefore they pre equal in 
every respect (i. 8) ; and hence the angle ckg is equal to 
the angle ceh. That is, the straight line ck standing 
on the straight line gh, makes with it the adjacent 
angles okg, ckh equal to one another; therefore by 
the-def*» of a right angle, each of these angles is a right 
angle, and each of the straight lines ce, gh is perpen- 
dicular to the other. Whence from the given point c 
a straight line ce has been drawn perpendicular to the 
given straight line ab. Which was to be done. 

PEOP. Xin. THEOE. 

The adjacent angles wMch one straight line makes 
with another on the same side of it shall either be two 
right angles, or be together equal to two right angles. 

Let the straight line ab make with the straight line 
CD on the same side of it the adjacent angles abc, abd. 
Then these angles shall either be two right angles, or be 
together equal to two right angles. 

The angles abc, ab;:) are either equal to one another 
or they are not. 

I. Let them be equal. 
Then since the angle abc is equal 

to the angle abd, the straight line ab 
standing on the straight line en makes 

with it the adjacent angles abc, abb 

equal to one another: therefore by x> b 

def° of a right angle each of these 

angles is a right angle. Hence in this case the angles 

ABC, ABB are two right angles. 

II. Let them not be equal. 
Prom B draw (i. 1 1) be at right 

angles to cb. By const"* the an- 
gles EBC, EBB are two . right an- 
gles. And because the angle ebo 
is equal to the two angles eba, abo . ^ 
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together ; to each of these equals add the angle dbe : 
therefore the angles ebc, sbd are equal (Ax. 2) to the 
three angles dbs, xba, abg : 

Again, because the angle dba is equal to the angles 
DBE, BBA ; to each of these equals add the angle abg : 
therefore the angles bba, abo are equal (Ax. 3) to the 
three angles dbe, eba, abc : 

Sut it was shewn that the angles ebo, ebb are equal 
to the same three angles ; and things that are equal to the 
same thing are equal to one another (Ax. i) : therefore the 
angles abg, abd are equal to the angles ebg, ebb. Now, 
ebg, ebb are two right angles : therefore in this case the 
angles abg, abb are together equal to two right angles* 

HjBnce the angles abg, abb are either two right angles, 
or are together equal to two right angles. Which was 
to be proved, 

PEOP. XIV. THEOE. 

If at a point in a slraiglit line, two other straight 
lines, on ike opposite sides of it, nuike with it the acga- 
cent angles together equal to two right angles : then 
these two straight lines shaU be in one straight line. 

At the point b in the straight line ab let the two 
straight lines bg, bb, on the opposite sides of ab, make 
with AB the adjacent angles abc, abb together equal to 
two right angles. Then bg, bb shall be in one straight 
line. 

For if thej are not, some other straight line than nn 
through B will be in the same straight Ime with gb : let, 
if possible, be be in the same straight line with gb, be 
either falling within the angle abb (Fig. i) or without it 

(Kg- ^). 
Because ab 

makes with 

the straight 

line CBB on / ^^* 




one side of it _...^ 

the adjacent ^ ^ 

angles abg, 

ABB J these an- pig. 1, Fig. 2, 
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gles are equal (L 13) to two right angles. But the an- 
gles ABO, ABD are likewise equal to two right angles hj 
hyp" ; and things that are equal to the same thmg are 
equal to one another (Ax. i) ; therefore the .angles abc, 
ABE are equal to the angles abc, abb. £roin each of 
these equals take awaj the conunon angle abc ; then the 
remaining angle abc is equal (Ax. 3) to the remaining 
angle abb ; that is, the part equal to the whole (Fig. i), 
or the whole equal to the part (Tig. 2) : which is im- 
possible (Ax. 9). Therefore bb is not in the same 
straight Ime with bc. And in like manner it may be 
proved that no other straight . line through b on the 
other side of ab can be in the same straight line with cb 
but bb. Therefore bb is in the same straight Hne with 
CB ; or CB, BB are in one straight lisLe. Which was to be 
proved. 

PEOP. XV. THEOE. 

If two straight lines cut one another : then of the 
four angles made at tiie point of intersection (or 
vertical angles), those which are opposite shall be 
equal to one another. 

Xiet the two straight lines ab, cb cut one another in 
B. Then the opposite vertical angles shall be equal, i. e. 
the angle abc shall be equal to the angle Bxn, and the 
angle bec to the angle aed. 

I. The angle abc shall be 
equal to the angle beb. 

Because 4.E makes with 
CB on the same side of it, 
the adjacent angles aec, 
AEB ; these angles are equal 
(i. 13) to two right angles. And because be makes with 
AB on the same side of it the adjacent angles abb, beb : 
these angles are also equal to two right angles ; and 
things that are equal to the same thing are equal to one 
another (Ax. i) : therefore the angles aec, abb are equal 
to the angles aeb, beb. Prom each of these equals take 
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away the common ftngle jjbd : then the remaining angle 
AEC is equal (Ax. 3) to the remaimng angle bed. 

n. The angle beg shall he equal to the angle aed. 

The proof of this case is exactly simflar to that of 
the first case. 

Hencethe opposite vertical angles aec, bed are equal, 
and the opposite yertical angles beg, aeb are equal. 
Which iRras to he proved. 

COB. L — ^If two straight lines ent one another: then 
the four angles which they make at the point of 
interseetion shall he toge&er equal to four right 
angles. 

Let AB, CD cut one another in e. Then the four 
angles aeo, aed, deb, beg shall be together equal 
to two right angles. 

By the prop" it was proved that the angles asg, 
AEB arb equal to- two right angles, and that beg, 
BED are equal to two right angles. Therefore 
adding equals to equals, the four angles aeg, aeb, 
BEG, BED are together equal (Ax. 2) to four right 
angles. Which was to he proved. 

COB. 2.— The angles made hy aaiy number of straight 
lines meeting in one point shall be together equal 
to four right angles. 

Let AB, AG, AD, AS, AF be 
any number of straight lines 
meeting in one point a. Then 
the angles bag, cad, dae, 
EAF, FAD shall be together 
equal to four right angles. 

Produce any two of the 
straight lines as ga, ea, to 

Then the angles which ge, el make at a where 
they cut one another, i. e. the four angles, gae, 
EAs:, KAL, LAG are together equal to four right 
angles by Cor. 1. But it may be shewn as in the 
proof of the 13th Frop*^ that the angles gae, eak 

d2 
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are equal to the angles cab, das, sac, and tbat 
the angles kal, ulo are equal to the angles kap, 
FAX, LAB, BAG : therefore, adding equals to equab, 
the 'four angles oab, xak, kal, lac are equal to 
(Ax. 2) the angles cad, pab, baf, fab, bac. But 
the same four angles were shewn to be equal to 
four right angles ; and things that are equal to the 
same thing are equal to one another (Ax. x) : 
therefore the angles cad, dab, bap, fab, bac are 
together equal to four right angles. Which was to 
be proved, 

PE0P.X7T. THEOE. 

If one side of a triangle be produced: then the 
exterior .angle shall be greater than either of the in- 
terior and opposite angles. 

liOt ABO be a triangle, and let one of its sides bc be 
produced to J>, Then the exterior angle acb shall be 
greater than either of the two interior and opposite 
angles oab, abc. 

I. It shall be greater than the 
interior and opposite angle bag. 

Bisect (i. 10) ac in b, and join 
bb. Produce bq to f ; from bf 
cut off (i, 3) EO equal to eb ; 
and join 00. 

Because by const" ae is equal 
to BC, and be to eo, and the angle aeb is equal to the 
angle ceo, since they are opposite vertical angles (i, 15) ; 
therefore the two triangles aeb, ceg have the two sidea 
AE, eb respectively equal to the two sides ce, eg, and the 
included angle aeb equal to the included angle ceg. 
Therefore these two triangles are equal in every respect 
(i. 4) ; and hence the angle bae is equal to the angle 
IICG. But the angle ecd is greater than the uigle ecg 
(Ax. 9) : therefore the angle ecd or acb is greater than 
the angle bae or bac. 

U, It shall be greater than the interior and opposite 
angle abc. 
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Produce ac to h ; bisect (i. lo) 
BO in K, and join ak. Produce ak 
toii; from Kii cut off (i. 3) km equal 
to EA ; and join cm. 

'By const^ be is equal to ko, and 
AK to KM, and the angle akb is 
equal to the angle mko, since they 
are opposite vertical angles (i. 15) : 
therefore the two triangles akb, mkc 
have the two sides ak, kb respectively 
equal to the two sides mk, kg, and the included angle 
AKB eqiial to the included angle mkc. Therefore these 
two triangles are equal in every respect (i. 4) ; and hence 
tjie angle abk is equal to the angle mgk. But the 
angle bch is greater than the angle mck (Ax. 9) ; there- 
fore the angle bch is greater than the angle abk or 
ABC ; and the angle acb is equal to the angle bch, since, 
they are opposite vertical angles: therefore the angle 
aob is greater than the angle abo. 

Hence the exterior angle aod is greater ttan either 
of the two interior and opposite angles oab, abo. Which 
was to be proved. 

PEOP.XVn. THEOE. 

Any two angles of a triangle shall be together less 
than two right angles. 

Let ABO be any triangle. Then any two of its angles 
shall be together less than two right angles. 

Produce one of its sides ]bg to d. 

Because the side bg of the triangle 
ABG is produced to n, the exterior 
angle aod is, greater (i. 16) than the 
interior and opposite angle abg. To 
each of these unequals add the angle 
AGB; therefore the angles agd, agb 
are greater (Ax. 4) than the angles abg, agb. But 
since ag makes with bd on one side of it the adjacent 
angles agb, agb, these angles are equal (i. 13) to two 
right angles : therefore the angles abg, agb are less 
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than two right angles. In like manner it may be shewn 
that the two angles bag, aob, and that the two angles 
OAB, ABC are less than two right angles. Hence- any two 
angles of the triangle abc are together less than two 
right angles. Which was to be proved. 

PEOP. XVin. THEOE. 

The greater dde of any triangle shall be opposite to 
the greater angle ; L e. if one side of a triangle be 
greater than another, then the angle opposite to the 
greater side shall be greater than the angle opposite to 
the less side. 

Let ABO be a triangle, of which the side ac is greater 
than the side ab. Then the angle abo shall be greater 
than the angle bca. 

• Prom AC, which is by hyp- a 

greater than ab, cut off (i. 3) ad 
equal to ab ; and join bd. 

Because the side en of the tri- 
angle BCD is produced to a, the 
exterior angle bda is greater (i. 
16) than the interior and opposite angle dgb ; and be- 
cause AD is equal to ab by const°, the angle bda is equal 
(i. 5) to the angle abd ; therefore the angle abd is like- 
wise greater than the angle acb. By much more then 
is the angle abc greater than the angle acb.'' Which was 
to be proved. 

PEOP. XIX. THEOE. 

The greater angle of any triangle shall be subtended 
by the greater side ; i. e. if one angle of a triangle be 
greater than another, tiien the side opposite to the 
greater angle shall be greater than the side opposite 
to tiie less angle. 

Let ABC be a triangle, of which the angle abc is greater 
than the angle bca. Then the side AC shall be greater 
than the side ab. 
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For if it be not greater, ao ^ 

must either be equal to ab or 
less than ab. It is not equal; 
because then the angle abo 
would be equal (i. 5) to the an- ^^ 
gle ACB ; but it is not ; therefore 
AC is not equal to ab. Neither is it less; because 
then the angle abc would be less than the angle acb, 
since the greater side of any triangle is opposite to the 
greater angle (i. 18); but it is not: therefore AC is 
not less than ab. Hence since the side ac has been 
shewn to be neither equal to the side ab, nor less than 
it, it must be greater than the side ab. Which was to 
be proved. 

PEOP. XX. THEOE. 

Any two sides of a triangle shall be together greater 
than the third side. 

Let ABC be a triangle. Then sdj two of its sides to- 
g^her shall be greater than the third side. 

Produce one of the sides, ba, 
to J} ; from ad cut off (i. 3) ae 
equal to AC ; and join CE. 

Because ae is equal to ac 
by const", the an^e aec is 
equal (i. 5) to the angle ace. 
But the ang^e bce is greater 

(Ax. 9) than the angle ace ; therefore the angle bce is 
greater than the angle aec, or bec: and the greater 
angle of any triangle is subtended by the greater side 
(i. 19) : therefore eb is greater than bc. Now eb is 
equal to ba and ac together, since ac is equal to ae by 
const" : therefore the sides ba, ac are greater than the 
side BC. In like manner it may be shewn that the 
sides AB, BC are greater than the side ac : and that the 
sides BC, CA are greater than ab. Hence any two sides 
of the triangle abc are together greater than the third. 
Which was to be proTed. 
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PEOP. XXL THEOK. 



If firom tike extremities of any side of a triuigle tliere 
be drawn two straight lines to a point within the tri- 
angle : then these two straight lines shall together be 
less than the other two sides of the triangle, and shall 
eontain a greater angle. 

Let the two straight lines bd, cd be drawn from the 
extremities b, c of the side BC of the triangle abo to the 
point D within it. Then :— r- 

I. BB and BC shall be together less than ba and ac. 

Produce bd to meet ga in £. 

The two sides ba, ae of the triangle bae are greater 
(i. 20) than the third be ; to each of these nneqnals 
add EG : then ba, ag are greater (Ax. 4) than be, eg. 
Again, the two sides ge, eb of the tnangle geb are 
greater than the third gb ; to each of these unequals add 
PB: then ce, eb are greater than gb, bb. But it has 
been shewn that ba, ag are greater than be, eg: by 
much more then are ba, ag greater than bb, bg. - Which 
was to be proved. 

n. The angle bbg shall be greater than the angle bag. 

Construct as before. 
, Because the side eb of the a 

triangle gbe is produced to b, 
the exterior angle bbg is greater 
(i, x6) than the interior and 
opposite angle geb. And be- 
cause the side a.e of the tri- 
angle BAE is produced to g, the 
exterior angle beg is greater than the interior and op- 
posite angle bae. But it has been shewn that the angle 
BBG is greater than the angle beg : by much more then 
is the angle bbg greater than the angle bag. Which 
was to be proved. 
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PEOP. XXn. PEOB. 

To make a triangle of whieli tbe ndes shall be equal 
to three giyen straight lines, any two of which are to- 
gether greater (i. 20) than the third. 

Let A, B, be tbe 
three g^venstrwgbt / y<^^t\\ * 

lines, of which any / ^^ \\ \ ® 

two are together ^ ^ "^ ^ - ^ 

greater than the 
third, yiz. a and b 
together greater 
than 0, € and a togeth^ greater than b, and b and c 
together greater than a. It is required to make a 
triangle of which the sides shiaU be equal to a, b, c re- 
spectively. 

Take a straight line be terminated at n, but produced 
indefinitely towards e ; from be cut off (i.,3) bf equal 
to A, from FE cut off FO oqual to b, and from ge cut 
off OH equal to o. With centre f and radius fb de« 
scribe the circle bex ; with centre e and radius gh de- 
scribe the circle Hinr : and from o where these circles 
cut one another, draw to f, g the straight lines of, og. 
Then the triangle ofg shall be the triangle required. 

Because f is the centre of the circle bol, and g that 
of OMIT, FO is equal to fb, and go to gh by def^. But 
by const° bf is equal to a, and gh equal to c ; and 
things that are equal to the same thing are equal to 
one another (Ax. i) : therefore fo is equal to a, and go 
to c ; and fg is equal to b by const". Hence a tri- 
angle OFG has4)een made haying its three sides of, fg, 
GO respectively equal to A, b, c. Which was to be 
done, 

PEOP. XXni. PEOB. 

At a given point, in a given straight line, to make 
an angle equal to a given ngle. 

Let A be the given point in the given straight line bc, 
and BEF the given angle. It is required to make an 
angle at a in bo, that shall be equal to the angle bef. 
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In EJ>, BF take any 
two points o, H ; join ' 
6H ; and make (i. 21) 
the triangle akl bo 
that its Bides shall be 
respectively equal to 
the three straight 
lines EG, 0H, HE, any 
two of which, since 
they are sides of a 
triangle, are greater 
(i. 20) than the third, viz. so that ak shall be equal to 
E0, sji to OH, and la. to he. Then the angle cax shall 
be equal to the angle qeh. 

By const*^ the three sides ak, ex, la of the tri- 
angle AKL are respectively equal to the three sides 
Ea» GH, HE of the triangle son. Therefore these two 
triangles are equal in every respect (i. 8) ; and hence 
the angle eal is equal to the angle geh. Therefore 
at the given point a in the given straight line bg, the 
angle oal has been ;nade equal to 4^e given angle z>S£. 
Which was to be done. 

PEOP.XXIV. THEOR. 

If two triangles have 

(1) two sides of the one respeotively equal to two 
sides of the other ; 

(2) the angle included by the two sides of the one 
greater than the angle included by the two sides 
of the other: 

then the base of the triangle which has the greater 
included angle shall be greater than the base of tiie 
other triangle. 

Let ABO, BEE be two triangles, which have 

(i) the two sides ba, ao of the one respectively equal 
to the two sides ed, bp of the pther, viz. ba to 
EB, and AO to BE ; 
^ (2) the angle bac included by the two sides ba, ac 
of the one greater than the angle ebf included by 
the two sides eb, be of the other. 
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Thea tibe baae bc of tiie triangle abc which has the 
gieater in clu ded angle shall be greater tiian the base kf 
of the other iziang^ j>ef. 





Of the two 
jDXy jXEj which aie 
either egoal or of 
which one is greater 
than the other, let db 
be that which is not 
greater than the other 
i>r ; and at the point 
j>, in the straight line 
DEy and on the same 
side of DS as DF is, 
make the (i. 23) ang^e kdo eqnal to the angle bao. 
From DG cat off (i. 3) dh equal to nF or ac ; join fh, 
HE ; and since eh must cut either df, or df produced, 
let K be the point where it eats df or bf produced, if 
necessary. 

Because de is supposed not greater than ntt, and the 
greater side of a triangle is opposite to the greater angle 
(i. 18) : therefore the angle dhe is not greater than the 
angle beh. And because the side ee of the triangle 
BEK is produced to h, the exterior angle bkh is greater 
(i. 16) than the interior and opposite angle bek. There- 
fore the angle bss is greater than the angle bhk ; and 
the greater angle of a triangle is subtended bj the 
greater side (i. 19) : therefore bh is greater than be:. 
But BF is equal to bh or ao by const" : therefore bf 
is greater than bk. Hence x. where eh cuts bf or 
BF produced if necessary, is a point in bf ; and f fisdls 
on the opposite side of eo to which b does : 

Because ab is equal to be by hyp*, ac ix> bh by 
const*^, and the angle bag equal to the angle ebh 
for the same reason: therefore the two triangles bag, 
EBH have the two sides ba, ac equal to the two sides 
EB, BH respectively, and the included angle bao equal 
to the included angle ebh. Therefore these two tri- 
angles are equal in every respect (i. 4) ; w^d hence the 
base bo is equal to the base eh. And because f was 
shewn to fall on the opposite side of. eh to which j$ does, 
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the angle ehf is a part of tlie angle bhf ; therefore the 
angle FHn is greater (Ax. 9) than the angle bhf. But 
since nr is equal to nn bj const**, the angle beh 
is equal (i. 5) to the angle dhe: therefore the angle 
BEH is greater than the angle ehe. B7 much more then 
is the angle eeh greater than the angle ehe; and the 
greater angle of a triangle is subtend^ bj the greater 
^ide (i. 19) : therefore eh is greater than ee. Now eh 
has been shewn to be equal to bc ; hence bo is greater 
than £E, thafc is, the base bo of the triangle abc, which 
has the greater included angle bac^ is greater than the 
base EE of the other triangle dee. Which was to be 
proved. 

PROP. XXV, THEOB. 

If two triangles have 

(1) two sides of the one lefpectiYely equal to two 
sides of the other; 

(2) the base of the one greater than the base of the 
other: 

then, the angle included by the two odes of the one 
that has the greater base shall be greater than the 
angle included by the two sides of the other. 

Let ABCy DEE be two tri- 
angles, which have 

(i) the two sides ba, ac 
of the one respectiyel j 
equal to the two sides 
SB, BE of the other; 
yiz. BA to SB, and ag 

to BE; 

(2) the base bc of the one 
greater than the base 
EE of the other. 

Then the angle bag included bj ba, ac shall be greater 
than the angle ebe included by sb, be. 

For if it be not ; the angle bag must either be equal 
to the angle ebe, or less tluin the angle bb^. It is not 
equal: because then the two triangles abg, bee would 
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have the two sides ba, ac respectivelj equal to tbe two 
gides SB, PF, and the induded angle bag equal to the 
included angle edi* ; and therefore thej would be equal 
in every respect (i. 4), and hence the base bc would be 
equal to the base ef ; but it is not : therefore the angle 
BAG is not equal to the angle ebf. Neither is it less : 
because then the two triangles abc, bef having their two 
sides equal as before, would have the included angle bag 
less than the included angle ebf ; and therefore the base 
BG would be less (i. 24) than the base ef ; but it is not : 
therefore the angle bag is not less than the angle edf. 
Therefore the angle bag, since it has been shewn to be 
neither equal to nor less than the angle ebf, must be 
greater than it. Which was to be proved. 

PEOP. XXVI. THEOB. 
If two triangles have 

(1) two angles of the one regpectiYely equal to two 
angles of the other ; 

(2) one side of the one eqnal to one side of the other ; 
the equal sides being either those adjacent to the 
two equal angles in both triangles, or those oppo- 
site to equal angles in each truingle : 

then these two triangles shall be equal in every re- 
spect, i. e. 

(1) the third angle of the one shall be equal to the 
third angle of the otiier ; 

(2) the remaining sides of the one shall be respec- 
tively equal to the remaining sides of the other, 
those sides being equal in each to which the 
equal angles are opposito, or which are a4jacent 
to equal angles ; 

(3) the triangles shall be equal 

Let ABC, BEF be two triangles, which have the^ two 
angles abc, acb of the one reftpectively equal to the two 
angles bef, bfe of the other, viz. abo to bef, and acb to 
BFE; and: — 

I. Let the sides bc, ef, those adjacent to the two equal 
angles, be equal ; bg being adjacent to abc, acb, and ef 

E 
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to DEP, DFX. Then these two triangles Shan be eqnal in 
€ff€Brj respect, i. e. 

(i) the third angle bag shall be equal to the third an- 
gle £Df ; 

(i) the remaining sides ba, ao shall be respectiyely 
equal ito the remaining sides xn, nx : viz. ab, be 
which are opposite to the equal angles acb, bfb 
shall be equal; and AC, bx which are opposite to 
the equal angles abo, bxf shall be equal ; 

(3) the triangle abc shall be equal to the triangle bbf. 

For, if the sides ab, bb be not equal, let them, if pes-' 
sible, be unequal, and let ab be the one which is greater 
than the other BX. From ba cut off (i. 3) bo equal to 
BE ; and join co. 

Then, because the 
angle abo is equal to 
the angle bef and bc 
to £E by hyp*, and bo 
is equal to eb by 
const'; therefore the 
triangles obg, bee 
have the two sides gb, 
bc respectively equal 

to the two sides be, ee, and the included angle obo equal 
to the included angle bee. Therefore these two triangles 
are equal in every respect (i. 4) ; and hence the angle 
oob is equal to the angle bee. But the angle Acn^ is 
equal to the angle bee by hyp'; and things that hre 
equal to the same thing are equal to one another (Ax. i ) ; 
therefore the angle gob is equal to the angle acb, that is, 
the part equal to the whole : which is impossible (Ax. 9). 
Therefore the sides ab, be are not unequal, that is, they 
are equal. Also bc is equal to ef, and the angle abc to 
the angle bef ; therefore the two triangles abc, bef have 
the two sides ab, bc respectively equal to the two sides 
BE, XF, and the included angle abc equal to the included 
angle bef. Therefore these two triangles are equal in 
every respect ; and hence the side AC is equal to the side 
^ angle bac to the third angle ebf, and the 
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triangle ABfl to tlie triangle sir. Which was to be 
prored. 

n. Let the sides AC, df, those opposite to abc, def, 
one of the two pairs of equal angles, te equal ; ac being 
opposite to tbe angle abc, and sf to the angle sef. 
Then these two triangles shall be equal in every respect, 
i.e. 

(i) the third angle bag shall be equal to the third 
angle £DF ; 

(2) tbe remaining sides ab, bo shall be respectively 
equal to the remaining sides De, ef ; viz. ab, be 
vrhich are opposite to the equal angles acb, sfe shall 
be equal ; and bc, xf vrhicn are adjacent to the two 
equal angles in both triangles, shall be equal ; 

(3) tbe triangle abc shall be equal to the triangle SEP. 

For if the sides bc, ef be not equal, let them, if pos- 
sible, be unequal ; and let bo be the oue which ie greater 
than tbe other bf. From cb cut off (i. 3) gh equal to 
BE ; wid join ah. 

Then, because the 1 n 

angle acb is equtd to 
the angle vfe and ao 
to DF by hyp", and 
CH is equal to ef by 
const"; therefore the 
two triangles ABO, 
DBF have the two 
sides HO, CA respect* 
ively equal to the two sides ep, td, uid the included 
an^e bca equal to the included angle efd. Therefore 
these two triangles are equal in every respect (i. 4) ; and 
heuoe the angle aho is equal to the angle def. " '^ ''"" 
aa^e dbf ia equal to the angle ABO by hyp" ; 1 
that are equal to the same thing are equu to o 
(Ax. i) : therefore tbe angle arc is equal to 
ABO. But since the side bh of the triangle i 
duoed to o, the exterior angle ahc is greats (: 
the interior and opposite angle abh ; and it bai 
shewn to be equal to it : which is impossible. 
b2 
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the sides bo, bf are not unequal, tbat is, they are equal. 
Also AG is equal to bf, and the angle acb to the angle 
BFB. Therefore the two triangles abc, def have the two 
sides BC, CA respectively equal to the two sides ef, fb, 
and the included angle boa equal to the included angle 
EFD. Therefore these two triangles are equal in every 
respect ; and hence the side ab is equal to the side be, 
the third angle bag to the third angle ebf, and the 
triangle abo to the triangle bef. Which was to be 
proved. 

PEOP. XXVn. THEOE. 

If a straight line cutting two other straight lines 
make either pair of alternate angles equal to one 
another: then these two straight lines shall be pa- 
ndleL 

Let EF, cutting the two 
straight lines ab, cb in o, 
H, make the pair of alter- 
nate angles aoh, ohb equal 
to one another. Then ab 
shall be parallel to gb. 

Por if not : let, if pos- 
sible AB, CB be not parallel. 
Then they being produced 
far enough must meet 

either towards b, b, or towards A, G. Pirst let them be 
produced and meet towards b, b in e:. 

Then ohe is a triangle. And because the side kbo is 
produced to a, the exterior angle agh is greater (i. i6) 
than the interior and opposite angle ghk ; but by hyp^ 
the angle agh is also equal to the angle ghk : which is 
impossible. Therefore ab and gb being produced do not 
meet towards b, b. In like manner it may be shewn' 
that they do not, being produced, meet towards a, c. 
Hence the straight lines m the same plane ab, cb being 
produced ever so far both ways do not meet : therefore by 
the def*» (Def. s^)) of parallel straight lines, ab is parallel 
to GB. And the same thing might have been shewn, if 
EF had made the other pair of alternate angles bgh^ ghg 




•\ 
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equal. Hence, if ef cutting the ttv^o straight lines ab, 
CD in a, H make either pair of alternate angles equal, ab, 
OD ate parallel. Which was to be proved. 

PEOP. XXVIII. THEOE. 

If a straight line cutting two other straight lines 
make one of the exterior angles equal to the interior 
and opposite angle on the same side of the cutting line : 
then tiiese two straight lines shall be parallel. And if 
a straight line cutting two other straight lines make 
the two interior angles on the same side of the cutting 
line together equal to two right angles : thrai these two 
straight lines shall be paralleL 

I. Let EP, cutting the two 
straight lines ab, gb in a, h, 

make one of the exterior angles, a \o b 

as EGB, equal to the interior — 
and opposite angle on the same 
side of EF, viz. enp. Then ab — — — 
fihaU be parallel to op. 

Because the angle egb is 
equal to the angle ghd by hyp", 
and the angle egb is equal to the angle acb, since thej 
are opposite vertical angles (i. i j) ; and things that are 
equal to the same thing are equal to one another (Ax. i) : 
therefore the angle agh is equal to the angle ghd. Hence 
EF, cutting the two straight lines ab, cd in g, h, makes 
the alternate angles agh, ghd equal: therefore ab is 
parallel (i. 27) to cd. Similarly, if the exterior angle 
and interior and opposite angle on the same side, that ab 
makes equal, had been dhf, bgh ; or chf, agh ; or EGA, 
GHO ; it might have been shewn that ab was parallel to 
CD. Which was to be proved. 

II. Let EF, cutting the two straight lines ab, cd in g, 
H, make the two interior angles on the same side of ef, 
as BGH, GHD on the side of ef towards b, d together equal 
to two right angles. Then ab shall be parallel to cd. 

Because gh makes with ab, on the same side of it, the 
adjacent angles agh, bgh ; these angles are equal (i. 13) 

e 3 
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to two right angles. But the angles bgh, qwd are equal 
to two right angles hj hyp* ; and things that are equal to 
the same thing are equal to one another (Ax. i) : there- 
fore the angles aoh, bgh are equal to the angles boh, 
GHD. From each of these equals take away the common 
angle bgh : then the remaining angle agh is equal (Ax. 3) 
to the remaining angle ghd. Hence £F cutting the two 
straight lines ab, cb in g, h, makes the alternate angles 
AGH, GHD equal: therefore ab is parallel (i. 27) to cb. 
SimOarly, if the interior angles on the same side of ef 
which AB makes equal to two right angles, had been agh, 
OHO, on the side of et towards a, o, it might have been 
shewn that ab is parallel to cb. Which was to be proved. 

PEOP. XXIX. THEOE. 

If a straight line out two parallel straight lines : then 
it shall make 

(1) the alternate angles equal to one another ; 

(2) any one of the exterior angles equal to the in- 
tenor and opposite angle on the same side of the 
cutting line ; 

(3) the two interior angles on the same side of the 
cutting line togetiier equal to two right angles. 

Let the straight line ef cut 
the two parallel straight lines 
AB, CD in G, H. Then : — 

I. The alternate angles shall 
be equal; viz. agh to ghb, 
and bgh to ghc. 

For if AGH, ghd be not 
equal: let them, if possible, 
be unequal, and let agh be 
the one which is greater than 
the other, ghd. 

Since the angle agh is greater than the angle ghd, to 
each of these unequals add the angle bgh; then the 
angles agh, bgh are greater (Ax. 4) than the angles 
bgh, ghd. But because hg makes with ab, on the same 
side of it» the adjacent angles agh, hgb, these angles 
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are equal (i. 13) to two right angles ; and therefore the 
angles bgh, ghd are less than two right angles. Hence 
the straight line £f, cutting the two straight lines ab, cs 
in G, H, makes the two interior angles bgh, ohb, on the 
same side of ep, together less than two right angles: 
therefore by the axiom (Ax. 12) ab, cd, being continually 
produced, shall at length meet in some point on the side 
of EP towards b, d. But they can never meet, if pro- 
duced ever so far, since they are parallel by hyp* : which 
is absurd. Therefore the angles agh, ghd are not un- 
equal, that is, the alternate angles agh, ghd are equal 
In like manner it may be shewn that the alternate angles 
bgh, gho are equal. "Which was to be proved. 

II. Any one of the exterior angles, bgb, shall be equal 
to the interior and opposite angle on the same side of 
EF, viz. ghd. 

The angle egb is equal to the angle agh, since they 
are opposite vertical angles (i. 15). And by Part I. of 
the prop° the angle ghd is equal to the angle agh ; and 
things that are equal to the same things are equal to one 
another (Ax. i) : therefore the angle egb is equal to the 
angle ghd. In like manner it may be shewn that the 
angle dhe is equal to the angle hgb ; the angle fhc to 
the angle hga; and the angle ega to the angle ghc. 
Hence any one of the exterior angles is equal to the in- 
terior and opposite angle on the same side of ef. Which 
was to be proved. 

III. The two interior angles on the same side of ef 
shall be together equal to two right angles. 

The angle egb is equal to the angle ghd by Part II. of 
the prop"; to each of these equals add the angle bgh: 
then the angles egb, bgh are equal (Ax. 2) to the angles 
BGH, GHD. But because bg m^es with eh. on the same 
side of it, the adjacent angles bge, bgh, these angles are 
equal (i. 13) to two right angles; and things that are 
equal to the same thing are eqiial to one another (Ax. i) : 
therefore the angles bgh, ghd, that is, the two interior 
angles on the side of ef towards b, d, are equal to two 
right angles. In like manner it may be shewn that the 
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interior angles agh, ghc, on the side of ef towards a, o, 
are equal to two right angles. Which was to be proved. 

PEOP. XXX. THEOE. 

Two straight lines that are each of them parallel to 
the same straight line shall be parallel to one another. 

Let the two straight lines ab, cd be each of them parallel 
to the same straight line ef. Then ab shall be parallel 

to CD. 

Draw any straight line oh, cutting ab in k, en in l, 
and EF in m. 




Fig. 1. 

The straight line ef lies either between ab and cd 
(Fig. i), or without them, on the side of one, as cd (Fig. 
2). Now, because gh cuts the parallels cd, ef in m, l ; 
therefore in Fig. i, the exterior angle K3IF is equal (i. 29) 
to the interior and opposite angle on the same side, kld, 
and in Fig. 2, the exterior angle kld is equal to the in* 
terior and opposite angle lmf, on the same side ; that is, 
in both figures the angle kmf is equal to the angle elf. 
But because an cuts the parallels ab, ef in e, h, there- 
fore in both figures the alternate angles aem, E3£F are 
equal ; and things that are equal to the same thing are 
equal to one another (Ax. i) : therefore the angle asm 
is equal to the angle kld. Hence oh, cutting the two 
straight lines ab, cd in e, l, makes the alternate angles 
AEL, ELD equal to one another : there&re ab is parfiJilel 
(i. 27) to CD. Which was to be proved. 
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PEOP. XXXI. PEOB. 

To draw a straight line through a given point paral- 
lel to a given straight line. 

Let A be the given point and bc the given straight 
line. It is required to draw through a a straight hue 
parallel to bc. 

In BC take any point n; ^ a ^ 

and join ad. At the point 7 

A in the straight line ad, ^ / 



make (i. 23) the angle bae 

equal to the angle adc, and 

on the opposite side of ad to the angle abc ; and produce 

EA to F. Then ef shall be parallel to bc. 

Because ad cutting the two straight lines ef, bc in a, 
n, makes the alternate angles ead, adc equal to one 
another ; therefore ef is parallel (i. 27) to bc. Hence a 
straight line ef has been drawn through the given point 
A parallel to the given straight line bc. Which was to 
be done. 

. PEOP. XXXn. THEOE. 

In every triangle, 

(1) if any side be produced, then the exterior angle 
shall be equal to the two interior and opposite 
angles ; 

(2) the three interior angles shaU be together equal 
to two right angles. 

Let ABC be a triangle, and let one of its sides bc be 
produced to d. Then 

(i) the exterior angle acd shall be equal to the two 
interior and opposite 
angles abc, bac; 

(2) the three interior an- 
gles of the triangle, viz. 
ABC, BCA, cab shaU be 
together equal to two 
right angles. 
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Througli draw (i. 31) the straight line oe parallel 

to BA. 

Because ao cuts the parallels ab, gb iu a, 0, the al- 
ternate angles bag, gab are equal (i. 29). And because 
BD cuts the parallels ab, ce in b, g, the exterior angle 
EGD is equal to the interior and opposite angle on 
the same side abo ; but the angle age was shewn to 
be equal to the angle gab: therefore adding equals to 
equals, the whole angle acd is equal {Ax, 2) to the 
two angles abg, gab. To each of these equals add the 
angle agb: then the angles acd, agb are equal to the 
three angles abg, bga, gab. But because ag makes 
with BD on the same side of it the adjacent angles agb, 
AGB, these angles are equal (i. 13) to two right angles ; 
and things that are equal to the same thing are equal to 
one another (Ax. i) : therefore the three angles abg, 
BCA, GAB are equal to two right angles. Whence (i) the 
exterior angle acd is equal to the two interior and oppo- 
site angles gab, abg ; (2) the three interior angles of the 
triangle, viz. abg, bga, gab are together equid to two 
right angles. Which was to be proved. 

COB. L — All the interior angles of any polygon toge- 
ther with four right angles shall be equal to twice 
as many right angles as the polygon has sides. 

Let ABODE be any polygon. Then all the angles 
at A, B, G, D, E together with four right angles shall 
be equal to twice as many right angles as the figure 
ABODE has sides. 

Within the figure take 
any point r ; and draw the 
straight lines fa, pb, eg, ed, 
EE from E to each of the 
angular points of the figure. 

There are as many trian- 
gles EAB, EBG, EGD, EDE, EEA 

having a common angular 
point E as the polygon abode has sides ; and the 
angles of each of these triangles by the prop*' are 
equal to two right angles : therefore all the angles of 
the triangles are equal to twice as many right angles 
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as tbe polygon lias sides. Again, all tbe angles of the 
triangles are equal to the angles at the bases of the 
triangles, viz. tab, 7ba, fbo, fcb^ tgd, tdc, pde, 
TED, FBA, FAB together with the angles at the com- 
mon angular point f, viz. afb, bfo, cfd, bfe, efa. 
But the angles at the bases of the triangles, yiz. 
FAB, FBA, &e, are together equal to the angles of the 
polygon, yiz. abc, bcd, cdb, bea, eab; and the 
angles at the common angular point f, since thej 
are the angles made by any number of straight lines 
FA, FB, FC, FB, FE meeting in one point f, are equal 
(i. ij, Cor. 2) to four right angles: therefore the 
angles of the triangles are equal to all the angles of 
the polygon together with four right angles. Now 
it has been shewn that the angles of the triangles 
are equal to twice as many right angles as the poly- 
gon has sides ; and things that are equal to the same 
thing are equal to one another (Ax. i) : therefore 
aU the angles of the polygon abgbe, together with 
four right angles are equal to twice as many right 
angles as the polygon has sides. Which was to be 
proved. 

COB. 2. — ^If one of the two sides including eaeh angle 
of any polygon be produced, so as to form as many 
exterior angles as tiie polygon has angular points : 
then all the exterior angles shall be together equal 
to four right angles. 

Let ABCBE be any po- 
lygon ; and let its sides 

AB, BO, CD, BE, EA be 

produced to f, o, h, k, Ii. 
Then aU the exterior 
angles obf, boo, ebh, 
AEK, BAL shall be toge- 
ther equal to four right 
angles. 

Because cb makes 
with AF on the same side of it the adjacent angles 
CBA, CBF^ these two angles are equal (i. 13) to two 
right angles. In like manner it may be shewn that 
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each of the other interior angles with its corre- 
eponding exterior angle is equal to two right angles ; 
therefore all the interior angles, yiz. abo, bob, gbe, 
BEA, eab together with all the exterior angles cbf, 
BCa, EDH, ABE, BAL are equal to twice as many right 
angles as the polygon has angular points, that is, as 
it has sides. But all the interior angles together 
with four right angles (by Cor. i) are equal to twice 
as many right angles as the polygon has sides ; and 
things that are equal to the same thing are equal to 
one another (Ax. i) : therefore all the interior an- 
gles together with all the exterior angles are equal 
to all the interior angles together with four right 
angles. From each of these equals take away all 
the interior angles; then the remaining exterior 
angles of the polygon abode, yiz. cbe, Dca, edh, 
ASK, BAL are together equal (Ax. 3) to four right 
angles. Which was to be proved. 

COB. A. — If two triangles have two angles of the one 
respectively equal to two angles of the other ; then 
the third angle of the one shall be equal to the 
third angle of the other. 

Eor, adding equab to equals, the two angles of the 
one triangle together are equal to the two angles of 
the other. Again, by the prop" the three angles of 
each triangle are together equal to two right angles ; 
and things that are equal to the same thing are equal 
to one another: therefore the three angles of the 
one triangle together are equal to the three angles 
of the other. Hence taking away equals from 
equals, the remaining angle of the one triangle is 
equal to the remaining angle of the other. Which 
was to be proved. 

PEOP. TnrXTTT. THEOE. 

The straight lines which join the eztranities of two 
equal and parallel straight lines towards the same parts 
sfaAll be also themselves equal and paialld. 

Let AB, CD be two equal and parallel straight lines, and 
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let their extremities be loined towards the same parts, 
viz. towards a. c and b, i by the straight lines 4 Bp! 
Then ao, bb shall be equal and paraUel. 

Join BO. 

Because bc cuts ab, cb, which are 
parallels by hyp% in b and c, the 
alternate angles abg, bob are equal 
(i. 29). Also AB is equal to ob by 
hyp', and bc common to the two tri- 
angles ABO, BOB ; therefore these two 
triangles have the two sides ab, bo 
respectively equal to the two sides bo, cb, and the in- 
cluded angle abc equal to the included angle bob. 
Therefore they are equal in every respect (i. 4) ; and 
hence the base AG is equal to the base bb, and the angle 
AGB to the angle bbg. But because bg cutting ag, bb in 
o, B makes the alternate angles agb, gbb equal, therefore 
AC is parallel (i. 2j) to bb, and it was above shewn to be 
equal to bb. Therefore the straight lines ag, bb are 
equal and paraUel. "Which was to be proved. 

PEOP. XXXIV. THEOE. 

The opposite sides and angles of paraUelograms 
shall be equal to one another; and each of their 
diagonals shall bisect fhem, that is, divide them into 
two equal triangles. 

Let ABBG be a parallelogram. Then : — 

I. The opposite sides and angles shall be equal to one 
another ; that is, the side ab shall be equal to the side 
OB, the side ag to the side bb, the angle bag to the angle 
BBC, and the angle agb to the angle abb. 

Draw one of the diagonals bg. 

By the def "^ (Def. A) of a 
parallelogram ab is paraUel to 
CB, and AG to bb. Now because 
BC cuts the parallels ab, cb in b, 
c, the alternate angles abc, bcb 
are equal (i. 29) ; and because 
BC cuts the parallels ag, bb in 
c, By the alternate angles acb, bbg are equal. Also bg is 
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commoii to the two triangles abc, bob ; therefore these 
two triangles haye the two angles abo, acb respectiyely 
eoual to the two angles dcb, bbc and the sides bo, cb, 
adjacent to equal angles, equal in each. Therefore they 
are equal in eyery respect (i. ^6) ; and hence the side 
AB is equal to the side on, the side ao to the side Db, and 
the angle bag to the angle cbb. Also it has been proyed 
that the angle aob is equal to the angle dbo, and that 
the angle bob is equal to the angle abc : therefore adding 
equals to equals, the whole angle aob is equal (Ax. 2) to 
the whole angle bbc. Thus ab has been shewn to be 
equal to cb, ao to bb, the angle bag to the angle bbc, 
and the angle acb to the angle abb. Which was to be 
proyed. 

II. Each of the diagonals of the parallelogram abbo 
shall bisect it, that is, diyide it into two equal triangles. 

It was shewn in Part I. of the prop" that the triangles 
ABC, CBB are equal in eyery respect ; and hence the tri- 
angle ABC is equal to the tnangle cbb, that is, the 
diagonal bc diyides the parallelogram into two equal 
triangles abc, bbc. In like manner if the opposite an- 
gular points A, B be joined, it may be shewn that the 
diagonal ab diyides the paralld.ogram into two -equfl tri- 
angles CAB, BBA. Hence each of the diagonals bc, ab of 
the parallelogram abcb diyides it into two equal triangles, 
that is, bisects it. Which was to be proyed. 

PROP. XXXV. THEOE. 

Parallelograms on the same base and between the 
same parallels shall be equal to one another. 

Let the parallelograms abcb, ebcf be on the same 
base BC, and between the same parallels af, bc. Then 
these two parallelograms shall be equal to one another. 

There are two cases according 
as the sides ab, ef of the paral- 
lelograms, opposite to their com- 
mon base BC, are terminated in 
the same point or are not. 

I. Let the sides ab, ef be termi- 

nated in the same point ; the ex- ^ c 
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treiiiily s of ab ooineiding with the esxtremitj s of 

Since bd is one of the diagonals of the parallelograin 
ABODy it bisects (i. 34) it : tiierefoie the pandlelogram 
ABCD is double of the triangle bbc. And since eg is one 
of the diagonals of the par^elogram bbgf, it bisects it ; 
therefore the parallelogram bbcf is double of the triangle 
EBG. But the triangles pbo, bbc are one and the same 
triangle ; and things that are double of the same thing 
are equal to one another (Ax. 6) : therefore the paraU 
lelogram abgb is equal to the parallelogram ebcf. 

U. Let the sides ad, ef be not terminated in the same 
poiat, either both extremities a, b, of ab £sdling without 
EF (Fig. i), or one of them, as b, filing within sf (Fig. 

a)- 





Because the opposite sides of paraUelograms are equal 
(i. 34), the side ab of the parallelogram abgb is equal to 
the side bc ; for the same reason, the^ side ef of the 
parallelogram ebcf is equal to the side bg; and tilings 
that are equal to the same thing are equal to one another 
(Ax. i) : therefore ab is equal to ef. To each of these 
equals ab, ef, in Fig. i, add bb, then the whole ae is 
equal (Ax. 2) to the whole bf ; and from each of these 
equals ab, ef, in Fig. z, take away the common part eb, 
then the remainder ae is equal (Ax. 3) to the remainder 
BF. Hence in both figures ae is equal to bf : also, since 
the opposite sides of parallelograms are equal to one an- 
other, the side ab of the parallelogram abob is equal to 
the side ob ; and because ab, gb are parallel by the def^ 
of a parallelogram, and fa cuts them m a, b, the exterior 
angle fbg is equal (L 29) to the interior and opposite 
angle on the same side, bab. Therefore the two triangles 

F 2 
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XAB, IDC have the two ndes xa, ab respectiyelj equal to 
the two sidefl pb, bc, and the indaded angle eab equal 
to the included angle n>c. Therefore these two triangles 
are equal in eyery respect (i. 4) ; and hence the triangle 
BAB is equal to the triangle fdo. From the same magni- 
tude, yiz. the figure abcb, take first the triangle eab, 
then the remainder is the parallelogram sbci* ; and next 
take the triangle n>o, then the remainder is the parallel- 
ogram ABCB. But these two triangles are equal, and if 
equals he taken from the same .thing the remainders are 
equal (Ax. 3) : therefore the parallelogram ebct is equal 
to the parallelogram abob. 

Hence in eyery case the parallelograms abcb, ebcf are 
equal. Which was to be proved. 

FEOP. XXXVI. THEOE. 

Parallelograms on equal bases and between the same 
parallels shall be equal to one another. 

Let ABCB, etoh be parallelograms on equal bases bc, 
EO, and between the same parsJlels ah, bo. Then the 
parallelogram abcb shall be equal to eeoh. 

Join be, oh. 

Because the opposite sides 
of parallelograms are equal 
(i. 34), EH is equal to eg; 
and BO is equal to eg hj 
hyp' ; but things that are 
equal to the same thing are 
equal to one another (Ax. 
i) : therefore eh is equal to 

BO. But it is parallel to bo by hyp": therefore eh and 
BO are equal and parallel straight lines, and they are 
joined towards the same parts, viz. towards b, b and 0, h 
Dy the straight lines eb, ho : therefore eb, oh are both 
equal and parallel (i. ss)* And bo is parallel to eh by 
hyp" : therefore eboh is a parallelogram. And because 
the parallelograms abob, eboh are on the same base bo 
and Detween the samo parallels bo, ah, abob is equal 
(i. 35) to eboh ; for the same reason, because the paral- 
lelograms EFOH, eboh are on the same base eh and be- 
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tween the same parallels eh, sa, efgh ia equal to ebch ; 
and things that are equal to the same thing are equal to 
one another : therefore the parallelogram abcd is equal 
to the parallelogram eegh. Which was to be proved. 

PEOP. XXXVn. THEOE. 

Iriaxigles on the same base, and between the same 
pandlels shall be equal to one another. 

Let the triangles abc, bbg be on the same base bc and 
between the same parallels ab, bc. Then the triangle 
ABC shall be equal to the triangle dbc. 

Produce ad both ways to e, r, through b draw (1.-31) 
BQ parallel to oa, cutting ae in a ; and through c dntw 
CH parallel to bd, cutting bf in h. 

Bj const** each of the e o 
figures GBCA, BBCH is a 
parallelogram ; and because 
OBGA, BBOH are parallel- 
ograms on the same base 
BC, and between the same 
parallels bc, &h, therefore 
OBCA is equal (i. 3 j) to 
DBCH. Again, since ab is one of the diagonals of the 
parallelogram esoA, it bisects (i. 34) it ; therefore the 
triangle abc is half of the parallelogram gboa : and since 
DC is one of the diagonals of the parallelogram dbch, it 
bisects it, and therefore the triangle dbc is half of the 
parallelogram dbch. 'But the pandlelograms gbca, dbch 
were shewn to be equal ; and the halves of equal things 
are equal (Ax. 7) : therefore the triangle abc is equal to 
the triangle dbc. Which was to be proved. 

PEOP. XXX Vm. THEOE. 

Triangles on equal bases, and between the same pa- 
rallels, shall be equal to one another. 

Let the triangles abc, def be on equal bases bc, ef, 
and between the same parallels bf, ad. Then the tri- 
angle ABO shall be equal to the triangle dbf. 

F 3 
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Frodnce ad both wbjb to 
o and H ; through b draw (i 
3 1) BK parallel to ca, catting 
AO in K ; and throngh T draw 
fh parallel to ed, catting dh 
in X. 

By const** each of the 
figures KBOA, DEEL is a paiel- 
lelogram ; and because sbca, 
DETL are parallelograms on equal bases bo, ep and be- 
tween the same parallels kl, bf, therefore eboa is equal 
(i. 36) to DEFL. But since ab is one of the diagonals of 
the parallelogram exoa, it bisects (i. 34) it, and the tri- 
angle ABO is half of kboa; and since be is one of the 
diagonals of the parallelogram deel, it bisects it, and the 
triimgle dee is half of deel. But eboa, defl were shewn 
to be equal ; and the halves of equal things are equal 
(Ax. 7) : therefore the triangle abc is equal to the triangle 
DEE. Which was to be proved, 

PEOP. XTnrTX. THEOE. 

Equal triangles on the same base, and on the same 
side of it shall be between the same parallels. 

Let the equal triangles abc, dbc be on the same base 
BO, and on the same side of it. Then thej shall be be- 
tween the same parallels ; that is, if ad be joined, ad 
shall be parallel to bo. 





Kg. 1. 



Kg. 2. 



For if not ; let, if possible, ad be not parallel to bc. 
Then some other straight line than ad, drawn through a, 
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-will be parallel to bo ; let ajb be this straight line, and 
let it cut BD (Fig. i), or bd produced, if necessary (Pig. 
2), in 7. Join cf. 

Because abc, tbo are triangles on the same base bc 
and between the same parallels at, bo, the triangle JlBO 
is equal (i. 37) to the triangle fbo. But the triangle 
ABO is equal to the triangle dbo hj hyp*; and things 
that are equal to the same thing are equal to one another 
(Ax. i) :* therefore the triangle bfc is equal to the tri- 
angle BDO ; that is, the part equal to the whole (Fig. i), 
or the whole equal to the part (Fig. 2) : which is impos- 
sible (Ax. 9). Therefore as is not parallel to bo ; and it 
may be shewn in like maimer that no other straight line 
through A but ad is parallel to bo. Hence ad is parallel 
to BO. Which was to be proved. 

PEOP. XL. THEOE. 

Equal triangles on equal bases in the same straight 
line, and on the same side of this straight liue, shall be 
between the same parallels. 

Let the triangles abo, dee be on equal bases bo, ev in 
the same straight line bFj and on the same side of be. 
Then they shall be. between the same parallels ; that is, 
if AD be joined, ad shall be parallel to bf. 





Fig. 1. Fig. 2. 

For if not ; let, if possible, ad be not parallel to bf. 
Then some other straight line than ad, drawn through a, 
will be parallel to bp : let Aa be this straight line, and let 
it cut ED (Fig. i) or bd produced, if necessary (Fig. 2), 
in H. Join fh. 
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Because abo, hbf are triangles on equal bases bo, ef 
and between the same parallels ad, bf, the triangle abo 
is equal (i. 38) to the triangle hef. But the triangle 
ABO is equal to the triangle def by hyp' ; and things 
that are equal to the same thing are equal to one another 
(Ax. i) : therefore the triangle hef is equal to the tri- 
angle def ; that is, the part equal to the whole (Fig. i), 
or the whole equal to the part (Eig. 2) : which is impos- 
sible (Ax. 9). Therefore ao is not parallel to bf ; and it 
may be shewn in like, manner that no other straight line 
through A but ad is parallel to bf. Hence ad is parallel 
to BF. Which was to be proved. 

PEOP. XLI. THEOE. 

If a paxallelogram and a triangle be on the same 
base and between the same parallds : then the paral- 
lelogram shall be double of the triangle. 

Let the parallelogram abod and 
the triangle ebc be on the same 
base BO, and between the same pa- 
rallels BC, ae. Then the paral- 
lelogram ABCD shall be double of 
the triangle ebo. 

Draw one of the diagonals ao of 
the parallelogram abod. 

Because ao is a diagonal of the parallelogram abcd it 
bisects (i. 34) it, and therefore the parallelogram abod is 
double of the triangle abo. But because the triangles 
ABO, EBO are on the same base bo and between the same 
parallels ae, bo, the triangle abo is equal (i. 37) to the 
triangle ebo : therefore the parallelogram abod is double 
of the triangle ebo. Which was to be proved. 

PEOP. XLn. PEOB. 

To describe a parallelogram that shall be equal to a 
given triangle, and have one of its angles equal to a 
given angle. 

Let ABO be the given triangle, and d the given angle. 
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It is required to describe a paranelogram that shall be 
equal to the triangle abc, and hare one of its ang^ 
equal to n. 

Bisect (i. lo) one of the 
sides of the triangle as bc in s ; 
join AS, and at the point e in 
the straight line £C make (i. 23) 
the angle csr equal to the an- 
gle D. Through c draw (L 31) 
ca parallel to si* ; and through 
A draw AHK parallel to bc, cut- 
ting £E in H, and c& in k. ^ 
Then the figure heck, which is J 

a parallelogram hj const*, shall be the 'panllelogiam re- 
quired. ' 

Because the triangles abe, abc are' on equal bases be, 
EC and between the same parallels ^, ak they are equal 
(i. 38) to one another, and the triangle abc is double of 
the triangle aec. But because the parallelogram heck 
and the triangle aec are on the same base sc and be- 
tween the same parallels ec, ak, the parallelogram heck 
is likewise double (i. 41) of the triangle aec ; and things 
that are double of the same thing are equal to one 
another (Ax. 6) : therefore the parallelogram heck is 
equal to the triangle abc, and one of its angles, hec, is 
equal to the angle d by const". Hence there has been 
described a paraUelogram heck equal to the giyen tri- 
angle ABC, and haying an-jn[gle hec equal to the giyen 
angle n. Which was torheSmB, * 

FEOR^XLlp. THEOE. 

If through any poinVi^ one of the diagonals of a 
paraUelogTam, two 8tr%|ght lines be drawn parallel to 
its sides, so as to diyid^it into four parallelograms, two 
of whicli are about t}ie diagonal of the parallelogram 
(i e. have the parts jn the duigonal for their diagonals), 
and the other two^afe the complements of thMie (i e. 
make up together* with them the whole fignre) ; then 
the complements shall be equal* 

Let AC be one of the diagonals of the parallelograms 
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ABCDy and E any point in AC; through b let peg be 
drawn parallel to ab or ci>, cutting ad in f and bo in g, 
and HEK parallel to ad or bc, cutting ab in h and qj> in 
K, 80 as to divide abcd into four 
parallelograms, of which the two 
AHEF, EOOK are about the dia- 
gonal AC (i. e. have the parts ae, 
EC, for their respective diagonals), 
and the other two heob, fdke are 
their complements (i. e. together 
with ahef, eock make up the 
whole figure abcd). Then the com- 
plement HBGE shall be equal to the complement feed. 

Because ac is a diagonal of the parallelogram abcd, it 
bisects (i. 34) it, and the triangle abo is equal to the 
triangle adg. A^ain, because ae is a diagonal of the 
parallelogram ahef it bisects it, and the triangle ahe is 
equal to the triangle afe ; and because eg is a diagonal 
of the triangle egck it bisects it, and the triangle egc is 
equal to the triangle ekc : therefore, adding equals to 
equals, the triangle ahe, together with the triangle ego 
is equal (Ax. 2) to the triangle afe together with the 
triangle eko. But it was shewn that the whole triangle 
ABC is equal to the whole triangle ado : therefore, takmg 
away equals from equals, the remaining complement 
HBGE is equal (Ax. 3) to the remaining complement 
FEKD. Which was to be proved. 

PEOP. XLIV. PBOB. 

To a given straight line to apply a pajaUelogram, 
which shall be equal to a given Mangle and have one 
of its angles equal to a givei^ angle. 

Let AB be the given straight line, c the given triangle, 
and D the given angle. It is required to apply to the 
straight line ab a parallelogram (i. e. to describe a paral- 
lelogram having ab for one of its sides), which shall be 
equal to the triangle and have one of its angles equal to 
the angle d. 

Describe (i. 42) the parallelogram efgb equal to the 
triangle c, and having one of its angles ebg equal to the 
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angle d, in such a sitaation tliat the side eb shall be 
contiguous to and in the same straight line with ab. 
Produce fg to h ; through a draw (i. 31) ak parallel to 
B& or E7, cutting fh in s: ; and join KB. Then because 
TH cuts the parallels us, ea in f, k, the two interior an- 
gles on the same side of fh, efk, fka are equal (i. 29) to 
two right angles ; and therefore the angles efk, fkb are 
less (Ax. 9) than two right angles. Hence the straight 
line FH cutting the two straight lines fe, eb in f, e makes 
the two interior angles efe, fkb on the same side of fh 
together less than two right angles : therefore by the 
axiom (Ax. 12) fe, eb, being continuallj produced, shall 
at length meet in some point on the side of fh towards 
B, B. Let them be produced to meet in l. Through l 
draw LM parallel to ea, or fe ; and produce gb, ea to 
cut LM in If, o. Then the figure abno, which by const" 
is a parallelogram, shall be the parallelogram required. 

Because feoii is a parallelogram by const", and ea, gk 
are drawn through the point b in one of its diagonals 
EL, so as to divide it into the two parallelograms about 
its diagonal, geab, ebi^l, and the complements flbg, 
BACK: therefore the complement fb is equal (i. 43) 
to the complement bo. But fb is equal to the 
triangle by const"; and things that are equal to the 
same thing are equal to one another (Ax. i) ; therefore 
BO is equal to the triangle c. Also the angle abn is 
equal to the angle gbe, since they are opposite vertical 
angles (i. 15), and the angle n is equal to the angle gbe 
by const" ; and things that are equal to the same thing 
are equal to one another: therefore the angle abn is 
equal to the angle n, and bo has ab for one of iim sides. 
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Hence to the giyen straight line ab a parallelogram abko 
has been applied, equal to the giyen triangle c and having 
one of its angles abit equal to the giyen angle p. Which 
was to be done. 

PEOP. XLV. PEQB. 

To a given straight line to apply a parallelogTanL 
which shall be eqnal to a giyen polygon, and haye an 
angle eqnal to a giyen angle. 

I. Let the polygon haye four sides. 

Let AB be the giyen straight line, odep the giyen 
polygon of four [sides, G the given angle. It is required 
to apply to AB a parallelogram, which shall be equal to the 
polygon CDEE, and have one of its angles equal to o. 





Join two of the opposite angular points as be of the 
polygon, so as to divide it into the two triangles ode, dee. 
To the straight line ab apply (i. 44) the parallelogram 
ABHK, equal to the triangle ode, and having one of its an- 
gles ABH equal to the angle G ; and to the straight line KS 
apply the parallelogram s:hlm equal to the triangle dee, 
and haviag the angle kql equial to the angle g. Then 
the whole figure al shall be a parallelogram, and such as 
is required. 

Because by const" each of the angles abh, 'kbjj is equal 
to the angle g ; and things that are equal to the same 
thing are equal to one another (Ax. i): therefore the 
angle abh is equal to the angle e:hl. To each of these 
equals add the angle bhk ; therefore the angles abh, bhk 
are equal (Ax. 2) to the angles khIi, bhk. But because 
BH cuts the parallels ab, kh in b, h, the two interior 
angles abh, bhk on the same side of bh are equal (i. 29) 
to two right angles; and things that are equal to the 
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same thing are eqnal to one another: therefore also the 
angles hchl, khb are eqnal to two right angles. That is, 
at the point h in the straight line hk, the two straight 
lines BH, LH make with hk the adjacent angles on the 
opposite sides of hg, khl, khb equal to two right an- 
gles; therefore bh is in the same straight line (i, 14) 
with HL : 

Again, becaase he cuts the parallels bl, ah in h, k, 
the alternate angles ehl, hka are equal ; to each of these 
equals add the angle hkk ; then the angles khl, hkk are 
equal to the angles hea, hkm. But because hk cuts 
the parallels km, hl in k, h, the interior angles hkm, 
KHii on the same side of hk are equal to two right angles ; 
and things that are equal to the same thing are equal to 
one another ; therefore the angles hka, hkm are equal to 
two right angles. That is, at the point k in the straight 
line KH, the two straight lines ka, km, on opposite sides 
of KH, make with kh the adjacent angles akh, mkh 
equal to two right angles ; therefore, ka is in the same 
straight line with km : 

But it was shewn that bh, hl were in the same 
straight line, and bh is parallel to ak : therefore the two 
straight lines akm, bhl are parallel. Also ab is parallel 
to KH, and ML is parallel to kh ; and two straight lines, 
which are each of them parallel to the same straight line, 
are parallel to one another (i. 30) : therefore ab is 
parallel to ml. Hence the figure amlb is a paraUelo- 
gram ; and ab is one of its sides, and bj const^ one of 
its angles abl is equal to the angle o : 

Lastly, the parallelogram ah is equal to the triangle 
CDF bj const", and the parallelogram kl is equal to the 
triangle bef for the same reason : therefore adding equals 
to equals, the parallelogram al is equal to the whole 
polygon CBEF. 

Hence to the straight line ab has been applied a paral- 
lelogram ablm equal to the given polygon cdbf, and 
haying one of its angles abl equal to the given angle g. 
Which was to be done. 

II. Let the polygon have more than four sides. 

The polygon must be divided into triangles by joining 
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oBe of its angular points with all tlie others ; and suc- 
oessive parallelograms be applied to one another, equal 
to the different triangles of the polygon, just as sx was 
to AH in Case I. And it can be i^ewn by a similar 
proof that the resulting figure is a parallelogram fulfilling 
the requisites of the problem. 

PEOP.XLYI. PEOB. 
To describe a sqnare on a given straight line. 

Let AB be a g^yen straight line. It is required to 
describe a square on ab. 

From A. draw. (i. 1 1) AC at right 
angles to ab ; and firom AC cut off 
(i. 3) ab equal to ab. Through n 
draw (i. 3 1) be parallel to ab ; and 
through B draw bp parallel to ac, 
cutting BE in r. Then abfb shall 
be the square required. 

The figure abfb is a parallelo- 
gram by const"; and the opposite 
sides of parallelograms are equal (i. 34) : therefore ab is 
equal to bf, and ab to bp. But ab is equal to ab by- 
const" : therefore the four straight lines ba, ab, bp, pb 
are all equal, and the figure abpb is equilateral. Again, 
because ac cuts the parallels bp, ab in b, a, the two 
interior angles on the same side of ba, aDp, bab are 
equal (i. 29) to two right angles. But bab is a right 
angle by const** : therefore also abp is a right angle ; and 
the opposite angles of parallelograms are equal (i. 34) ; 
therefore each of the opposite angles abp, bpb is a right 
angle : wherefore the figure^ABPB is rectangular. Hence 
the four-sided figure abpb has been shewn to be both 
equilateral and rectangular, and it is therefore a square 
(Def. 30), and it is described on the given straight line 
AB. Which was to be done. 

COB. — ^Every parallelogram that has one of its 
angles a right angle uiall have all its angles right 
angles. 
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Let ABCB be a parallelogram, 
and let it have one of its an- 
gles DAB a right angle. Then 
the three other angles XBCy 
BCD CDA 8haU aJao be right 
angles. 

Because ad cuts the parallek ab, dc in ad, it 
may be shewn as in the prop^ that the angle abc is 
also a light angle, and then that each of the other 
two angles opposite is a right angle. Hence abcd 
is rectangular. Which was to be proved. 

Obs. — ^Tt appears from the proof of this prop*^ that the opposite 
sides of a square are parallela. 

PEOP.XLVn. THEOB. 

In any right^mgled triangle the square, whicli is de» 
scribed on tiie side opposite to the right angle, shall be 
equal to the squares, whicli are desmbed on the sides 
including the right angle. 

Let ABO be a right-angled triangle having the right 
angle bag. Then the square described on the side bg, 
opposite to the right an^e bao, shall be equal to the 
squares described on the sides ab, ac, including the right 
angle. 

On BO, AB, AC describe (i. 46) 
the three squares bbeo, bt&a, 
AHKG ; through A draw (i. 3 1) ax 
parallel to bd or C£ (i. 46, Obs.), 
cutting be in L ; and join PC, ab. 

Because bag is a right angle 
by hyp«, and bao is a right 
angle, since it is an angle of a 
square (Def. 30) ; therefore the 
two straight lines ca, ga on op- 
posite sides of BA make with it 
at the point a the adjacent angles bag, bag equal to 
two right angles. Therefore ga is in the same straight 
line with ao. In like manner it may be shewn that 
BA is in the same straight line with as. Because bbg 
is a right angle, since it is an angle of a square, and 

G 2 
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AXF 18 a right angle for the same reason ; and all right 
angles are equal to one another (Ax. 1 1) : therefore the 
angle dbc is equal to the angle fba. To each of these 
angles add the angle abc ; then the whole angle dba is 
equal (Ax. 2) to the whole angle fbo. Also ab is equal 
to 7B, and bd to bc, since thej are sides of squares 
(De£ 30) : therefore the two tnangles dba, fbo have 
the two sides ab, bd respectively equal to the two sides 
fb, bo and the included angle abd equal to the included 
angle fbd. Therefore these two tnangles are equal in 
eyery respect (L 4), and hence the triangle abd is equal 
to the triangle fbo. Now hecause the parallelogram 
(i. 46, Obs.) BL and the triangle abd are on the same 
base BD and between the same parallels bd, al ; there- 
fore the parallelogram bl is double (i. 41) of the tri- 
angle ABD. And because the square gb and the tri- 
angle ofb are on the same base fb and between the 
same parallels fb, oag; therefore the square ob is 
double of the triangle bfc. But the triangle abd was 
shewn to be equal to the triangle fbc ; and the doubles 
of equal things are equal (Ax. 7) : therefore the parallelo* 
gram bl is equal to the square ob. And in like manner 
bj joining ae, bk it maj be shewn that the parallelogram 
OL is equal to the square ho. Therefore, adding equals 
to equals, the whole square bdec is equal to the two 
squares gb, ho ; that is, the square described on the side 
BO, opposite to the right angle, is equal to the squares 
described on the sides ab, ac, including the right angle. 
Which was to be proved. 

PEOP. XLVin. THEOE. 

If the square described on one of the sides of a tri- 
angle be equal to the squares described on the other 
two sides : then the angle included by these two sides 
shall be a right angle. 

Let the square described on bo one of the sides of 
the triangle abc be equal to the squares described on the 
other two sides ab, ao. Then the angle bag included by 
AB, AO shall be a right angle. 
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Prom A draw (i. 1 1) ad at right angles to AC : from 
AD cut off (i. 3) AE equal to ab ; and join ce. 

Because ae is equid to ab hj 
const°, the square of ae (i. e. the 
square described on ae) is equal to 
the square of ab. To each of these 
equals add the square of AC : there- 
fore the squares of ea, ag are equal 
(Ax. 2) to the squares of ba, ac. But 
the square of eg is equal (i. 47) to 
the squares of ea, ag, l)ecia.use the 
angle cae is a right angle by const^; and the square 
of BC is equal to the squares of ba, ao by hyp« : there- 
fore the square of eg is equal to the square of bg, and 
therefore eg is equal to bg. Also ea is equal to ab, and 
AG common to the two triangles eag, bag : therefore 
-these two triangles have the three sides ge, ea, ag re- 
spectively equal to the three sides gb, ba, ag. Therefore 
they are equal in every respect^i. 8) ; and hence the 
angle cae is equal to the angle gab. But cae is a right 
angle : therefore also bag is a right angle. Which wa3 
to be proved. 
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DEFINITIONS. 

A RECTANGLE is a parallelogram which has one of 
its angles a right angle (and therefore (i. 46, Cor.) all 
its angles right angles). 

Obs. a rectangle is said to be contained by either pair of its sides 
which include one of the right angles. 

(i) Let ABCD be a rectangle. We may ^ ^ 

either speak of it as " the rectangle contained 
by AB, AD, or ** the rectangle contained by 
BA, BC/' or '< the rectangle contained by CB, 
CD/' or ** the rectangle contained by DA, 



DC." ^ » 

Frequently the words ** contained by " are 
not expressed, but understood, so that the aboye rectangle may be 
simply called either " the rectangle AB, AD," or *' the rectangle 
BA, BC," or ** the rectangle CB, CD," or « the rectangle DA, 
DC." 

(2) When the rectangle contained by two straight lines is spoken 
of, there is not always a figure given. Thus, if the ** rectangle 
contained by the straight 
lines AB, CD," or sim- a b 

ply "the rectangle AB, — — — - 
CD," be spoken of, and 

we wish to describe it; 

we must take some q j^ 

straight line EF, and 
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draw (L 1 1) from E another^ EG, at right angles to it. From 
EF cut off (i. 3) EH equal to AB, and from EG cut off EK equal 
to CD ; through K draw (i. 31) KL parallel to EF, and through 
H, HM parallel to EG, cutting KL in M. Then the figure 
KEHM is a rectangle by oonsti>, and it is the rectangle contained 
bj EH, EK, that is, by AB, CD. 

n. 

If through any point in one of the diagonals of a 
parallelogram two straight lines be drawn parallel to 
its sides, so as to divide it into two parallelograms 
about the diagonal and two complements, either of 
the two parallelograms about the diagonal together 
with both the two complements make up a figure 
which is called a gnomon. 

Obs. Let ABCD be a parallelogram, AC 
one of its diagonals, E any point in AC ; 
through E let FEG be dravm parallel to 
AB or DC, cutting AD in F, and BC in 
G, and HEK paraUel to AD or BC, cut- 
ting AB in H and DC in K; so as to 
divide ABCD into the parallelograms 
HF, GK about its diagonal AC, and the 
two complements HG, FK. 

Then according to the def <>, the paral- 
lelogram HF together with HG and FK, or the figure DABGEK 
is one gnomon, which is called the gnomon KFB or the gnomon 
DHG : and the other parallelogram GK together with HG and FK, 
or tiie figure DFEHBC is the other gnomon, which is called th^ 
gnomon FKB, or the gnomon DGH. 




PROPOSITIONS. 



PEOP. L THEOE. 

If there be two straight lines, and one of them be 
divided into any number of parts : then the rectangle 
contained by the two straight lines shall be eqnal to 
the rectangles contained by the undivided and the 
several parts of the divided luxe. 

Let A and bc be two straight lines, and let bc be di- 
vided into any number of parts bb, be, £C, in n, £. GDhen 
the rectangle contained by a, bo shall be equal to the 
rectangle contained by a, bd together with that contained 
by A, BE aad that contained by a, ec. 

Prom B draw (i. 1 1) Br at 
right angles to bg, and from 
BF cut off (i. 3) BG- equal to 
A. Through a draw (i. 31) 
GH parallel to bc, and through 
n, E, c draw be, el, cu pa- 
rallel to BF, cutting GM in E, 

L, M. 

The figures bm, be, bl, eh are all parallelograms by 
const*^ ; and because bo cuts the parallels bc, be in b, b, 
the exterior angle gbe is equal (i. 29) to the interior and 
opposite angle on the same side, bbg. But bbg is a 
ngiit angle by const" ; therefore the angle ebe is a right 
angle, and in like manner it may be shewn that gel is a 
right angle. Hence each of the parallelograms bm, be, 
BL, EH has one of its angles a right angle ; therefore they 
are all rectangles (i. 46, Cor.). Now the rectangle bh is 
equal to the rectangles be, bl, eh. But bh is contained 
by A, BC, for it is contained by gb, bg, and gb is equal to 
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A by const** ; and bk is contained by a, bd, for it is con- 
tained by GB, BD, of which OB is equal to A ; and bl is 
contained by a, bis, for it is contained by bk, be, and bk 
is equal to A, since bk is equal to bo, and bo is equal to 
A ; and in like manner em is contained by a, eg. There* 
fore the rectangle contained by a, bc is equal to the 
several rectangles contained by a, bb, and by a, be, and 
by A, EC. "Which was to be proved. 

PEOP. II. THEOE. 

If a straight line be divided into any two parts : then 
the rectangles contained by the whole line and each of 
the parts shall be together equal tQ the square of the 
whole line. 

Let the straight line ab 'he divided into any two parts 
in c. Then the rectangle contained by ab, bc together 
with that contained by ab, ac shall be equal to the square 
of AB. 

On AB describe (i. 46) the square 
ABEB ; and through o draw (i. 31) ce 
parallel to An or be, cutting be in e. 

The figures ae, ce are parallelograms 
by const" ; and since each of them con- 
tains an angle of a square, which is a 
right angle (Def. 30), they are rect- 
angles (i. 46, Cor.). Now, ae is equal to at and CE. 
.But AE is the square of ab ; ae is the rectangle ab, ac ; 
for it is the rectangle contained by ab, ao, and ao is 
equal to ab, since they are sides of a square ; and ce 
is the rectangle ab, bc, for it is contained by cb, be, 
and BE is equal to ba, since they are sides of a square. 
Therefore the rectangle ab, ao together with the rect- 
angle AB, BO is equal to the square of ab. Which was to 
be proved. 

PEOP. III. THEOE. 

If a straight line be divided into any two parts : then 
the rectangle contained by the whole Ime and one of the 
parts, shall be equal to the rectangle contained by the 
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rts togefhar with the sqnare of the a&resaid 




part 

Let the straight line ab be divided into any two parts 
in c. Then the rectangle ab, bc shall be equal to the 
rectangle ac, cb together with the square of bc: and 
the rectangle ab, ao shall be equal to the rectangle ao, 
CB together with the square of ac. 

I. The rectangle ab, bo shall be equal to the rectangle 
AC, GB together with the square of bc 

On BC describe (i. 46) the 
square bcpe; produce ed to 
p ; and through a draw (i. 3 1) 
AO parallel to be or cd, cutting 
ET m o. 

The figures ae, ad are pa- — 
xallelograms bj const^; and 
since they have each the angles abe, acd, which are 
right angles, they are also rectangles (i. 46, Cor.). Now 
AE is equal to ad and oe. But ae is the rectangle ab, 
BO, for it is contained by ab, be, and be is equal to bo, 
since they are sides of a square (Def. 30) ; also ad is the 
rectangle ac, cb, for it is contained by ac, cd, and cd is 
equal to cb, since they are sides of a square ; and ce is 
the square of bo. Therefore the rectangle ab, bc is equal 
to the rectangle ao, cb together with the square of bc. 
Which was to be proved. 

II. The rectangle ab, ac shall be equal to the rect- 
angle AC, GB together with the square of ag. 

This may be shewn by a construction and demonstration 
exactly similar to those in (I.), the const" here com- 
mencing by describing the square on ac, instead of bc, 
"Which was to be proved. 

PROP. IV. THEOR. 

If a straight line be divided into any two parts: 
then the sqnare of the whole line shall be equal to tiie 
squares of the two narts together with twice the rect- 
angle contained by flie two parts. 

Let the straight line ab be divided into any two parte 
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AC, CB in c. Then the square of ab shall be eqiml to 
the squares of ac, cb together with twice the rectangle 

AC, CB. 

On AB describe (i. 46) the square 
ABEB ; and draw one of its diagonals 
BB. Through c draw (i. 31) era 
parallel to ad or be, cuttmg bd in e, , b 
and BE in o; and through v draw 
HEK parallel to ab or be, cutting ab 
in H, and be in k. 

The square adeb is divided by the ^ g b 

const** into four parallelograms, two of which hg, ck are 
parallelograms about its diagonal bb, and the other two 
AF, FE are their complements. Hence the complement 
AF is equal (i. 43) to the complement fe ; and since each 
of these four parallelograms has one angle of the square 
ADEB, and therefore a right angle (Def. 30) for one of 
its angles, they are all rectangular (i. 46, Cor.). Again 
because bb cuts the parallels ad, ca in b, f, the exterior 
angle cfb is equal (i. 29) to the interior and opposite 
angle abf on the same side of bb ; but the angle abb 
is likewise equal (i. 5) to the angle abf, because ab is 
equal to ab, since thej are sides of a square (Def. 30) ; 
and things that are equal to the same thing are equal 
to one another (Ax. i) : therefore the angle cfb is equal 
to the angle cbf, and therefore cb is equal (i. 6) to cf. 
But the opposite sides of parallelograms are equal to one 
another (i. 34) ; therefore cp is equal to fk, and CF to 
BK : hence the four sides of the parallelogram cfkb are 
equal to one another, and it was shewn to be rectangular. 
Therefore it is a square and it is described on bc. Simi- 
larly it may be shewn that ho is a square, and it is 
described on hf ; but hf is equal to ac since the oppo- 
site sides of parallelograms are equal : hence no is equal 
to the square of AG. And af is the rectangle AC, cb, 
for it is contained by ac, cf of which cf has been proved 
equal to cb : therefore also fe, which is equal to af, is 
equal to the rectangle ac, cb ; and therefore af, fe to- 
gether are equal to twice the rectangle ac, cb. Hence 
HG, CE, AF, fe are equal to the squares of ac, cb and 
twice the rectangle ac, cb ; and h0, ce, af, FE.make up 
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the whole figure adeb, which is the square of ab. There- 
fore the square of ab is equal to the squares of ac, cb 
together with twice the rectangle AC, cb. Which was to 
be proved. 

COR.— If through any point in one of the diagonals 
of a square, two straight lines be drawn parallel 
to tiie sides, so as to divide it into four parallelo- 
grams two of which are about its diagonal, and two 
are complements: then the two parallelograms about 
tibe diagonal of the square shall be squares, and 
the two complements snail be rectangles. 

Por let ADEB be a square ; bd one of its diagonals : 
through E any point in bd, let cfo be drawn pa- 
rallel to AD or BE, cutting ab in c, de in o ; and 
let HFK be drawn parallel to ab or de, cutting ad 
in H, BE in e:. Then it may be shewn exactly as in 
the prop° that hg, ce, the parallelograms about 
the diagonal bd of the square, are squares, and that 
their two complements are rectangles. Which was 
to be proved. 

PEOP. V, THEOE, 

If a straight line be bisected, and also divided into 
two unequal parts : then the rectangle contained by 
the unequal parts together with the square of the part 
of the line intercepted between the points of section, 
ahall be equal to the square of half the Hue. 

Let the straight line ab be bisected in o, and divided 
into two unequal parts in d. Then the rectangle ad, db 
together with the square of cd shall be equal to the 
square of bg. 

On cb describe (i. 46) 
the square cefb, and 
draw the diagon^ be. 
Through D draw (i. 31) 
DOH parallel to CE or bf, 
cutting BE in a and ef 
in H ; through a draw ax. 
parallel to ce or bf ; and 
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through. a draw JaU&s parallel to cb or bf, cutting ak i 

in L, GE in m, bf in n. 

The square CF is divided hy the const" into four paral- 
lelograms, two of which MH, DN are ahout its diagonal 
be, and the two CG, or are their complements. HeDce 
oo, OF are equal (i. 43) ; they are both rectangles (ii. 
4, Cor.) and mh, dit are both squares. Again, because 
DA cuts the parallels al, cm in a, c, the exterior angle 
DCM is equal (i. 29) to the interior and opposite angle 
on the same side, cal ; but dcm is an angle of a square 
and therefore a right angle (Def- 30) : hence also cal 
is a right angle, and therefore algd, which is a paral- 
lelogram by const", is a rectangle (i. 46, Cor.). Now, 
since ca is equal to of, to each of these equals add 
the square dk ; then the whole CN is equal (Ax. 2) to 
the whole bf. But because the parallelograms CN, am 
are on equal bases cb, ao and between the same parallels 
AB, LN, therefore cn is equal (i. 36) to am; and things 
that are equal to the same thing are equal to one another 
(Ax. i) : therefore am is equal to bf. To each of these 
equals add cg ; then the whole AG is equal to the gnomon 
CNH. But AG is the rectangle ad, db, for it is contained 
by AD, DG, and dg is equal to bb, since they are sides of 
a square (Def 30) : therefore the gnomon cxh is equal 
to the rectangle ab, db. To each of these equals add mh, 
which is the square of CD, for it is the square of mg, and 
CD is equal to mg, since the opposite sides of paral- 
lelograms are equal (i. 34) : then the gnomon cnh toge- 
ther with MH is equal to the rectangle ad, db together 
with the square of CD. But the gnomon cnh together 
with MH makes up the whole figure cefd, which is the 
square of cb. Hence the rectangle ad, db together with 
the square of CD is equal to the square of bc. Which 
was to be proved. 

COB.— If there be two xmeqnal straight lines : then 
the rectangle contained by the straight line which 
is eqnal to their sum, and the straight line which 
is eqnal to the excess of the greater above the less 
ahall be equal to the excess of the square of the 
greater above the square of the less. 

H 



74 



THE ELEMEITTB OF EUCLLD. 



[book 



With the figure of the prop", let ao be the greater, 
and CD the less of two unequal straight lines, which 
are placed contiguous and in the same straight line ; 
and in this straight line let cb be equal to ac : so 
that AB is the sum of ao and cd, and bb which 
together with cb makes up bo is the excess of bc, 
that is, of AC above cb. Then shall the rectangle 
AB, bb be equal to the excess of the square of ac 
above the square of cb. 

Because ab is bisected in c, and divided into 
two unequal parts in b, therefore by the prop", the 
rectangle ab, bb together with the square of cd is 
equal to the square of bc. Hence the square of bc, 
or of AC, is greater than the square of cb by the 
rectangle ab, bb; that is, the rectangle ab, bb is 
equal to the excess of the square of ac above the 
square of cb. Which was to be proved. 

PEOP. VI. THEOE. 

If a straight line be bisected, and produced to any 
point: then the rectangle contained by the whole line 
thus produced and the part of it produced, together 
with the square of half tiie bisected lin^ shall be equal 
to the square of the line, which is made np of the haJf 
and the part produced. 

Let the straight line ab be bisected in c and produced 
to B. Then the rectangle ab, bb together with the 
square of cb shall be equal to the square of cb. 

On CB describe (i. 46) the square cefb, and draw the 
diagonal be. Through B draw (i. 31) bgh parallel to 
CE or BF, cutting be in o, and ep in h ; through a draw 
AK parallel to ce or be ; and through G draw LMGif 
parallel to cb or ef, cutting ak in l, ce in m, and bf in n. 

Then it may be shewn as 
in the preceding prop" that 
CO, OF are equal ; that they 
are both rectangles, and mh, 
BN both squares ; and that 
AN is a rectangle. Now be- 
cause the parallelograms 
AM, c o are on equalbases AC, 



B 



D 







/ 


M 

K 


/ 






E 



H 



n.] FBOFOsmoKs Ti. th. 75 

OB and between the same parallels ab, xa, therefore ah is 
equal (i. 36) to co ; but gf is equal to co ; and things that 
are equal to the same thing are equal to one another (Ax. i) : 
therefore am is equal to gf. To each of these equals add 
02^: therefore the whole an is equal (Ax. 2) to the 
gnomon ex h. But an is the rectangle ad, db ; for it is 
contained by ad, bn, and db is equal to dn, since thej 
are sides of the square bn (Def. 30) : therefore the 
gnomon cnh is equal to the rectangle ad, db. To each 
of these equals add mh, which is equal to the square of 

BC, for it is described on mo, and mo is equal to bg, since 
the opposite sides of parallelograms are equal (i. 34) ; 
therefore the gnomon ckh together with mh is equal to 
the rectangle ad, db together with the square of bc. 
But the gnomon cnh and mh make up the whole figure 
OF, which is the square of od. Hence the rectangle ad, 
DB together with the square of bo is equal to the square 
of CD. Which was to be proved. 

PEOP. Vn. THEOE. 

If a straight line be divided into any two parts: 
then the squares of the whole line and of one of the 
parts shall be, eqnal to twice the rectangle contained 
by the whole line and thsX part, together with the 
square of the other part. 

Let the straight line ab be divided into any two parts 
AC, cb in c. Then the squares of ab, bc shall be equal to 
twice the rectangle contained bj ab, bc together with 
the square of ac; and the squares of ab, ac shall be 
equal to twice the rectangle ab, ac together with the 
square of bc. 

On ab describe (i. 46) the square ^ n » 

ADEB, and construct the figure as in 
Prop. IV. 

The square adeb . is divided by the h 
const** into four parallelograms, two 
of which HG, CK are about its diagonal 

BD, and two ap, fe are their comple- 
ments. Hence af is equal to fe » 
(i. 43), and they, as well as ak, ce are 
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rectangles; and ho, ck are squares (ii. 4, Cor.). Since 
AP is equal to fe, to each of these equals add ce : then 
the whole ak is equal (Ax. 2) to the whole ce ; and ak, 
CE are double of ak. But ak, ce are the gnomon akg 
together with ck ; and ak is the rectangle ab, bc, for it 
is contained by ab, bk, and bk is equal to bo, since they 
are sides of the square ck (Def 30) : therefore the 
gnomon ako together with ck is equal to twice the 
rectangle ab, bc. To each of these equals add ho, which 
is equal to the square of ac, for it is the square described 
on HF, and hf is equal to ac, because the opposite sides 
of parallelograms are equal to one another (i. 34) ; there- 
fore the gnomon akg together with the squares ck, ho is 
equal to twice the rectangle ab, bo and the square of ac. 
But the gnomon akf together with the squares ck, hg 
makes up the whole figure ab and ck, which are the 
squares of ab and bc Hence the squares of ab and bc 
are equal to twice the rectangle ab, bc together with the 
square of ac And in the same manner it might be 
shewn that the squares of ab and ac are equal to twice 
the rectangle ab, ao together with the square of bc 
Which was to be proved. 

PEOP. YIII. THEOE. . 

If a straight line be divided into any two parts : 
then four tmes the rectangle contained by the whole 
line and one of the parts, together with tbe square of 
the other part shall be equal to the sqnare of the line 
which is made up of the whole line and that part. 

Let the straight line ab be divided into any two parts 
AC, CB in c Then four 

times the rectangle ab, ^ c b e d 

BC together with the 
square of ac shall be 
equal to the square of 
the straight line made 
up of AB and bc to- 
gether; and four times 
the rectangle ba, ac to- 
gether with the square 
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of BC sHaJl be equal to the square of the straight line 
which is made up of ba and ag together. 

Produce ab to d, and from bd cut off (i. 3) be equal to 
BC. On AE describe (i. 46) the square afge, and draw 
the diagonal ep. Through draw (i. 31) chk parallel 
to AT or EG cutting ep in h, and pg in k ; through B 
draw BiiM parallel to ap or eg, cutting ep in l and pg in 
M ; through l draw kolp parallel to ae or pg, cutting ap 
in IT, CK in o, and eg in p ; and lastly through h draw 
QHBS parallel to ae or pg cutting ap in q, bm in b, and 
EG in 8. 

The square apge is divided by the const" into four 
parallelograms, two of which qk, cs are about the diagonal 
EP and the two ah, hg are their complements : hence ah 
is equal to hg (i. 43), and they are both rectangles, and 
QK, cs are both squares (i. 46, Cor.). Again the square 
CHSE is divided by the const" into four parallelograms, 
two of which BP, OB are about the diagonal eh, and the 
two CL, LS are their complements ; hence cl is equal to 
i«s, and they are both rectangles, and bp, ob are squares. 
Now because cb is equal to be by const", the rectangles 
CL, BP are on equal bases cb, be and between the same 
parallels, therefore cl is equal (i. ^6) to bp ; and because 
the opposite sides of parallelograms are equal (i. 34), ol 
is equal to cb, and LP is equal to be, therefore ol is 
equal to lp, and ob, ls are parallelograms on equal bases 
OL, LP and between the same parallels. Hence ob is 
equal to ls ; and cl was shewn to be equal to ls : there- 
fore CL, LS, BP, OB are all equal, and the whole chse is 
four times ,one of them cl. Again, since ob is a square, 
the side ol is equal (Def. 30) to oh ; and since bp is a 
square, the side lp is equal to bl, and therefore to co : 
but it was proved that ol is equal to lp, therefore also 
CO is equal to oh, and therefore ao, nh are rectangles on 
equal bases co, oh and between the same parallels aq, 
CH : hence ao is equal to nh, and aqb^c is double of ao. 
But AQHC is equal to hkgs : therefore likewise hkgs is 
double of AO. Hence aqhc and hkgs are together four 
times AO ; and it has been shewn that chse is four times 
CL: therefore the whole gnomon ask is four times the 
whole al. But al is the rectangle ab, bc, for it is con- 
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tained bj ab, bl, and bl is equal to be, or bg ; therefore 
the gnomon ask is four times the rectangle ab, bc. To 
each of these equals add qk, which is the square of ac, 
for it is the square described on qh, and qr is equal to 
AC, since the opposite sides of parallelograms are equal: 
then the gnomon ask together with qk is equal (Ax. 2) 
to four times the rectangle ab, bc together with the 
square of ac. But the gnomon ask together with qb 
makes up the whole figure atge, which is the square of 
AE, that is, of the line made up of ab and bc, since be is 
equal to bc by const" : therefore four times the rectangle 
AB, BC together with the square of ac is equal to the 
square of the line made up of ab and bc. And in a 
similar manner by producing ba and proceeding in the 
const** as before, it may be shewn that four times the 
rectangle ba, ac together with the square of bc is equal 
to the square of the line made up of ba and ac. Which 
was to be proved. 

PEOP. IX. THEOE. 

If a straight line be bisected, and also divided into 
two unequal parts : then the squares of the two un- 
equal parts s^Ql be double of flie square of half the 
line, and the square of the line between the points of 
section. 

Let the straight line ab be bisected in c and divided 
into two unequal parts ad, db in d. Then the squares 
of AD, db shall be double of the squares of AC, CD. 

Prom c draw (i. 11) CE at 
right angles to ab, and from 
CE cut off (i. 3) cp equal to 
A)D or cb. Join fa, tb ; through 
D draw (i. 31) Da parallel to 
CE cutting be in c ; through c 
draw GH parallel to ab cutting 
cr in H ; and join ag. 

Because re cuts the parallels gh, cb in h, c, the 
exterior angle ehg is equal (i. 29) to the interior and 
opposite angle hcd on the same side of re ; but hcd 
is a right angle by const** : therefore also fhg is a right 
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angle. Again because bg cuts the pa^rallels od, ho in 
D, c, the exterior angle gdb is equal to the interior and 
opposite angle on the same side of bc, hob ; but hcb is a 
right angle by const" : therefore also gdb is a right 
angle. The three angles cat, atc, fca of the trianglfe 
ACF are equal (i. 32) to two right angles, and acf is a 
right angle by const", therefore the two angles cat, atc 
are equal to one right angle ; but because ca is equal 
to CF, the angle oaf is equal (i. 5) to the angle cfa ; 
hence each of the angles caf, cfa is half a right angle. 
Eor a like reason each of the angles cbf, cfb is half a 
right angle: therefore the whole angle afb is a right 
angle. Again the three angles hfg, fgh, ghf of the 
triangle fhg are equal to two right angles; and the 
angle ghf has been proyed to be a right angle ; therefore 
the two angles hfg, fgh are equal to one right angle ; 
but the angle hfg has been shewn to be ha]f a right 
angle, therefore the remaining angle hgf is also half a 
right angle, and the angle hfg is equal to the angle hgf : 
hence hf is equal (i. 6) to hg. Also the three angles 
DGB, gbd, bdg of the triangle bdg are equal to two right 
angles ; and gdb has been proved to be a right angle ; 
therefore the two angles dgb, gbd are equal to one. right 
angle ; but the angle dbf has been proved to be half a 
right angle, therefore the remaining angle dgb is also 
half a right angle, and the angle dgb is equal to the 
angle dbg : hence dg is equal to db : 

Now because ac is equti to cf, the square of ac is 
equal to the square of cf ; and the square of af is equal 
to the squares of ac, cf (i. 49), because acf is a right 
angle : therefore the square of af is double of the square 
of AC. Again because fhg is a right angle, the square 
of Fo is equal to the squares of fh, hg, and because fh 
is equal to hg, the square of fh is equal to the square of 
HG : therefore the square of fg is double of the square 
of HG : that is, of the square of CD, because hg is equal 
to CD, since the opposite sides of parallelograms are equal 
(i. 34). But the square of af is double of the square 
AC : therefore the squares of af, fg are double of the 
squares of ac, cd ; but the square of AG is equal to the 
squares of af, fg, because the angle afg is a right angle : 
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therefore the square of ao is double of the squares ±c, 
CD, Now since db is equal to bo, the square of bb is 
equal to the square of BO; to each of these equals add 
the square of ab; therefore the squares of ab, bb are 
6qual (Ax. 2) to the squares of ab, be ; but because abo 
is a right angle, the square of ACh is equal to the squares 
of AB, BO ; and things that are equal to the same thing 
are equal to one another (Ax. i) : therefore the square 
of AG is equal to the squares of ab, bb. And it has 
been shewn that the square of ao is double of the 
squares of ao, cb ; hence also the squares of ab, bb 
are double of the squares of ac, cb. Which was to be 
proved. 

PEOP. X. THEOE. 

If a straight line be bisected, and produced to any 
point : then the squares of the whole line thus produced, 
and the part of it produced shall be double of the 
squares of half the bisected line, and the line made up 
of the half and the part produced. 

Let the straight line ab be bisected in c, and produced 
to B. Then the squares of ab, bb shall be double of the 
squares of AC, cb. 

Prom c draw (i. 11) cb 
at right angles to ab, and 
from CE cut off (i. 3) CF 
equal to ac, or cb. Join 
AF, FB ; through F draw 
(i. 31) FG parallel to ab; 
and through b draw bh pa- 
rallel to CE, cuttiag FO in h. 
Then because fo cuts the 
parallels ce, bh in. f, h, the 
two interior angles cfh, fhb on the same side of fo 
are equal (i. 29) to two right angles; and therefore the 
angles bfh, fhb are less (Ax. 9) than two right angles. 
Hence the straight line fh, cutting the straight lines bf, 
BH in F, H, makes the two interior angles bfh, fhb on 
the same side of fh together less than two right angles : 
therefore by the axiom (Ax. 12) fb, hb, being con- 
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tiniially produced, shall at length meet in some point 
on tlie side of rn towards b, d. Let them be produced 
to meet in k ; and join ajc. 

The figure ecdh is by const^ a parallelogram, and one 
of its angles fcd is a right angle ; therefore it is rect- 
angular (i. 46, Cor.), and hence the angles thk, cdh, and 
its adjacent (Def. 10) angle cde are right angles. It 
may be shewn as in the preceding prop" that each of the 
angles cap, atg, cfb, peg is half a right angle, and that 
AFB is a right angle. The three angles hfk, fkh, khf 
of the triangle fhk are equal (i. 32) to two right angles, 
and FHK is a right angle ; therefore the two hfk, fkh 
are equal to one right angle. But because fb cuts the 
parallels fh, gb in f, b, the alternate angles cbf, bfh 
are equal ; and gbf is half a right angle : therefore kfh 
is also half a right angle. Hence the other angle fkh 
is half a right angle, and equal to the angle kfh ; there- 
fore HF is equal (i. 6) to hk. Also the angles kbd, fbg 
are equal, since they are vertically opposite (i. 15) ; and 
FBG is half a right angle : therefore kbd is also half a 
right angle, and equal to the angle bkd : therefore db is 
equal to dk. Now it may be shewn as in the preceding 
prop" that the square of af is double of the square of AC, 
and the square of fk double of the square of hf, that is, 
of GD, because hf is equal to gd, since the opposite 
sides of parallelograms are equal (i. 34) : therefore the 
squares of af, fk are double of the squares of ag, cd. 
But the square of ak is equal (i. 47) to the squares of 
AF, FK, because afk is a right angle: therefore the 
square of ak is double of the squares of ag, gd. Now 
since db is equal to dk, the square of db is equal to the 
square of dk ; to each of these equals add the square of 
AD : then the squares of ad, db are equal (Ax. 2) to the ' 
squares of ad, dk ; but because adk is a right angle the 
square of ak is equal to the square of ad, dk ; and 
things that are equal to the same thing are equal to 
one another (Ax. i) ; therefore the square of ak is equal 
to the squares of ad, db. And it has been shewn that 
the square of ak is double of the squares of AG, gd ; 
hence also the squares of ad, db are double of the 
squares of ag, gd. Which was to be proved. 
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PEOP. XI. PEOB. 

To divide a giyen straight line into two snch parts, 
that the rectangle contained by the whole line and one 
of the parts shall be eqnal to the sqnare of the other 
part 

Let AB be the given straight line. It is required to 
divide it into two such parts, that the rectangle contained 
by the whole line and one of the parts shall be equal to 
the square of the other part. 

On AB describe (i. 46) the square 
ACDB; and supposing x to be that 
extremity of ab adjacent to which the 
second part is required to be, bisect 
(i. 10) its side ao in b. Join be ; 
produce oa to r; from ef cut off 
(i. 3) EO equal to eb ; and on ao de- 
scribe (i. 46) the square ohka. Then 
BAG is a right angle, since it is an 
angle of the square ad (Def. 30), and 
OA is produced to f, therefore the 
adjacent angle fab is a right angle 
(Def. 10). But FAK is a right angle, since it is an angle 
of the square gk ; and all right angles are equal (Ax. 11): 
therefore the angle fak is equal to the angle fab ; and 
hence ac falls on ab, and e is a point in ab. Then ab 
shall be divided in k, so that the rectangle ab, bk is 
equal to the square of ak. 

Produce hk, so as to cut cd in l. 

Because ca is bisected in e, and produced to G, the 
rectangle co, oa together with the square of ae is equal 
(ii. 6) to the square of eo, that is, to the square of eb, 
because eo is equal to eb by const". But because eab 
is a right angle, the squares of ba, ae are equal (i. 47) 
to the square of eb ; and things that are equal to the 
same thing are equal to one another (Ax. i) : therefore 
the rectangle co, oa together with the square of ae is 
equal to the squares of ba, ae. Prom each of these equals 
take away the common square of ae ; then the remaining 
rectangle 00, ga is equal (Ax. 3) to the remaining square 
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of AB. Now, because the opposite sides of squares are 
parallel, gh, cd are each of them parallel (i. 46, Obs.) 
to AKB, and therefore to one another (i. 30) ; and hex, 
SD are each of them parallel to qac, and therefore to one 
another : hence the figures gl, kd are both parallelograms, 
and as each contains an angle of a square, and therefore 
a right angle, they are both rectangles (i. 46, Cor.). And 
GL is the rectangle cg, ga ; for it is contained by CG, gh, 
and GH is equal to ga, as they are sides of a square. But 
it was shewn that the rectangle cg, ga is equal to the 
square of ba ; hence gl is equal to acdb. From each of 
these equals take away the common part al ; then the 
remainder gk is equal (Ax. 3) to the remainder kd. But 
gk is the square 01 ak ; and kd is the rectangle ab, be, 
for it is contained by db, bk, and db is equal to ab, as 
they are sides of a square. Therefore the rectangle ab, 
BK is equal to the square of ak ; and the given straight 
line AB has been divided in k, as was required. Which 
was to be done. 

PROP. XII. THEOB. 

In my obtuse-angled triangle, the square of the side 
snbtendmg the obtuse angle is greater than IJie squares 
of the aides including ti^e obtuse angle, by twice the 
rectangle contained by either of those sides, and the 
straight line intercepted without the triangle between 
the obtuse angle and the perpendicular drawn to this 
side produced from the opposite angular point 

Let ABC be an obtuse-angled 
triangle, having the obtuse angle 
ACB ; let BC, one of the sides 
including it, be produced to d ; 
and from the opposite angular 
point A let AE be drawn (i. 
12) perpendicular to bd. Then 
the square of ab shall be less 
than the squares of AC, cb by twice the rectangle bc, oe. 

Because be is divided into two parts in c, the square 
of BE is equal (ii. 4) to the squares of bo, oe together 
with twice the rectangle bc, ce. To each of these equals 
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add the square of ea ; then the squares of be, ea are 
equal (Ax. 2) to the squares bc, oe, ea, together with 
twice the rectangle bo, ce. But because aeb is a right 
angle by const", the square of ba is equal (i. 47) to the 
squares of be, ea, and the square of ca is equal to the 
squares of ge, ea : therefore the square of ba is equal to 
the squares of bc, ca together with twice the rectangle 
BC, CE ; that is, the square of ba is greater than the 
squares of bc, ca by twice the rectangle bc, ce. Which 
was to be proved. 

PEOP. Xni. THEOE. 

In any triangle, the square of the side subtending 
either of the acute angles is less than the squares of the 
sides including this angle, by twice the rectangle con- 
tained by either of these sides, and the straight line 
intercepted between the acute angle and the perpen- 
dicular drawn to this side, produced if necessary, from 
the opposite angular point. 

Let ABC be a triangle, and let the angle abc be one of 
its acute angles ; and to bc, one of the sides including the 
angle abc, or bc produced to n, let the perpendicular ae 
be drawn (i. 12) from the opposite angular point a. Then 
the square of ac shaU be less than the squares of ab, bc by 
twice the rectangle cb, be. 

There are two 
cases according 
as the perpen- 
dicular AE does 
not, or does coin- 
cide with the side 
of the triangle 

AC. 

I. Let AE not 





Fig. 1. 



Fig. 2. 



coincide with ac, e either falling in BO (Fig. i), or in 
CD without BC (Fig. 2). 

Because bc is divided into two parts in E (Fig. i), or 
because be is divided into two parts in c (Fig. 2), there- 
fore in both figures the squares of cb, be are equal (ii. 7) 
to twice the rectangle cb, be together with the square of 
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CE. To each of these equals add the square of as ; there- 
fore the squares of cb, be, ae are equal (Ax. 2) to twice 
the rectangle gb, be together with the squares of ce, ae. 
But hecause ae is at right angles to bc hj const°, the square 
of AB is equal (i. 47) to the squares of be, ea ; and the 
square of AC is equal to the squares of ae, eg : therefore 
the squares of cb, ba are equal to twice the rectangle cb, 
BE together with the square of ac ; that is, the square of 
AG is less than the squares of ab, bo by twice the rect- 
angle GB, BE. 

H. Let AE coincide with ag, e and c 
being one and the same point. 

Then, because agb is aright angle, the 
square of ab is equal to the squares of ao, 
CB. To each of these equals add the square 
of BC ; then the squares of ab, bg are 
equal to the square of AG and twice the 
square of bo. But the square of bg is 
the rectangle gb, be ; therefore the squares of ab, bg are 
equal to twice the rectangle gb, be, and the square of 
AG ; that is, the square of ag is less than the squares of 
AB, BG by twice the rectangle gb, be. 

Hence in every case the square of AG is less than the 
squares of ab, bg by twice the rectangle gb, be. Which 
was to be proyed. 

PEOP. XIV. THEOE. 

To describe a square that shall be equal to a given 
polygon. 






Let A be the given polygon. It is reqiured to describe 
a square that shall be equal to a. 
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Take any siraiglit line bo, and to bc apply (i. 45) the 
parallelogTam bbec equal to a and haying one of its 
angles box equal to a right angle. Then bdxc is rect- 
angular ; and if two of its adjacent sides bc, ce are equal, 
all the four will be equal (i. 54), and be will be a square 
(Def. 30) ; that is, what was required is already done. 
But if BC, CE are not equals ; produce bc to i*, and from 
CF cut (i. 3) off ca equal to ce ; bisect (i. 10) bo in h ; 
with centre h and radius hb or ho describe a semicircle, 
and produce eg to cut it in k. Then the square described 
(i. 46) on CK shall be equal to the polygon a. 

Join HK. 

Because bo is bisected in h, and divided into two un- 
equal parts in c, the rectangle bc, cg together with the 
square of ch is equal (ii. 5) to the square of ho, that is, 
to the square of hk, since ho is equal to he by the def^ 
of a circle. But because the angle hcs: is adjacent to 
the right angle bce, and therefore a right angle (Def. 10), 
the squares of HC, CK are likewise equal (i. 47) to the 
square of hk ; and things that are equal to the same thing 
are equal to one another (Ax. i) : therefore the rejctangle 
BC, CO together with the square of ch is equal to the 
squares of ck, ch. From each of these equals, take away 
the common square of ch : then the remaining rectangle 
BC, CO is equal to the remaining square of ck. But be 
is the rectangle bc, co, for it is contained by bc, ce, and 
ce is equal to co by const" : therefore the square of ck is 
equal to be. Now by const" the polygon a is equal to 
be ; and things that are equal to the same thing are 
equal to one another : therefore the square described on 
CK is equal to the given polygon a. Which was to be 
done. 
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DEFINITIONS. 

I. 

If the radii of two circles are equals the circles are 
equals and their circumferences are equal ; and if two 
circles are equals their radii are equal and their cir- 
cumferences are equal. 

Obs. This is neither a def^ nor an axiom, but conti^ of two propi^* 
which may be thus proved. 

(i) Let ABC, DBF be two circles, of which the centres are G,- 
H, and which have equal radii. Then the circle ABC shall be 
equal to the circle DEF, and the circumference ABC to the cir- 
cumference DBF. 

For if the circle ABC be applied to the circle DBF, so that the 
centre G may coincide with the centre H, then every point in 
the circumference ABC will coincide with a point in the circum- 
ference DBF, since the radii of the two circles are equal ; that is, 
the circumference ABC will coincide with the circumference DBF 
and the circle ABC with the circle DBF. But magnitudes which 
coincide are equal (Ax. 8) : therefore the circumference ABC is 
equal to the circumference DBF, and the drde ABC to the circle 
DBF. Which was to be proved. 

(2) Let ABC, DBF be two 
equal circles, of which the centres 
are G, H : then the radii of ABC 
shall be equal to the radii of DBF, 
and the circumference ABC to the 
circumference DBF. 

For if the radii of the two cir- 
cles are unequal, let DBF be that 

i2 
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circle, which, if possible, has the larger radii. Apply ABC to DBF 
as before, then the extremity of each radius of ABC will be nearer 
to the coincident centres than the extremity of the radius of DEF on 
which it falls, and therefore the circle ABC will fell ^tirely 
within, and be a part of the circle DEF. Therefore the. circle 
ABC is less (Ax. 9) than the circle DEF : which is by hyp^ im- 
possible. Therefore the radii of the two circles are not un- 
. equal : that is, they are equal, and hence by (i), the circumfer- 
ence ABC is equal to the drcumfereuce D£F. Which was to be 
proved. 

n. 

A straight line is defined to 
touch a circle at a pointy when 
it meets the circle in that point, 
and being produced both ways 
does not cut it. 

III. 

Circles are defined to 
touch one another at a 
pointy when they meet to- 
gether at that point, but do 
not cut another. 



IV. 

The distance of a straight line from the centre of 
a circle is the length of the perpendicular drawn to 
it from the centre. 

V. 

Straight lines are accordingly 
equally distant from the centre of a 
circle, when the perpendiculars drawn 
to them from the centre are equal ; 
and one straight line is said to be far- 
ther from or nearer to the centre than 
another, according as the greater or 
less perpendicular falls on it. 
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VI. 

A segment of a circle 
is the figure contained hj 
a part of the circumfer- 
ence of a circle, called an 
arc of a circle, and the 
straight line drawn joining 
the two extremities of the arc. 

vn. 

An angle of a segment is either of the two cur- 
vilinear angles contained by the straight line and the 
arc of the circle. 

vm. 

An angle in a segment is any 
angle contained by two straight 
lines drawn from any point in the 
arc of the segment to the extremi- 
ties of the straight line (which is 
the base of the segment). 

IX. 

An angle is said to stand on a part of the cir- 
cumference, or arc of the circle, when such arc is 
intercepted by the straight lines that include the 
angle. 

X. 

A sector of a circle is the figure 
contained by two radii, and the 
arc intercepted between them. 





Segments of cir- 
cles are defined to 
be similar, when the 
angles in them are 
e4uaL 
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PROPOSITIONS. 




PEOP. I. THEOE. • 
To find fhe centre of a given circle. . 

Let ABO be the given circle. It is required to find 
its centre. 

Draw any straight line ab, so as to 
fall entirely within the circle, and 
have its extremities a, b on the cir- 
cumference. Bisect (i. lo) AB in D ; 
from D draw (i. ii) a straight line 
perpendicular to ab ; and produce it 
both ways. Then because ab was 
taken within the circle, this straight 
line must meet the circumference in 
two points; let them be o and E; 
bisect CE in r. Then r shall be the centre of the circle 

ABO. 

Eor if r be not the centre, some other point must be 
the centre, either a point in the straight line CE, or a 
point without it. 

I. Let, if possible, some point g, in the straight line 
CE, be the centre. 

Then because ce is bisected in e by const", any other 
point in ge besides e divides ce into two unequal parts ; 
and therefore oe, gc are unequal. But because G is 
the centre of the circle abc, gc is equal to ge by def* : 
which is impossible. Therefore G is not the centre of 
the circle abc ; and it can be shewn in like manner that 
no other point in OE but f can be the centre. 
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II. Let, if possible, some point h, without the straiglit 
line CE, be the centre. 

Join HA, HB, HB. 

Because da is equal to db by const", ha to hb by the 
def° of a circle, and hd common to the two triangles 
has, hdb ; therefore these two triangles have the three 
sides HA, AD, DH respectively equal to the three sides 
hb, bd, dh. Therefore they are equal in every respect 
(i. 8) ; and hence the angle adh is equal to the angle 
BDH. That is, the straight line hd standing on ab 
makes with it the adj^ent angles hda, hdb equal to 
one another: therefore by def" each of these angles is 
a right angle. But fdb is likewise a right angle by 
const" ; and all right angles are equal (Ax. 1 1) ; there- 
fore the angle hdb is equal to the angle fdb, that is, 
the part.equal to the whole : which is impossible (Ax. 9). 
Therefore h is not the centre of the circle abc ; and it 
can be shewn- in like manner that no other point out of 
OE is the centre. 

Hence the point r must be the centre of the circle. 
Which was to be proved. 

COR. — Hence if a straiglit line be drawn bisecting 
at right angles a straiglit line in a circle (i e. 
within the circle, and having its extremities on the 
circumference), and be produced, the centre of the 
circle shall be in this straight line produced. 

PEOP. II. THEOE. 

If any two points be taken in the circumference of a 
circle : then the straight line which joins them shall 
fall within the circle. 

Let ABC be a circle, and a, b any two points in the 
circumference. , Then the straight Ime ab, which joins 
them, shall fall within the circle. 

Eor if it do not fall within, it must either fall without 
the circle, or partly within and partly without the circle, 
or else fall on the circumference. 

I. Let AB faU, if possible, without the circle (Fig, i), 
or partly within and partly without the circle (Fig, 2). 
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Rg.l. 



Kg. 2. 



In AB (Fig. i), or 
in the part of ab with- 
out the circle (Fig. 
2), take any point E. 
Find (iii. i) n, the 
centre of the circle ; 
and join da, de, db. 
Since e was taken 
without the circle, de 
must cut the circumference ; let it cut it in the point T, 

Because da is equal to db hj the def" of a circle, the 
angle dab is equal (i. j) to the angle dba ; and because 
the side ae of the triangle dae is produced to b, the ex- 
terior angle deb is greater (i. 16) than the interior and 
opposite &ag\e dab : therefore the angle deb is likewise 
greater than the angle dbe. But the greater angle of a 
triangle is subtended by the greater side (i. 19) ; there- 
fore DB is greater than de. But db is equal to df by the 
def ° of a circle ; therefore de is greater than de, that is, 
the part greater than the whole: which is impossible 
(Ax. 9). Therefore ab falls neither without nor partly 
within and partly without the circle. 

II. Let AB fall, if possible, on the circumference. 

In AB take any point E ; find d, the 
centre of the circle ; and join da, de, db. 

It may be shewn exactly as in the 
former case, that db is greater than de. 
But db is equal to de by the def** of the 
circle : which is impossible. Therefore 
ab does not fall on the circumference. 

Hence the straight line ab, joining A and b, can only 
fall within the circle. Which was to be proved. 

PROP. III. THEOR. 

If a straiglit line drawn fhrongh the centre of a 
oircle bisect a straight line in the circle which does not 
pass through the centre: then it shall cut it at right 
angles. And if it cuts it at right angles : then it shku 
bisect it. 




E B 
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Let ABC be a circle ; od a straight line drawn throngb 
the centre ; ab a straight line in the circle. 

I. Let CD bisect ab in r. Then it shall cut it at right 
angles. 

Bisect (i. lo) cd in e, which will be 
the centre of the circle ; and join ea, eb. 

Because ea is equal to eb by the 
def" of a circle, at to eb by hyp*, and 
EE common to the two trian^es eae, 
EBE ; therefore these two triangles 
haye the three sides ea, af, fe respec- 
tively equal to the three sides eb, bf, 
FE. Therefore they are equal in every 
respect (i. 8), and hence the angle afe is equal to the 
angle bfe. That is, the straight line ef, standing on 
AB, mak&s with it the adjacent angles afe, bfe equal to 
one another : therefore by def ** each of these angles is a 
right angle, and cb is at right angles to ab. Which was 
to be proved. 

II. Let CD cut AB at right angles in f. Then it shall 
bisect it. 

Construct as before. 

Because ea is equal to eb by the def ° of a circle, the 
angle eab is equal (i. 5) to the angle eba ; and the angles 
afe, bfe are equals (Def. 10), since CD is by hyp^, at 
right angles to ab: therefore the two triangles eaf, ebf 
have the two angles eaf, efa of the one respectively 
equal to the two angles ebf, efb of the other, and the 
sides EA, EB opposite to the equal angles in each equal. 
Therefore these two triangles are equal in every respect 
(i. 26) ; and hence the side af is equal to the side bf. 
That is, CD bisects ab in f. Which was to be proved. 

PEOP. lY. THEOE. 

If in a circle two straight lines cut one another whicli 
do not both pass throngli the centre : then they shall 
not bisect each other. 

Let ABC be a circle, and AC, bd two straight lines in 
the circle, which cut one another in e, and which do not 
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both pass through the centre. Then they shall not bisect 
one another ; that is, E shall not be the middle point both 
of AC and of bd. 

Since by hyp' both the straight lines do not pass 
through the centre, there are two cases, according as one 
passes through the centre and the other does not, or as 
neither passes through the centre. 



I. Let one of the straight lines bd 
pass through the centre, and the other 
not. 

Bisect (i. lo) bd in e ; then e will 
be the centre. 

Since eb is equal to ed by the 
def " of a circle, it is clear that s can- 
not be the middle point of bd, or that 
BD cannot be bisected in e by ac, 
which does not pass through the centre. 



II. Let neither of the straight 
lines AO, bd pass through the centre. 

If they do bisect one another: 
let, if possible, both a£ be equal to 
EC, and BE to ed. 

Find (iii. i) the centre e of the 
circle, and join eb. 

Because ee, drawn through the 
centre, bisects the straight line ao in the circle, which 
does not pass through the centre, it cuts it at right 
angles (iii. 3) ; and hence fea is a right angle. Again, 
because fe, drawn through the centre, bisects the 
straight line bd in the circle, which does not pass 
through the centre, it cuts it at right angles, and hence 
FEB is likewise a right angle. And all right angles are 
equal (Ax. 11) : therefore the angle fea is equal to the 
angle feb, that is, the part equal to the whole : which is 
impossible (Ax. 9). Therefore ae is not equal to EC at 
the same time that be is equal to eb. 

Hence ao, bd do not bisect one another in E. Which 
was to be proved. 
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PEOP. V. THEOE. 

If two circles cnt one another : then they shall not 
have the same centre. 

Let the two circles abc, odq cut one another. Hieu 
they shall not have the j»ame centre. 

For if they have : let them, 
if possihle, have the same 
centre e. 

Join B with c, c being a 
point in which they cnt one 
another ; and through E draw 
any straight line efgh so as 
to cut the circle abo in the 
point r and the circle cdg in another point g. 

Because E is the centre of the circle abo, et is equal 
to EC by def", and because b is the centre of the circle 
CDG, EG is equal to EC by def ° ; and things that are equal 
to the same thing are equal to one another (Ax. i) : 
therefore ef is equal to eg, that is, the part equal to the 
whole: which is impossible (Ax. 9). Therefore e is not 
the centre of both the circles ; and the same may in like 
manner be shewn of every other point : hence the circles 
ABO, CDG do not have the same centre. Which was to 
be proved. 

PEOP. yi. THEOE. 

If one eirde touch another circle on the inside : then 
they shall not have the same centre. 

Let the circle abc touch the circle ai)E on the in- 
side at a point a. Then they shall not have the same 
centre. 

Eor if they do : let them, if 
possible, have the same centre f. 

Join F with A; and through 
F draw any straight line fghk 
so as to cut the circle abc in 
the point g, and the circle ade in 
another point h. 

Because f is the centre of the 
circle abc, fg is equal to fa by 
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def', and because r is the centre of the circle adb, ph 
is equal to fa by def " ; and things that are equal to the 
same thing are equal to one another (Ax. i) : therefore 
FO is equal to fh, that is, the part equal to the whole : 
which is impossible (Ax. 9). Therefore F is not the 
centre of both the circles ; and the same may be shewn 
in like manner of every other point : hence the circles 
ABC, ADE do not have the same centre. Which was to be 
proved. 

PEOP. YII. THEOa. 

If any point be taken within a circle, which is not 
the centre : then 

(1) of all the straight lines which can be drawn from 
it to the circumference, the greatest shall be that 
which passes through the centre ; and of the rest 
that wMch is nearer to the greatest shall be al- 
ways greater than one more remote; and the 
least shall be tilie other part of the diameter 
through the point ; 

(2) from this point there can be drawn one and only 
one straight line to the circumference equal to a 
given straight line drawn from it to the circum- 
ference, which shall be on the opposite side of 
the diameter through it 

Let ABO be a circle, and let f 
be any point within it which is 
not the centre. Then : — 

I. Of all the straight lines fa, 
FB, FO, FD, FE that cau be drawn 
from p to the circumference, fa 
which passes through the centre 
G shall be the greatest; of the 
rest FB which is nearer to fa 
than FO shall be greater than fo ; 
FO which is nearer to fa than fd ° 

shall be greater than fd ; and fd which is the other part 
of the diameter agfe' through f shall be the least. 

Join OB, OC, GD. 

Then by the def° of a circle, ga, gb, gc, gd, ge are all 
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equaL Now because ga is equal to ob, to each of these 
equals add of ; then the whole af is equal (Ax. 2) to bg, 
&F. But the two sides bg, gf of the triangle bgf are 
greater than the third bf (i. 20) ; therefore af is greater 
than BF. Again, because bg is equal to CG and gf com- 
mon to the two triangles bgf, cgf, therefore these two 
triangles have the two sides bg, gf respectively equal to 
the two sides CG, gf, and the included angle bgf is 
greater than the included angle cgf. Therefore the base 
BF of the one which has the greater included angle is 
greater (i. 24) than the base cf : and by like reasoning 
it may be shewn that fc is greater than fb. Lastly, be- 
cause the two sides gf, fd of the triangle gfb are greater 
(i. 20) than the third gd, and gd is equal to ge ; there- 
fore GF, FD are greater than gd. From each of these 
unequals take away the common part gf : then the re- 
mainder FD is greater (Ax. 5) than the remainder fe. 
Hence fa is the greatest, fb greater than fc, fc greater 
than FD, and fb the least. "Which was to be proved. 

II. From F there can be drawn one and only one 
straight line to the circumference equal to a given straight 
line FD drawn from f to the circumference, which will lie 
on the opposite side of the diameter agfe to fd. 

Join GD ; and at the point G in the straight line eg make 
(i. 23) the angle fgh equal to the angle fgd. Let gh cut 
the circle in e, and join fe. Then fk shall be equal to fd. 

Because gd is equal to gk by the def " of a circle, gf 
common to the two triangles, gde, gkf, and the angles 
FGD, FGK equal by const" ; therefore these two triangles 
have the two sides dg, gf respectively equal to the two 
sides EG, GF, and the included angle dgf equal to the 
included angle egf. Therefore they are equal in every 
respect (i. 4) ; and hence the base fd is equal to the base 
FE. Also besides fe no other straight Hne can be dravm 
from F to the circumference equal to fd : for if there can, 
let it be fl. Then because fl is equal to fd, and fe to 
FD, and things that are equal to the same thing are equal 
to one another (Ax. i) : therefore fl is equal to fe, that 
is, the straight line drawn from f to the circumference 
which is nearer to fga, which passes through the centre 

E 
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IB equal to one which Ib more remote : which by Part I. 
of the prop" is impossible. Hence from f one line and 
one onlj fk can be drawn to the circun^erence equal to 
FD, lying on the opposite side of the 'diameter through f. 
Which was to be proved. 

PEOP. Vin. THEOE. 

If any point be taken without a circle : then 

(1) of all straight lines drawn from it to the concave 
part of the circumference, the greatest shall be 
that which passes through the centre, and of the 
rest that which is nearer to the greatest shall be 
always greater than one more remote ; 

(2) of all straight lines drawn from it to the convex 
part of the circumference, the least shall be that 
one which if produced passes through the centre, 
and of the rest that which is nearer to the least 
shall always be less than one more remote ; 

(3) from this point there can be drawn one and one 
only straight line to the circumference equal to a 

S'ven straight line drawn from it to the circum- 
rence, which shall lie on the opposite side of 
the straight line joining the point and the centre 
of the circle. 

Let ABC be a circle, and let d be 
any point without it. Then : — 

I. Of all the straight lines da, 
DE, DP, DC that can be drawn from 
D to the concave part of the cir- 
cumference AEFC, DA which passes 
through the centre of the circle m 
shall be the greatest ; and of the 
rest DB which is nearer to da than 
DF shall be greater than df, and 
df which is nearer to da than do 
shall be greater than dc. 

Join ME, MF, MC. 

Then by the def " of a circle ma, 
M£, MF, MO are all equal. Now 
because ma is equal to me, to each 




m.] PBOPOsiTioif ym. 99 

of tliese equals add mb: then the whole da is equal 
(Ax. 2) to £M, MD. But the two sides em, md of the 
triangle ei£D are greater (i. 20) than the third de: 
therefore da is greater than de. Again, hecause me is 
equal to MP, and md common to the two triangles emd, 
FMD: therefore these two triangles have the two sides 
EM, MD respectively equal to the two sides fm, md, but - 
the included angle emd is greater than the included angle 
FMD. Therefore the base de of the one which has the 
greater included angle is greater (i. 24) than the base 
DE ; and by like reasoning it may be shewn that df is 
greater than dc. Hence da is the greatest, de greater than 
DP, and DP greater than DC. Which was to be proved. 

II. Of all the straight lines na, de, dl, dh that can be 
drawn from d to the convex part of the circumference 
HLEG, DG, which if produced to a, passes through the 
centre m, shall be the least ; and of the rest, ds: which 
is nearer to Da than dl shall be less than dl, and dn 
which is nearer to do than dh shall be less than dh. 

Join ME, ML, MH. 

Then by the def** of a circle, mo, me, ml, mh are all 
equal. Now the two sides me, ed of the triangle med 
are greater (i. 20) than the third dm ; from each of these 
unequals take away the equals me, mo respectively : then 
the remainder de is greater (Ax. j) than the remainder 
DO. Again, because me, de are drawn from the ex- 
tremities M, D of the side md fche triangle dml to a point 
E within it, me, ed are together less than ml, ld ; from 
these unequals take away the equals me, ml respectively : 
then the remainder de is less than the remainder dl: 
and by like reasoning it may be shewn that dl is less 
than DH. Hence do is the least, de less than dl, and 
DL less than dh. Which was to be proved. 

III. Prom D there can be drawn one and one only 
straight line to the circumference equal to a given straight 
line drawn from d to the circumference which shall lie on 
the opposite side of the straight line joining d and the 
centre of the circle m. 

Suppose first that the given straight line de is drawn 
to the convex part of the circumference. Join me ; and 
at the point m in the straight line dm make (i. 23) thd 
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angle Dicr equal to the angle bmk. Let b be the point 
where mk cuts the circumference, and join ]>b. Then 
BB shall be equal to dk. 

Bj the def^ of a circle mk ia equal to mb, and ICD is 
common to the two triangles dmk, dmb : therefore these 
two triangles have the two sides km, hb equal to the two 
sides BM, KD respectively, and the included angle emd is 
equal to the included angle bmd by consf*. Therefore 
they are equal in every respect (i. 4) ; and hence the base 
bb is equal to the base be:. Also besides bb no other 
straight line can be drawn from b to the circumference 
equal to be : for if there can let it be bo. Then because 
BO is equal to be, and bb is equal to be ; and things that 
are equal to the same thing are equal to one another 
(Ax. i) : therefore bo is equal to bb, that is, the straight 
line BB drawn from b to the convex part of the circum- 
ference, which is nearer to bm, is equal to the one bo 
which is more remote : which by Part II. of the prop° is 
impossible. Hence from b one and only straight line bb 
can be drawn to the circumference equal to be, lying on 
the opposite side of bm. And if the given straight line 
had been drawn to the concave part of the circumference 
as BE, it might by joining me, making the angle bmp 
equal to bme, and joining Q where mp cuts the circum- 
ference with B be shewn in like manner that one and 
only straight line bq could be drawn to the circumference 
equal to be. Which was to be proved. 

PROP. IX. THEOR. 

If a point be taken within a circle, from which there 
can be drawn more than two equal straight lines to the 
oiroumferenoe : then l^t point shall be the centre of 
the circle. ' 

Let the point b be taken within 
the circle jIBC, from which there are 
drawn more than two equal straight 
lines to the circumference. Then b 
shall be the centre of the circle. 

For if it be not: let if possible 
some other point b be the centre. 
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Join DE, and produce it both ways to cut tbe circumfer- 
ence in F, G. 

Of the equal straight lines drawn from n to the cir- 
cumference, which by hyp* are more than two, let da, 
DB, no be three; and because n is a point within the 
circle, not the centre, and dg, dc, db, da. are straight 
lines drawn from it to the circumference, dg which 
passes through the centre e is the greatest, bo which 
is nearer to bg than bb is greater than bb, and bb 
which is nearer to bg than ba is greater than ba (iii. 
7). But by hyp*, BC, bb, ba are all equal: which is 
impossible. Therefore e is not the centre of the circle 
ABC ; and in like manner it may be shewn that no other 
point but B is the centre. Hence b is the centre of the 
circle. "Which was to be proved. 

PEOP. X. THEOE. 

One circle cannot cut another circle in more than two 
points. 

Eor if it can : let, if possible, the circle abo cut the 
circle bef in more than two points. 

Of these points of intersection, which are supposed 
more than two, let b, g, r be three; find (iii. i) the 
centre k of the circle abc, and join kb, kg, kf. 

Because k is the centre of the circle abc, the straight 
lines KB, KG, KF are equal by def ". But because from 
the point K within the circle bef 
more than two equal straight lines 
KB, KG, KF are drawn to the circum- 
ference, the point K is the centre 
(iii. 9) of the circle bef. But K is 
also the centre of the circle abc ; 
hence the two circles abc, bef which 
cut one another have. the same cen- 
tre K: which is impossible (iii. 5). 
Therefore one circle cannot cut ano- 
ther in more than two points. Which was to be proved. 

PEOP. XI. THEOE. 
If one circle touch another on the inside : then the 

K 3 
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straight line joining their centres shall, being pro- 
duced, pass through tiie point of contact 

Let the circle ade touch the circle bag on the inside 
at the point a. Then the straight line which joins their 
centres, being produced, shall pass through the point of 
contact A. 

For if it does not: let it fall, 
if possible, otherwise as cfgdh; 
p being the centre of the circle 
ABC; a the centre of ade; h, g 
the points where eg produced cuts 
the circle abo ; and n the point 
where eh cuts the circle ADis. 

Join AF, AO. 

Because the two sides AG, gf of 
the triangle age are greater (i. 20) than the third af ; 
and AF is equal to fh by def", since f is the centre of 
the circle abc : therefore ag, gf are greater than fh. 
From each of these unequals take away the common 
part EG : then the remainder ag is greater (Ax. 5) than 
the remainder gh. But because G is the centre of the 
circle ade, ag is equal to gb by def° ; therefore gd is 
greater than gh, that is, the part greater than the 
whole: which is impossible (Ai. 9). Therefore the 
straight line which joins the centres of the circles, be- 
ing produced, cannot fall otherwise than on the point of 
contact A, that is, it passes through it. Which was to 
be proved. 

PEOP. XII. THEOE. 

If two circles touch one another externally : then the 
straight line which joins their centres shall pass tihrough 
the point of contact. 

Let the two circles abc, abe touch each other ex- 
ternally at the point a. Then the straight line which 
joins their centres shall pass through the point of con- 
tact A. 

For if it does not : let it fall, if possible, otherwise as 
FCBG ; F, G being the centres of the two circles, and c, d 
the points where fg cuts them. 
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Join FA, GA. 

By the def ° of a circle, since p 
iff the centre of the circle bag, and 
Qt the centre of the circle ead, fa 
is equal to FO, and ga to on. 
Therefore adding equals to equals, 
FA, AG are equal (Ax. 2) to fc, 

DG ; but the whole fg is greater (Ax. 9) than its part 
FC, DG : hence fg is likewise greater than fa, ag ; that 
is, the two sides fa, ag of the triangle fag are less than 
the third fg: which is impossible (i. 20). Hence the 
straight line which joins the centres of the two circles 
cannot pass otherwise than through the point of contact 
A. "Which was to be proved. 

PEOP. Xni. THEOE. 

One circle cannot touch another at more points than 
one, whether it tenches it on tiie inside or externally. 

There are two cases according as the circle touches 
the other on the inside or extemallj. 

I. One circle cannot touch another on the inside at 
more points than one. 

For if it can : let, if possible, the circle ebf touch the 
circle abc on the inside at more points than one. 

Of the points of contact, which are supposed more 
than one, let b, n be two. Joiu bd ; bisect (i. 10) bd in 
£, and through K draw (i. 11) gkh at right angles to bd, 
cutting the exterior circle in g, h. 

Because b, d are in the cir- 
cumference of the circle abc, the 
straight line bd which joins them 
falls within (iii. 2) the circle 
ABC ; and GH bisects bd at right 
angles: therefore the centre of 
the circle abc lies (iii. i, Cor.) 
in GH. Similarly it may be shewn 

that the centre of the circle ebf lies in gh : therefore 
OH is the straight line, which joins their centres, pro- 
duced, and hence gh must pass through (iii. 11) the 
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point of contact ; but it does not pass through either 
B or D, because they are each without the straight 
line OH: which is absurd. Therefore one circle cannot 
touch another on the inside at more points than one. 
Which was to be proved. 

II. One circle cannot touch another externally at more 
points than one. 

For if it can : let, if possible, the circle aok touch the 
circle abo at more points than one. 

Of these points of contact, which are 
supposed more than one, let a, o be 
two ; and join AC. 

Because a, o are in the circumference 
of the circle ack, the straight line AC 
which joins them falls within (iii. a) the 
circle akc ; and the circle ack is with- 
out the circle abc by hyp': therefore 
AC falls without the circle abc. But 
bjBcause a, c are in the circumference of 
the circle abc, the straight line AC which joins them falls 
within the circle abc : which is impossiole. Therefore 
one circle cannot touch another externally in more points 
than one. Which was to be proved. 

PEOP. XIV. THEOE. 

Straight lines in a circle 'that are equal to one an- 
other shall be equally distant from the centre. And 
those that are eqnially distant from the centre shall be 
equal to one another. 

Let ABC be a circle, of which the centre is e ; ab, cd 
straight lines in it ; ef, eo perpendiculars drawn to 
them from e, and the lengths of which are by def** 
(iii. Def. 4) the distances of ab, od from the centre. 
Then :— 

I. If ab, CD be equal to one an- 
other, they shall be equally distant 
from the centre, that is, ee, eg shall 
be equal. 

Join EAy EC. 
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Because ef drawn through the oentre cuts the straight 
line in the circle ab, which does not pass through the 
centre, at right angles, it also bisects (iii. 3) it ; and hence 
AT is equal to fb, and ab double of af. Eor the same 
reason cd is double of ce. Now because xa is equal 
to EO by the def" of a circle, the square of ea is 
equal to the square of £0 ; but the squares of af, fe 
are equal (i. 47) to the square of ae, since afe is a 
right angle, and the squares of eg, go are equal to the 
square of EC, since egc is a right angle : therefore the 
squares of af, fe are equal to the squares of gg, ge. 
But the square of af is equal to the square of CG, be- 
cause AF is equal to CG, since thej are the halves of ab, 
CD, and the halves of equal things are equal (Ax. 7) : 
hence taking away equals from equals, the remaining 
square of fe is equal (Ax. 3) to the remaining square 
of EG, and therefore fe is equal to eg. Which was to 
be proved. 

II. If AB, CD be equally distant from the centre, that 
is, if EF be equal to eg, they shall be equal. 

It may be shewn as before that ab is double of af and 
CD double of cg, and the squares of ef, fa are equal to 
the squares of eg, gc. But the square of ef is equal to 
the square of eg, because ef is equal to eg by hyp^ : 
hence taking away equals from equals, the remaining 
square of af is equal (Ax. 3) to the remaining square of 
CG, and therefore af is equal to CG. But ab is double 
of AF, and CD double of cg, and the doubles of equal 
things are equal (Ax. 6) : hence ab is equal to CD. 
Which was to be proved. 

PROP. XY. THEOE. 

Of straight lines in a circle, the diameto: shall be the 
greatest ; and of the rest, that which is nearer to the 
centre shall be always greater than one more remote, 
and the greater shall always be nearer to the centre 
than the less. 

Let AJBC be a circle, of which the centre is e ; aed any 
diameter ; bc, fg straight lines in the circle ; sh, ek per- 
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pendicoLin drawn to them fiom s, and the lengths of 
which are by def" (iiL Def. 4) the distances of bc, f& 
from the centre. Then : — 

I. The diameter ad shall be 
greater than any straight line bc 
which is not a diameter ; and of the 
rest, if BC be nearer to the centre 
than FO, that is, if eh be less than 
EK, BC shall be greater than fo. 

Join EB, EC, EF. 

Then eb, ec, ef, ea, ed are all 
equal by the def* of a circle. And 

because ea. is equal to eb, and ed to ec ; therefore, adding 
equals to equals, ae, ed, that is, ad is equal (Ax. 2) to eb, 
EC. But the two sides eb, ec of the triangle beg are 
greater (i. 20) than the third bc; therefore also ad is 
greater than bc. Again, it may be shewn, as in the pre- 
ceding prop**, that BC is double of bh, and ro double 
of fe:, and that the squares of eh, hb are equal to the 
squares of ek, kt. Wow the square of eh is less than 
the square of ek, because eh is less than ek by hyp^ : 
hence the remaining square of bh is greater than the 
square of fk, and therefore bh greater than fk. Hence 
also, since bc, fo are the doubles of bh, fk, bc is greater 
than FO. Therefore the diameter bd is greater than any 
other straight line in the circle bc, and bc, the nearer to 
the centre, is greater than FO, the more remote. Which 
was to be proved. 

II. If BC be greater than fg, bc shall be nearer to the 
centre than fo, that is, eh shall be less than ek. 

Construct as before. 

Tneii it may be shewn, as before, that bc is double 
of BH, and FG of fk, and the squares of bh, he are equal 
to the squares of ek, kf. Now, because bc is greater 
than FG by hyp", therefore bh, the half of bo, is greater 
than FK, the half of fg, and the square of bh greater 
than the square of fk: hence the remaining square of 
he i^ less than the remaining square of ek, and therefore 
HE k BS than ek ; that is, bc the greater straight line is 
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nearer to tlie centre than Fa the less. Which was to be 
proved. 

PEOP. XVI. THEOE. 

If a straight line be drawn at right angles to any 
radios of a circle from its extremity : then 

(1) this straight line shall falL without the circle ; 

(2) no straight line can be drawn from the extremity 
of the radins between this straight line and the 
radins, so as not to cut the circle. 

Let ABO be a circle, of which d is the centre and da 
any radius ; and let the straight line ae be drawn at right 
angles to da, from its extremity a. Then : — 

I. AE shall fall without the circle abc. 

For if it do not fall without, it must either fall wholly 
or partly within the circle, or else on the circumference. 

Firstly, let ae fall, 
if possible, wholly or 
partly within the 
circle (Pig. i), and 
since it must, pro- 
duced if necessary, 
cut the circumfer- 
ence, let c be the 

pomt where it does ; ^ " ^^ 

and-jom do. Then ^ 

because da is equal to do by the def" of a circle, the 
angle dao is equal (i. 5) to the angle doa ; but dac is a 
right angle by hyp* ; therefore doa is a right angle ; and 
hence the two angles dao, doa, of the triangle dao, are 
equal to two right angles: which is impossible (i. 17). 
Therefore ab cannot fall wholly or partly within the cir- 
cumference. 

Secondly, let ae faU, if possible, on the circumference 
(Fig. 2). In AE take any point ; and join do. Then 
it may be shewn, as before, that the two angles dao, doa, 
of the triangle dao, are equal to two right angles : which 
is impossible. Therefore ae cannot fall on the circum- 
ference. 
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Hence ae can only fall without the circle. Which waa 
to be proved. 

II. No straight line can be drawn from a, between ae 
and the radius ad, which shall not cut the circle. 

For if there can be drawn such a line, let it, if possible, 
be AF: then since af does not cut the circle, it must 
either fall without the circle or on the circumference. 

Firstly, let af 
fall without the 
circle (Fig. i). 
From D draw (i. 
T2) DO perpen- 
dicular to AF ; 
and since af 
falls without the 
circle, no must Fig. I. Kg. 2. 

cut the circumference in some point ; let this point be h. 
Then because af is drawn between ae and ad, the angle 
l)Aa is less (Ax. 9) than the angle dae ; but dae is a right 
angle by hyp" : therefore dao is less than a right 
angle. But doa is a right angle by const": therefore 
the angle dga is greater than the angle dag; and the 
greater angle of a triangle is subtended by the greater 
side (i. 19) : therefore da is greater than dg. Now da 
is equal to dh by the def " of a circle ; hence dh is greater 
than DG, that is, the part greater than the whole : which 
is impossible. Therefore af cannot fall without the circle. 

Secondly, let af fall, if possible, on the circumference 
(Fig. 2). From d draw dg at right angles to af, g being 
in AF, and therefore also in the circumference of the 
circle. Then, as before, it may be shewn that da is 
greater than dg. But by the def** of a circle da is equal 
to DG : which is impossible. Therefore af cannot fall on 
the circumference. 

Hence since no straight line can be drawn between 
AE and the radius so as either to fall without the 
circle or on the circumference, all such straight lines must 
cut the circle. "Which was to be proved. 

COB. — If a straight line be drawn at right aagtes to 
any radius of a circle from its extremity, it shall 
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toueh fhe drole at fhe extremity of tiie radius. 
And a straight line touching the oirole at one point 
shall toneh it at no other point 

The line drawn at right angles to the radius from 
its extremity meets the circle in this point, and if 
produced either way cannot cut it ; for if so, two of 
its points would be in the circumference, and part of 
it would fall within the circle (iii. 2) : which by Part 
I. of the prop" is impossible. Hence this line touches 
(iii. Def. 2) the circle at the extremity of the radius. 
Also a line touching the circle at one point, can 
touch it at no other: for if so, two of its points 
would be in the circumference, and part of it would 
fall within the circle, and it would therefore cut it : 
which is impossible. Which was to be proved. 

PEOP. XVn. PEOB. 

From a given point either without the oirole or in 
fhe oironmferenoe to 4raw a straight line, which shall 
touch a given circle. 

Let A be the given point ; bod the given circle. It is re- 
quired to draw from ▲ a line which shall touch the circle. 

I. Let A be a point without the circle bod. 

'Find (iii. i) the centre e ; 
join SA cutting the circle in 
n. With centre E and radius 
EA describe the circlQ afo. 
From D draw (i. 1 1 ) a straight 
line at right angles to ae, 
and produce it both ways to 
H, L, cutting the circle aeg 
in K and u. Then, if the 
touching line be required to 
be drawn on the side of ae towards k, join ee cutting the 
circle bod in b : and join ab. Then ab shall touch the 
circle bgd at b. 

By the def** of a circle, ea is equal to ee and ed to eb, 
and the angle aek is common to the two triangles aeb, 
KSD ; hence they have the two sides ae, eb respectively 
equal to the two sides ee, ed, and the included angle aeb 
^ual to the included angle ped. Therefore they are equal 




110 



THE EiiEMEirrS 07 StTCLID. 



[book 




in every lespect (i. 4) ; and hence idie sngie abs is equal 
to the angle ede and therefore a right angl^, since ebk 
is one hj const^ : that is ba is perpendicalar to the radius 
EB of the given circle bcb from its extremit^r b, and 
therefore ab touches (iii. 16. Cor.) it at b. Had the 
touching line been required to be drawn on the side of ae 
towards M, it might be shewn by joining em cutting the 
circle bcb in K, and joining ajx that a:s touches the circle 
BCD at N. Which was to be done. 

n. Let A be a point in the circumference bob. 

Find the centre e ; join ea ; and 
from A draw ak perpendicular to 
EA. Then ak shall touch the circle 

BCB at A. 

Since ak is perpendicular to the 
radius ea of the given circle from 
its extremity a, ak touches it at the 
given point a. Which was to be done. 

PEOP. XVIII. THEOE. 

If a straiglit line touch a eirele : then fhe straight 
line drawn from the centre to the point of contact shall 
be perpendicular to the touching Ime. 

Let BE touch the circle abo, and 
let the point of contact and p the 
centre be joined. Then ec shall be 
perpendicular to be. 

Eor if not: then some other straight 
line than ec, drawn from r, will be „. 
perpendicular to bb; let it, if pos- 
sible, be FO. Since be falls vrithout the circle, eg must 
cut the circle in some point ; let it do so in b. 

The two angles fco, eog of the triangle ego are less 
than two right angles (i. 17) ; and ego is supposed one : 
hence the other fcg is less thiin a right angle, and there- 
fore than EGG. But the greater angle of a triangle is 
subtended by the greater side (i. 19) : therefore fc is 
greater than fg. But fo is equal to fb by the def* of a 
circle ; therefore fb is greater than fo, that is, the part 
greater than the whole: which is impossible (Ax. 9). 
Therefore fg is not perpendicular to be ; and by like rear 
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soning no oUier straight line but fc drawn from r is 
perpendicukr to pe : hence fo is perpendicular to ns. 
Which vas to be proved. 

Obs. From a point without a circle two and two only lines can be 
drawn toufthing it, one on each side of the line joining the point 
with the oentroi wliich shall be equal. And through a point in 
the drcnmferenoe one line only can be drawn touching the drde. 

(i) From A without the circle BCD (see Fig. Prop. 17, Parti.) 
two lines AB, AN can *be drawn touching it, one on each side of 
A£ whidi joins A and the centre E. Now (iii. 17^ ABE, ANE 
are right angles : hence the squares of AB, BE and those pf AN, 
NE are equal to the square of AE (i. 47), and tiierefore to one 
another (Ax. i). But the square of £B is equal to that of NB, 
since £B is equal to NE ; hence taking away equals from equals 
(Ax. 3), the square of AB is equal to that of AM, and AB to AN. 
Neither can any other line but AB, AN be drawn from A touching 
the drde : for if so, let it fall between AB and AE. Then joining 
the centre with the point of contact, the ang^ included by this 
line and the radius is a right ang^e by prop^, and therefore equal 
to the angle ABB : which is impossible (L 21). 

(2) Also through a point in the circumference only one line can 
be drawn touching the circle ; for if there can be another, join the 
centre with the point of contact, then the angles made by the 
radius and each of the touching lines are right angles, and Uiere- 
fore equal : which is impossible (Ax. 9). 

PEOP. XIX:. THEOBu 

If a atraigbt line touch a circle, and from the point of 
contact a straight line be drawn at right angles to it: 
then the centre of the circle shall be in that line. 

Let PB touch the circle abg, and from the point of 
contact let ga be drawn at right angles to j)£. Then 
the centre of the circle shall be in ca. 

For if it is not : let it, if possible, 
be without the straight line ga, and 
be some point v. Join gf. 

Because de touches the circle age 
and FG is drawn from the centre r to 
the point of contact g, fg is perpen- 
dicular (iii. 18) to D£, and fge is a 
right angle. But age is a right ao^gle by hyp* ; and all 
right angles are equal (Ax. 11) ; therefore F€B is equal to 
ACS, that is, the part equal to the whole : which is im- 

L 2 
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possible (Ax. 6). Therefore f is not the centre of the 
circle abo ; and in the same manner it maj be shewn 
that no other point without ca is the centre ; that is, the 
centre is in ca. Which was to be proved. 

PEOP. XX. THEOE.* 

The angle at the centre of a circle shall be double of 
the angle at the circumference on the same base, tiiat 
is, part of tihe circumference or arc of the circle. 

Let ABO be a circle ; the centre is e ; bec, bag angles 
at the centre and circumference, having the same arc bo 
for its base. Then the angle beo shall be double of the 
angle bag. 

There are three cases according as the centre e is in 
one of the straight lines ba, ao including the angle bag, 
or is within the angle bag, or is without it. 

I. Let E be in AG one of the straight lines ab, ag. 
Since ea is equal to eb by the def° of 

a circle, the angle eab is equal (i. 5) to 
the angle eba, and the angles eab, eba 
double of the angle eab. But since the 
side AE of the triangle bae is produced to 
G, the exterior angle beg is equal (i. 32) 
\o the angles eab, eba: therefore the 
angle beg is double of the angle bag. 

II. Let E be within the angle bag. 
Join AE, and produce it to meet tKe 

circumference in e. 

By Case I. the angle bee at the 
centre is double of the angle bae at 
the circumference on the same base 
BE, and the angle eeg at tbe centre is 
double of the angle eag at the circum- 
ference on the same base yc. There- 
fore the whole angle beg is double of 
the whole angle bag. 

III. Let E be without the angle bag. 
Construct as in Case II. 

Then as in that case, the angle eeg is double of the 
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angle vxc, and the angle ixb double 
of the angle tab. Therefore the re- 
maining angle bsc is double of the 
remaining angle bag. 

Hence in every case the angle beo 
at the centre is doable of the angle 
BAG at the circumference on the same 
arc BO. Which was to be proved. 




PEOP. XXI. THEOE. 

The angles in the same segment of a circle shall be 
equal to one another. 

Let ABO be a circle, and bad, bbb angles in the same 
segment baed. Then the angles bad, bed shall be equal. 

There are two cases according as the segment baed is 
greater, or not greater than a semicircle. 

I. Let the segment baed be greater than a semicircle. 
Pind (iii. i) the centre p of the circle; and join 

BF, DP. 

Because the angle bed is at the cen- 
tre, and the angle bad at the circum- 
ference has the same arc bgd for its 
base, therefore the angle bed is double 
of the angle bad. For the same reason 
the angle bed is double of the angle 
BED ; and things that are halves of the 
same thing are equal to one another 
(Ax. 7) : therefore the angle bad is equal to the angle 

BED. 

n. Let the segment baed be not greater than a semi- 
circle. 

Find the centre p of the circle ; 
join AP; produce ap to meet the 
circumference in g ; and join ge, gb, 

CD. 

Because ag is a diameter hj 
const**, the segment aedo is a semi- 
circle : therefore each of the seg- 
ments baxdg, deabc is greater thioL 

l3 
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a aemiciicle. Now because baedg is a segment greater 
than a semiciicle, the angles in it bag, bsg are equal by 
the first case ; and because bsabc is a segment greater 
than a semicircle, the angles in it cab, csd are equal 
for the same reason. Hence adding equals to equals, 
the whole angle_BAB is equal (Ax. 2) to the whole angle 

BEB. 

Hence in eyeiy case the angles bab, beb in the same 
segment basb are equal. Which was to be proved. 

PEOP.XXn. THEOB. 

The opposite angles of any quadrilateral figure in- 
scribed in a circle shall be together equal to two right 
angles. 

Let ABCB be a quadrilateral figure inscribed in the 
circle abo. Then each pair of its opposite angles shall 
be equal to two right angles. 

I. The opposite angles abo, abc shall be equal to two 
right angles. 

Join AG, BB. 

Then the three angles of the tri- 
angle GAB, yiz. GAB, ABG, BGA, are 
equal (i. 32) to two right angles. 
Now the angle gab is equal (iii. 21) 
to the angle gdb, because they are in 
the same segment babg ; and the an- 
gle aob is equal to the angle abb, because they are in the 
same segment abgb : hence adding equals to equals, the 
whole angle adg is equal (Ax. 2) to the angles cab, bca. 
To each of these equals add the angle abo ; then the 
angles abg, abg are equal to the three angles gab, abg, 
BGA. But these three angles have been shewn to be 
equal to two right angles ; and things that are equal to 
the same thing are equal to one another (Ax. i) : there- 
fore the angles abg, abg are equal to two right angles. 

II. The opposite angles bab, bob shall be equal to two 
right angles. 

For by taking the three angles of the triangle bab, viz. 
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BAD, ADB, DBA, and proceeding in the same manner as 
before, it may be shewn that the angles bad, bcd are 
equal to two right angles. 

Hence each pair of the opposite angles, yiz. abo, adc 
and bad, bcd are equal to two right angles. Which was 
to be proved. 

PEOP. XXIII. THEOE. 

On the same straight line, and on the same side of it, 
there cannot be two sinular segments of circles, not 
coin 31 di g with one another. 

Eor if there can: let there, if possible, on the same 
straight line ab and on the same side of it be two similar 
segments of circles, acb, adb, not coinciding with one 
another. 

Then, because the circle of which 
AGB is a segment cuts the circle 
of wbich ADB is a segment in the 
two points A, B, these two circles 
cannot cut one another in any 
more points (iii. lo) ; and there- 
fore one of the segments must fall entirely within the 
other. Let acb be the one which falls entirely within 
the other adb ; in the arc acb take any point e ; join be, 
and produce it to meet the arc adb of the exterior seg- 
ment in F. Join ae, af. 

Because aeb is an angle in the segment acb, and atb 
is an angle in the segment adb ; and the segment acb is 
similar to the segment adb by hyp" : therefore by the 
def^ of similar segments (iii, Def. ii), the angle aeb is 
equal to the angle aeb. But because the side fe of the 
tnangle afe is produced to d, the exterior angle aeb is 
greater than the interior and opposite angle afe (i. i6) ; 
and it has just been shewn to be equal to it : which is 
impossible. Therefore on the same straight line and on 
the same side of it, there cannot be two similar segments 
of a circle, not coinciding with one another. Which was 
to be proved. 
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PEOP. XXIV. THEOE. 

Similar segmenla of circles cm equal straight lines 
shall be equal to one another* 

Let AEE, CED be similar segments of circles on the 
equal straight lines ab, en. Then the segment aeb shall 
be equal to the segment oed. 

Let the segment 
AEB be appUed to 
the segment cm 
so that the point 
A may be in c, and 
the straight line ab on en, and the arcs of the segments 
on the same side of en. 

Then the point b shall coincide with the point d, be- 
cause AB is equal to en by hyp*. Therefore the straight 
line AB coinciding with en, and the segments falling on 
the same side of en, the segment aeb must coincide with 
the segment cm; because if it did not, the arc aeb 
would take some other direction as cgb, and on the same 
straight line cd, and on the same side of it, there would 
be two similar segments of circles con, crn not coin- 
ciding with one another: which is impossible (iii. 23). 
Hence the segment aeb coincides with the segment ced ; 
and magnitudes which coincide are equal {Ax. 8) : there- 
fore it is equal to it. Which was to be proved. 

PEOP. XXV. PEOB. 



A segment of a cirde heiiig given, to describe the 
oirole of which it is the segment 

Let ABC be the given segment of a circle. It is re- 
quired to describe the circle of which it is the segment. 

Bisect (i. 10) ac in n ; from n draw (i. 11) nB at right 
angles to ac, cutting the arc of the ^gment in b ; and 
join AB. Then there will be two cases according as the 
angles BAn, abd are, or are not equal. 

I. Let the angles bab, abd be equal, as in Pig. i. 
Because the angle bad is equal to the angle abb, 
therefore ba is equal (i. 6) to db ; and da is equal to nc 
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Pig. 1. Fig. 2. Fig. 3. 

by const** : and things that are equal to the same thing 
are equal to one another (Ax. i) : hence db is equal to 
3>c, and the three straight lines da, db, do are equal to 
one another. And because from the point d more than 
two equal straight lines da, db, do can be drawn to the 
arc ABC, B is the centre (iii. 9) of the circle of which abc 
is the arc. Hence if with centre d and radius da, db or 
DC a circle be described, it will be the one of which abc is 
a segment. 

II. Let the angles bad, abd be not equal as in 
Fig* a, 3. 

At the point a in the straight line ab make (i. 23) the 
angle bae equal to the angle abd : and let f be the point 
where bd (Fig. 2) or bd produced if necessary (Fig. 3) 
cuts AB. Join FC. 

Then because the angle abf is equal to the angle baf, 

therefore fa is equal to fb. Now ad is equal to dc by . 

consf*, DF common to the two triangles adf, fdo, and 

the angles adf, fdg are equal (Def. 10), because db is 

at right angles to ac ; therefore these two triangles have 

the two sides ad, df respectively equal to the two sides 

CD, DF, and the included angle adf equal to the included 

angle cdf. Therefore they are equal in every respect 

(i. 4) ; and hence the base fa is equal to the base fc. 

Eut FA is equal to fb ; and things that are equal to the 

same thing are equal to one another: therefore fb is 

equal to fc, and the three straight lines fa, fb, fc are 

equal to one another. And because from the point f 

more than two equal straight lines fa, fb, fc can be 

drawn to the arc abc, f is the centre of the circle of 

which ABC is an arc. Hence if with centre F and radius 

any one of the three fa, fb, fc a circle be described, it 

wiU be the circle of which abc is a segment. 
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Therefore in every case the circle has been described 
of whioh ABO is the segment. Which was to be done. 

PEOP. XXVI. THEOE. 

In equal drdes or the same circle, equal angles shall 
stand on eqnal arcs, whether they be at the centres or 
drenmftronces. 

Let ABC, DEP be equal circles, of which the centres are 
G, H respectively ; and let bgc, ehf be equal angles at 
their centres, and bag, edf equal angles at their circum- 
ferences, standing on the arcs bkc, elp. Then the arc 
BEG shall be equal to the arc ele. 

Join BO, EE. 

Because the cir- 
cles ABC, DEE, are 
equal by hyp", their 
radii are equal (iii. 
Def. i). Therefore 
GB, GG, HE, HE are 
all equal, and the 
angles bgc, ehe 
are equal by hyp"; 

therefore the two triangles bgo, ehe have the two sides 
BG, GC respectively equial to the two sides eh, he, and 
the included angle bgc equal to the included angle ehe. 
Therefore these two triangles are equal in every respect 
(i. 4) ; and hence the base bo is equal to the base ef. 
And because the angle bac is equal to the angle ebf by 
hyp", the segments bag, edf are similar by def^ (iii. 
Def. 11); and they are on equal straight lines : therefore 
the segment bag is equal (iii. 24) to the segment edf. 
And by hyp* the whole circle abg is equal to the whole 
circle edf : therefore taking away equals from equals, the 
remaining segment bkg is equal (Ax. 3) to the remaining 
segment elf, and the arc bkg to the arc elf. Had the 
angles been in the same circle abg, instead of in equal 
circles, the proof would have been exactly the same, the 
point H in this case coinciding with G, and D, E, L, F being 
points in the circumference abg. Which was to be 
proved. 
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PROP. XXVn. THEOE. 

In equal circles or the same circle, the angles which 
stand on eqnal arcs, whether they be at the centres or 
drcnmferences, shall be eqnal to one another. 

Let ABC, DEF be equal circles, of which the centres are 
a, H respectively; and let the angles bcki, xhf at the 
centres and the angles bag, bbp at the circumferences 
stand on the equal arcs bec, £lf. Then the angle bgc 
shall be equal to the angle ehf, and the angle bag to the 
angle edf. 

If the angle bgc 
be equal to the an- 
gle EHF: then be- 
cause the angle bag 
at the circumfer- 
ence is half (iii. 20) 
of the angle bgo at 
the centre, having 
the same arc B£G 
for base, and similarly the angle edf is half of the angle 
EHF, and the halves of equal things are equal (Ax. 7) : 
therefore also the angle bag is equal to the angle ebf. 
But if the angle bgg be not equal to the angle ehf, one 
of them must be the greater : let, if possible, bgg be the 
greater, and at the point Gt in the straight line bg- make 
(i. 23) the angle bgm equal to the angle ehf. Let gm 
cut the arc bko in the point k. 

Since the angle bgk is equal to the angle ehf by 
consf*, and in equal circles equal angles at the centre 
stand on equal arcs (iii. 27) : therefore the arc BEir is 
equal to the arc clf. But the arc bkg is equal to the 
arc ELF by hyp* ; and things that are equal to the same 
thing are equd to one another (Ax..i) : therefore the arc 
BKK is equal to the arc bkg, that is, the part equal to 
the whole : ^hich is impossible (Ax. 9). Therefore the 
angle bgg is not unequal to the angle ehf, that is, it is 
equal to it ; and, as was shewn before, the angle bag is also 
equal to the angle ebf. Had the arcs been in the same 
circle abg, instead of in equal circles, the proof would 
have been exactly the same, h in this case coinciding with 
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Gh, and D, E, L, F being points in the circumference abq. 
Which was to be proved. 

PEOP. XXVni. THEOE, 

In oqnal circles, and in the same circle, equal straight 
lines cut off equal arcs, the greater equal to the greater, 
and the less to the less. 

Let ABO, DEF be equal circles ; and let bo, ef be equal 
straight lines in them, which cut off the two greater arcs 
BAG, EDF and the two less arcs bgc, ehf. Then th^ greater 
arc BAG shall be equal to the greater edf, and the less 
bgk; to the less ehf. 

Find (iii. i) the 
centre k of the circle 
ABO, and the centre 
L of the circle edf. 

Join KB, KG, LE, LF. 

Because the cir- 
cles ABO, DEF, are 
equal bj hyp*, their 
radii are equal (iii. 

Def. i). Therefore kb, kg, le, lf are all equal, and bo 
is equal to ef by hyp" ; therefore the two tnangles kbo, 
LEF have the three sides bk, kg, gb respectively equal to 
the three sides el, lf, fe. Therefore these two tri- 
angles are equal in every respect (i. 8) ; and hence the 
angle bkg is equal to the angle elf. But in equal cir- 
cles, equal angles at the centre stand on equal arcs (iii. 
26) : therefore the arc bgg is equal to the arc ehf. But 
the whole circumference abg is equal to the whole cir- 
cumference def, since the circles are equal (iii. Def. i) : 
therefore, taking away equals from equals, the remaining 
arc BAG is equal (Ai. 3) to the remaining arc edf. Hence 
the greater arc bag is equal to the greater edf, and the 
less BOG to the less ehf. Had the straight lines been in 
the same circle abg instead of in equal circles, the proof 
would have been exactl^^ the same, l in this case coin- 
ciding with K, and D, E, h, f being points in the circum- 
ference ABG. Which was to be proved. 
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PEOP. xxrx. THEOia. 

In equal circles, and in the same circle, equal arcs 
shall be subtended by equal straight lines. 

Let ABC, DEP be equal circles, and let bgc, ehf be 
equal arcs in them, subtended by the straight lines bc, 
EF. Then bo shall be equal to ef. 

Find (iii. i) the 
centre k of the circle 
AJBC, and the centre 
li of the circle def. 

Join KB, KG, LE, LF. 

The arc bgc is 
equal to the arc ehf 
by hyp"; and in equal 
circles, the angles at 
the centre which 

stand on equal arcs are equal (iii. 27) : therefore the 
angle bkc is equal to the angle elf. Also because the 
circles abo, def are equal by hyp*, their radii are equal 
(iii. Def. i), and hence bk, kg, el, lf are all equal; 
therefore the two triangles bkc, elf have the two sides 
BK, KC respectively equal to the two sides el, lf, and the 
included angle bkc equal to the included angle elf. 
Therefore these two triangles are equal in every respect 
(i. 4) ; and hence the base bc is equal to the base ef. 
Had the arcs been in the same circle abg, instead of in 
equal circles, the proof would have been exactly the same, 
L in this case coinciding with K, and n, e, h, f being points 
in the circumference abg. Which was to be proved. 

PEOP. XXX. THEOE. 

To bisect a given arc of a circle, i. e. to divide it into 
two equal arcs. 

Let ADB be the given arc of a circle. It is required to 
bisect it. 

Join the extremities of the arc 
A, B. Bisect (i. 10) ab in c, and ^ 
from o draw (i. 11) CD a-t right 
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angles to ab, cuttiiig the arc in d. Then the arc adb 
shall be bisected in the point d. 
Join DA, DB. 

Because ao is equal to cb by const^, CD common to the 
two triangles acd, bcd, and the angles acd, bcd, equal, 
since gd is at right angles to ab (Def. lo) : therefore 
these two triangles have the two sides AC, cd respectively 
equal to the two sides bc, cd, and the included angle acd 
equal to the included angle bcd. Therefore they are 
equal in every respect (i. 4) ; and hence the base ad is 
equal to the base bd. Now in the same circle equal 
straight lines cut off equal arcs, the greater equal to the 
greater, and the less to the less (iii. 28) ; and the arcs ad, 
BD cut off by the equal straight lines ad, bd, are each of 
them less than a semicircle, because the straight line cd 
bisects the straight line in the circle ab at right angles, 
and therefore, if produced, passes through (iii. i. Cor.) 
the centre, and is a diameter of the circle of which adb is 
an arc : hence the arc ad is equal to the arc db. There- 
fore the given arc adb is bisected in the point d. "Which 
was to be done. 

PEOP. XXXI. THEOE. 

In a cirde, the angle in a semicircle shall be a right 
angle ; the angle in a segment greater than a semicircle 
shfldl be less than a right angle; and. the angle ia a 
segment less than a semicircle shall be greater than a 
right angle. 

Let ABC be a circle, and from one of the extremities 
of any diameter bc let ca be drawn cutting the circle in 
A, so that BAC is a semicircle, the segment abo greater 
than a semicircle, and the segment adc less than a semi- 
circle. Then the angle in the semicircle bac shall be a 
right angle ; the angle in the segment abo less than a 
right angle ; and the angle in the segment ado greater 
than a right angle. 

Bisect (i. 10) bc in e; then E is the centre of the 
circle. Joia ea, ba ; and produce ba to i*. Also in the 
arc ADC take any point d, and join da, dc. 
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I. The aiigle bao in the semieircle shall be a right 
angle. 

By the def° of a circle be, ae, oe 
are all equal. Now because bb is 
equal to ba, the angle eba is equal 
(i. 5) to the angle bab; and because 
BA is equal to bo, the angle ega is 
equal to the angle bag : hence, adding b | 
equals to equals, the whole angle bao 
is equal (Ax. 2) to the two angles abg, 
AOB. But because the side ba of 
the triangle abg is produced to r, the exterior angle fao 
is equal (i. 32) to the two interior and opposite angles 
ABG, AGB ; and things that are equal to the same thing 
are equal to one another (Ax. i) : therefore the angle 
BAG is equal to the angle bag. That is, the straight line 
CA standing on the straight line bp makes with it the 
adjacent angles gaPj gab equal to one another : therefore 
bj def° (Def. 10) each of these angles is a right angle. 
Hence the angle bag is a right angle. 

II. The angle abg in the segment abg shall be less 
than a right angle. 

The two angles abg, bag of the triangle abg are less 
than two right angles (i. 17); and bag has been shewn to 
be a right angle : therefore the remaining angle abg is 
]es8 than a right angle. 

m. The angle abg in the segment abg shall be 
greater than a right angle. 

Because abcb is a quadrilateral figure inscribed in a 
circle, each pair of its opposite angles are equal to two 
right angles (iii. 22). Hence the angles abg, abg are 
equal to two right angles ; and abg has been shewn to be 
less than a right angle: therefore the remaining angle 
ADC is greater than a right angle. 

Hence the angle in the semicircle bag is a right angle ; 
the angle in the segment abg greater than a semicircle is 
le£(8*than a right angle; and the angle aj)G in the seg- 
ment less than a semicircle is greater than a right angle. 
"Which was to be proved. 

M 2 
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COS.— If one angle of atriangle be eqnal to the ofher 
two: then it shall be a right angle. 

Per let ABC be a triangle, one of the angles of 
which BAC is equal to the other two abc, acb. Then 
it may be shewn by producing ba to p as in the first 
part of the prop° that bag is a right angle. Which 
was to be proved. 

PEOP. XXXn. THEOE. 

If a straight line tonch a circle, and from the point of 
contact a straight line be drawn cutting the circle: 
then the angles which this line makes with the tonchuig 
line shall be respectively eqnal to the angles in the 
alternate segments of the cirde. 

Let EP touch thp circle aqh, and from the point of 
contact B let bd be drawn, cutting the circle in n and 
dividing it into the segments dob, dhb. Then the angles 
DBF, DBE, which BD makes with ef, shall be respectively 
equal to the angles in the alternate segments ; that is, 
the angle dbf shall be equal to the angle in the segment 
DHB, and the angle dbe to the angle in the segment dob. 

Prom B draw (i. 1 1) ba at right angles to ef, cutting 
the circle in a ; in the arc bgd take any point c ; and 

join AD, DO, CB. 

I. The angle fbd shall be equal to the angle in the 
segment dhb. 

Because ef touches the circle, j^ 

and from the point of contact b, ba 
is drawn at right angles to ef, the 
centre of the circle is in ba (iii. 19), 
and therefore agb is a semicircle. 
Hence the angle adb in the semi- 
circle is a right angle (iii. 31). 
Now the three angles bad, adb, 
DBA of the triangle abd are equal 
(i. 32) to two right angles; and • 

one of them adb is a right angle : therefore the other 
two ABD, BAD are equal to a right angle. But abf is a 
right angle by const° ; therefore the angles abd, bad are 
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equal to the angle abi*. From each of these equala take 
away the eommon angle abd : then the remaining angle 
DB7 is equal (Ax, 3) to the remaining angle bad. 

II. The angle dbs shall be equal to the angle in the 
segment bgb. 

Because abgd is a quadrilateral figure inscribed in a 
circle, each pair of its opposite angles are equal to two 
right angles (iii. 22) : therefore the angles bad, bob are 
equal to two right angles. Also because bb makes with 
£r on the same side of it the adjacent angles bbe, bbf, 
these angles are equal (i. 13) to two right angles ; and 
things that are equal to the same thing are equal to one 
another (Ax. i) : therefore the angles bbb, bbf are equal 
to the angles bod, bad. But the angle vbv has been 
proved equal to the angle bad ; hence, taking away equals 
from equals, the remaining angle dbs ia equal to the re- 
maining angle bod. 

Hence the angle dbe is equal to the angle in the 
alternate segment dhb, and the angle dbe to the angle in 
the alternate segment dob. Which was to be proyed. 

PEOP. XXXIIL PEOB. 

On a given straight line to describe a segment of a 
circle "wMch shall contain an angle equal to a given 
angle. 

Let AB be the given straight line, and c the given 
angle. It is required on ab to describe a segment of a 
circle, which shall contain an angle equal to the angle c. 

There are two cases, £Kscordii^ ^ the angle c is. a right 
angle, or is not. 

I. Let the angle be a right angle. 

Bisect (i. 10) ab in 1*; and with 
centre v and radius f a or fb, describe 
the semicircle ahb. Then if a point 
H be taken in the semicircle, and 3sa, 
HB be joined, the angle in the seanif 
circle ahb is a right angle, and tb^n^* 
fore equal to the angle c : thai, is, the 
angle in the aegment ahb ia equal to 
the angle o. 

M 3 
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n. Let the angle o be not a right angle. 

/ 





Rg. 1. Kg. 2. 

At the point a in the straight line ab make (i. 23) the 
angle bad equal to the angle c, and &om a draw (i. 1 1) ae 
at right angles to ad, ab falling between ae and ad if bad 
is less (Fig. i) or ae between ab and ad, if it is greater 
than a right angle (Mg. 2). Bisect ab in f, and from f 
draw TGt at right angles to ab,' cutting ae in a ; join ob. 
Then because af is equal to eb b^ const^, ro common to 
the two triangles gae, gbf, and the angles oea, gfb equal, 
since fo is at right angles to ab (Def. 10) : therefore 
these two triangles have the two sides af, fo respectively- 
equal to the two sides bf, fo, and the included angle afg- 
equal to the included angle bfg. Therefore they are 
equal in every respect (i. 4) ; and hence the base ga' is 
equal to the base gb. Therefore the angle described with 
centre g and either GAor gb as a radius, will pass through 
the extremity of the other : let this circle be the circle 
AHB. Then the segment ahb on the opposite side of ab 
to AD shall be the segment reqtiired. 

Because ad is drawn perpendicular to the radius ga of 
the circle ahb from its extremity* a, therefore ad touches 
(iii. 16, Cor.) the circle at a ; and because ab is drawn 
from the point of contact a cutting the circle in b, the 
angle dab is equal to the angle in the alternate segment 
AHB. But the angle dab is equal to the angle c by 
const*' ; and things that are equal to the same thing are 
equal to one another (Ax. i) : therefore the angle in the 
segment ahb is equal to the angle c. 

Hence in both cases, on the given straight line ab a 
segment ahb of a circle is described containing an angle 
equal to the given angle c. Which was to be done. 
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PEOP. XXXIV. PEOB. 

■ 

From a given drde'to cut off a segment which shall 
contain an angle eqnal to a given angle. 

Let ABC be the given circle, and d the given angle. It 
is required from the circle abo to cut off a segment which 
shall contain an angle equal to the angle n. 

In the circumference of the 
circle take any point b, and 
through B draw (iii. 17) kp 
touching the circle ; at b, in 
the straight line bp, make (i. 
23) the angle pbg equal to the 
angle n, and let bg- cut the 
circle In c, dividing it into two 
segments. Then the segment 
BAG on the side of bo, opposite 
to BP, shall be the one required. 

Because ep touches the circle, and from the point of 
contact B, BO is drawn cutting the circle in c, the angle 
PBO is equal (iii. 32) to the angle in the alternate seg- 
ment BAG. But the angle pbc is equal to the angle n by 
const^ ; and things that are equal to the same thing are 
equal to one another (Ax. i) ; therefore the angle in the 
segment bag is equal to the angle n. Hence from the 
given circle abg a segment bag has been cut off contain- 
ing an angle equal to the given angle n. Which was to 
be done. 

PEOP. XXXV. THEOE. 

If fhrongh any point within a circle two straight 
lines be drawn in the circle : then the rectangle con- 
tained by the segments of one of them shall be eqnal to 
the rectangle contained by the segments of the otiier. 

Let E be any point within the circle abg, and through 
E let the straight lines AG, bd be drawn in the circle. 
Then the rectangle contained by ae, eg, the segments of 
AC, shall be equal to the rectangle contained by be, ed, 
the segments of bd. 

There are four cases, according as (1) both the straight 
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lines pass througb the centre; (2) one of them passes 
through the centre and cuts the other, which does not 
pass through the centre, at right angles ; (3) one of them 
passes through the cenixe and cuts the other which does 
not pass through the centre, but not at right angles; 
(4) or neither of the straight lines passes through the 
centre. 

I. Let both AO and bd pass through the centre so that 
£ is the centre. 

Then by the def" of a circle, ba, 
BB, EO, BD are all equal: therefore 
the rectangle ab, ec is equal to the 
rectangle bb, bb. 




' n. Let one of them bb pass 
through the centre, and cut the 
other AC, which does not pass through 
the centre at right angles, in £. 

Bisect (i. lo) bb ia r, and join ab : then e is the centre 
of the circle. 

Because bb which passes through 
the centre, cuts the straight line ac 
iu the circle at right angles, it also bi- 
sects (iii. 3) it, and A£ is equal to bo. 
And because bb is bisected in p, and 
divided into two unequal parts in e, 
the rectangle be, eb together with 
the square of be is equal (ii. 5) to 
the square of eb, that is, to the square of ea, because eb 
is equal to ea by the def° of a circle. But the squares of 
EE, EA are equal (i. 47) to the square of ea, because eea 
is a right angle ; and things that are equal to the same 
thing are equal to one another (Ax. i) : therefore the 
rectangle be, eb together with the square of ee is equal 
to the squares of ab, be. I^rom each of these equals take 
away the common square of be: then the remaining 
rectongle be, bb is equal (Ax. 3) to the square of ab. 
But the square of ab is the rectangle ab, bc, because ab 
is equal to eo : therefore the rectangle BE, BB is efual to 
the rectangle ab, bc. 
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III. Let one of them bd pass tkrougli the centre, and 
cut the other AG which does not pass through the centre, 
in E, but not at right angles. 

Bisect BD in F: then r is the centre of the circle. 
Join A7, and &om f draw (i. 12) fg perpendicular to AC. 

Because fg, which passes through 
the centre, cuts the straight line in 
the circle ±c, which does not pass 
through the centre, at right angles, 
it also bisects it, and ACh is equal to 
GC. And because ao is bisected in 
G, and divided into two unequal 
parts in E, -the rectangle ae, eg to- 
gether with the square of ge is equal 
to the square of AG. To each of these equals add the 
square of gf ; then the rectangle ae, eg together with 
the squares of eg, gf is equal (Ax. 2) to the squares of 
AG, GF. But the, squares of eg, gf are equal to the 
square of ef, because fge is a right angle ; and the 
squares of AG, gf are equal to the square of af, because 
AGF is a right angle : therefore the rectangle ae, eg to- 
gether with the square of ef, is equal to the square of af, 
that is, to the square of fb, since af is equal to fb by the 
def° of a circle. Again because db is bisected in f, and 
divided into two unequal parts in £, the rectangle be, eb 
together with the square of ef is equal to the square of 
FB; and things that are equal to the same thing are 
equal to one another : therefore the rectangle be, ed to- 
gether with the square of fe is equal to the rectangle ae, 
so together with the square of ef. From each of these 
equals take away the common square of ef : then the 
remaining rectangle be, eb is equal to the remaining 
rectangle ae, eg. 

IV. Let neither of the straight lines ag, bd pass 
through the centre. 

Find (iii. i) the centre F of the 
circle ; join ef ; and produce ef both 
ways to meet the circle in g and h. 

Because the two straight Hnes in 
the circle ag, gh cut one another in 
£y of which one gh passes through 
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1^6 centre, therefore hy the third case the rectangle ax, 
xc is equal to the rectuigle es, xh. For like reason, the 
rectangle be, ed is also equal to the rectangle em, eh ; 
and things that are equal to the same thing are equal to 
one another: therefore the rectangle ae, eo is equal to 
the rectangle be, ed. 

Hence it has heen shewn in eveacj case that the rect- 
angle AE, EO is equal to the rectangle be, xb. Which 
was to be proYed 

PBOP. XXXVI. THEOB. 

If firom any point without a circle two slraight lines 
be drawn, one of which cuts the circle, and the other 
touches it : then the rectangle contained by the whole 
line cutting the circle and the part of it without tiie 
circle shall be equal to the square of the touching line. 

Let B be any point without the circle abo, and from n 
let the straight lines bca, bb be drawn, one of which boa 
cuts the circle in c and a, and the other bb touches the . 
circle at b. Then the rectangle contained by the whole 
of the cutting line ab and the part of it bo without the 
circle shall be equal to the square of the touching line bb. 

There are two cases according as the cutting Hue boa 
passes through the centre or not. 

I. Let BOA pass through the centre. 

Bisect (i. lo) ca in e ; then x is the centre of the 
circle. Join be. 

Because bb touches the circle by 
hyp», and eb is drawn from the centre 
E to the point of contact b, the angle 
dbe is a nght angle (iii. i8). And be- 
cause AG is bisected in e, and produced 
to B, the rectangle ab, bo together 
with the square of ce is equal (ii. 6) to 
the square of eb. But the square of 
EO is equal to the square of eb, since 
EG is equal to eb by the def " of a cir- 
cle; and the square of be is equal 
(i. 47) to the squares of bb, be, because 
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DBS is a light aaigle : therefore the rectangle ad, do to- 
gether with the square of £B is equal to the squares of 
DB, BE. IVom each of these equals take away the com- 
mon square of be : then the remaining rectangle ad, do 
is equ^ (Ax. 3) to the remaining square of db. 

II. Let DCA not pass through the centre. 

Eind (iii. i) the centre e : from e draw (i. 12) ef 
perpendicular to ca ; and join eb, ec, ed. 

Eor the same reason as before the 
angle dbe is a right angle; and be- 
cause EF which passes through the 
centre cuts the straight line in the 
circle oa, which does not pass through 
the centre at right angles, it also bi- 
sects (iii, 3) it, and hence of is equal 
to FA. "Now because ca is bisected in 
F and' produced to d, the rectangle 
AD, DC together with the square of cf 
is equal to the square of df. To each 
of these' Equals add the sqaare of fe; then the rectangle 
AD, DC together with the squares of cf, fe is equal 
(Ax. 2) to the squares of df, fe. But the squsffes of cf, fe 
are equal to the square of ce because cfe is a right 
angle, and the squares of df, fe are equal to the square 
of DB, because dfe is a right angle : therefore the rect- 
angle AD, DC together with the square of ec is equal to 
the square of de. But the square of ec is equal to the 
square of eb, since EC is equal to eb by the def** of a 
circle ; and the square of de is equal to the squares of 
DB, B£ because dbe is a right angle : therefore the rect- 
angle AD, DC together with the square of eb is equal to 
the squares of db, be. From each of these equals take 
away the common square of eb : then the remaining 
rectangle ad, dc is equal to the remaining square of db. 

Hence it has been shewn in both cases that the rect- 
angle AD, DC is equal to the square of db. Which was to 
be proved. 

COR — If firom any point without a circle, there be 
drawn two straight lines cutting it : then the rect- 
angles contained by the whole fines and the parts 
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of ihem witiiout the eirde shall be equal to one 
another. 

Let A be any point without 
the circle bef; and &om A let 
AEB, AEC be drawn cutting the 
circle in E, B and r, c respectively. 
Then the rectangle ba, ae shall 
be equal to the rectangle ca, af. 

From A draw (iii. 17) ad 
touching the circle at n. 

Then by the prop° each of the 
rectangles ba, ae and gf, fa is 
equal to the square of the touch- 
ing Hne AD ; and things that are 
equal to the same thing are equal to one another 
(Ax. i) : therefore the rectangle ba, ae is equal to 
the rectangle ca, af. Which was to be proved. 



PEOP. XXXVn. THEOR. 

If from any point without a circle two straight lines 
be drawn, one of which cuts the circle and tiie other 
meets it, such that the rectangle contained by the whole 
line cutting the circle and iSie part of it without the 
circle is equal to the square of the meeting line : then 
the meeting line shall touch the circle. 

Let n be any point without the circle abc, and from n 
let the straight lines dca, db be drawn, one of which dca 
cuts the circle in and a, and the other db meets the 
circle in b, so that the rectangle contained by the whole 
of the cutting line da and the part of it no without the 
circle is equal to the square of the meeting line db. Then 
db shall touch the circle at b. 

Pind (iii. i) the centre f of the circle abc ; join dp ; 
and from n draw (iii. 17) the straight line de touching 
the circle in E on the side of df opposite to nn. Join 

FB, FE. 

Because de touches the circle by const" and fe is drawn 
from the centre F to the point of contact e, the angle 
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PSD is a right angle (iii. i8). And 
because from the point d without the 
circle, the two straight lines 3>ca, db 
are drawn, one of which doa cuts the 
circle in c and a, and the other 3>b 
touches it in e, therefore the rectangle 
AD, DO is equal (iii. 36) to the square 
of DB. But the rectangle ad, do is 
equal to the square of db by hyp"; 
and things that are equal to the same 
thing are equal to one another (Ax. i) : 
therefore the square of de is equal to the square of db, 
and hence de is equal to db. Also fb is equal to fe by 
the def° of a circle, and fd is common to the two tri- 
angles DBF, DBF : therefore these two triangles have the 
three sides de, ef, fd respectively equal to the three 
sides DB, BF, FD. Therefore they are equal in every 
respect (i. 8) ; and hence the angle def is equal to the 
angle dbf. But def is a right angle : therefore also dbf 
is a right angle. Hence bd is drawn perpendicular to 
the radius bf of the circle from its extremity b : therefore 
BD touches (iii. 16, Cor.) the circle abc at b. Which 
was to be proved. 
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DEFINITIONS. 

I. 

A POiiTGON is said to be inscribed in another poly- 
gon of the same number of sides, when each of the 
angular points of the former is in a side of the 
latter. 

n. 

A polygon is said to be circumscribed about an- 
other polygon of the same number of sides, when 
each of the sides of the former passes through an 
angular point of the latter. 

ni. 

A polygon is said to be inscribed in a circle, when 
all its angular points are in the circumference of the 
circle. 

IV. 

A polygon is said to be circumscribed about a 
circle, when each of its sides touches the circle. 

V. 

A circle is said to be inscribed in a polygon, when 
it is touched by each of the sides of the polygon. 
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VI. 

A circle is said to be circumscribed about a poly- 
gon^ when the circumference of the circle passes 
through all the angular points of the polygon. 

vn. 

A straight line is said to be placed in a circle, 
when its extremities are in the circumference of the 
circle. 
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PROPOSITIONS. 




PEOP. I. PEOB. 

In a given circle to place a straiglit line, eqnal to 
a given straight line which is not greater Hhin. the 
difuneter of the circle. 

Let ABC be the given circle, and n the given straight 
line which is not greater than the diameter of the circle. 
It is required to place in the circle abo a straight line 
equal to n. 

Pind (iii. i) the centre of the 
circle abo, and through it draw 
any diameter bo: then if bc be 
equal to D, the thing required is 
already done. But if not : bg must 
be greater than d by hyp* ; from 
CB cut off (i. 3) CE equal to n, and 
with centre c and radius CB describe the circle fba, cut- 
ting the circle abg in a. Join ca. Then ca shall be the 
straight line required. 

By the def " of a circle oa is equal to cb ; and n is 
equal to ce by const" ; and things that are equal to the 
same thing are equal to one another (Ax. i) : therefore 
CA is equal to d, and its extremities are points in the cir- 
cumference of the circle abo. Hence in the given circle 
ABO has been placed (iv. Def. 7) a straight line AC equal 
to the given straight line n. Which was to be done. 

PEOP. II. PEOB. 

In a given circle to inscribe a triangle eqniangnlar 
to a given triangle. 

Let ABO be the given circle, and dep the given tri- 
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angle. It is required to inscribe in the circle abc a tri- 
angle equiangular to the triangle nsr. 



D 




In the circumference of the circle abo take any point 
A, and through a draw (iii. 17) the straight line gah 
touching the circle. At the point A in the straight line 
AH make (i. 23) the angle blal equal to the angle dbf, 
and at the point a in the straight line ao make the angle 
GAC equal to the angle bfb. Let ak, al cut the circle 
in B, respectively; and join bo. Then abo shall be 
the triangle required. 

Because oh touches the circle abo by const°, and irom 
the point of contact a, ac is drawn cutting the circle in 
c, the angle hac is equal (iii. 32) to the angle abo in 
the alternate segment abo. But the angle hac is equal 
to the angle bef by const° ; and things that are equal to 
the same thing are equal to one another (Ax. i) : there- 
fore the angle abo is equal to the angle bef. By like 
reasoning it may be shewn that the angle agb is equal to 
the angle bfe : therefore the remaining angle bag is 
equal (i. 32, Cor. A) to the remaining angle edf. Hence 
the triangle abc is equiangular to the given triangle def, 
and it is inscribed (Def. 3) in the given circle abo, since 
all its angular points are in the circumference of the 
circle. Which was to be done. 

PEOP. m. PROB. 
About a given circle to drcimucribe a triangle equi- 
angular to a given triangle. 
Let abo be the given circle, and dbf the given tri- 
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angle. It is required about the circle abo to circumscribe 
a triangle equiangular to the tnangle bee. 

Produce ef 
both ways to the ^ 

points Q, H : find 
(iii. i) the centre 
K of the circle 
ABC, and draw /i ^s^ i\ a. 

any radius kb. / V V \ / ^V 

At the point k —^ — ^ '- ^ ^ — ' ^ 

in the straight 

line KB make 

(i. 23) the angle bko equal to the angle beo, and the 

angle bep equal to the angle bfh. Let kg, ep cut the 

circle in A, c ; and through a, b, c draw (iii. 17) lm, lor, 

NL touching the circle abc and forming a triangle lmn. 

Then lmn shall be the triangle required. 

Because lm, mk, nl touch the circle by const", and ka, 
s:b, eg are drawn from the centre K to the points of con- 
tact A, B, G ; therefore the angles at the points a, b, g 
are right angles (iii. 18). Also the four angles of the 
quadrilateral figure eamb together with four right angles 
are equal (i. 32, Cor. i) to twice as many right angles as 
the figure has sides, that is, to eight right angles : from 
each of these equals take away four right angles : there- 
fore the remaining four angles of eamb are equal to 
(Ax. 3) the remaining four right angles. But of these 
two, viz. EAM, ebm are right angles ; therefore the other 
two, viz. AKB, AMB are equal to two right angles. And 
because be makes with gf on the same side of it the 
adjacent angles beg, bef, these angles are equal (i. 13) 
to two right angles ; and things that are equal to the same 
thing are equal to one another (Ax. i) : therefore the an- 
gles AEB, AMB are equal to the angles beg, bef. And by 
const" the angle aeb is equal to the angle beg : hence, 
taking away equals from equals, the remaining angle amb 
is equal to the remaining angle bef. In like manner, 
the angle gnb may be shewn to be equal to the angle 
BFE ; and the third angle MLir is equal (i. 32, Cor. A) to the 
third angle ebf. Hence the triangle lmk is equiangular 
to the given triangle bef, and it is circumscribed (iv. 
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Def. 4) about the given circle abc, since each of its sides 
touches the circle. Which was to be done. 

PEOP. IV. THEOE. 

To inscribe a circle in a given triangle. 

Let ABC be the given triangle. It is required to in- 
scribe a circle in the triangle abc. 

Bisect (i. 9) the angles abc, 
BCA by the straight lines bb, en, 
meeting one another in n; and 
jfrom n draw (i. 12) de, nr, dg 
perpendicular to ab, bc, ca. 

Because the angle ebd is equal 
to the angle fbd by const" ; the 
right angle deb to the right angle 
DFB, since all right angles are 
equal (Ax. 11); and db common to the two triangles 
DEB, DEE: therefore these two triangles have the two 
angles deb, ebd respectively equal to the two angles 
DEB, EBD, and the side db opposite to the 6qual angles 
DEB, DEB common to each. Therefore they are equal in 
every respect (i. 26) ; and hence the side de is equal to 
the side de. Por like reason, dg is equal to de ; and 
things that are equal to the same thing are equal to one 
another (Ax. i) : therefore de is equal to dg, and the three 
straight lines de, de, dg are all equal. Hence the circle 
described with centre D, and any one of them as radius 
will pass through the extremities of the other two ; and 
since the angles at e, e, g are right angles by const", the 
straight lines ab, bc, ca are drawn perpendicular to the 
radii de, de, dg of the circle from their extremities 
B, E, G, and therefore touch (iii. 16, Cor.) the circle efg. 
Therefore in the given triangle abc has been inscribed 
(iv. Def. j) the circle eeg. Which was to be done. 

PEOP. V. PEOB. 

To circimiscribe a circle about a given triangle. . 

Let ABC be the given triangle. It is required to cir- 
cumscribe a circle about the triangle abc 
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Bisect (i^ lo) ab, ao in b and e ; and from b, e draw 
(i. 1 1) Ba, eh at right angles to ab, ag. Then, joining eb, 
since the angles adQj aeh are two right angles, the angles 
EBa, beh are less (Ax. 9) than two right angles. That 
is, the straight line be cutting the two straight lines Be, 
EH in B, E, makes the two interior angles ebg, beh, on 
the same side of be, together less than two right angles : 
therefore by the axiom (Ax. 12), bg, eh, being continu- 
ally produced, shall at length meet in some point on the 
side of BE towards o, h. Let them be produced to meet 
in F ; join ea ; then if F be not (as in Fig. 2) a point in 
BO, but (as in Fig* i, 3) falla without bc, join also fb^ 

FO. 






Kg. 1. 



Kg. 2. 



Kg. 3. 



Because ab is equal to bb by const", bf common to 
the two triangles abf, bbf, and the angle fba equal 
(Def. 10) to the angle fbb, since fb is at right angles to 
AB : therefore the two triangles abf, bbf have the two 
sides AB, BF respectively equal to the two sides bb, bf, 
and the included angle abf equal to the included angle 
bbf. Therefore they are equal in every respect (i. 4) ; 
and hence the base af is equal to the base bf. In like 
manner it may be shewn that cf is equal to fa; and 
things that are equal to the same thing are equal to one 
another (Ax. i) : therefore bf is equal to cf, and the 
three straight lines af, bf, cf are aU equal. Hence the 
circle described with the centre F and any one of them as 
radius, will pass through the extremities of the other two ; 
and as the circle abc passes through the angular points 
of the given triangle abc, it is circumscribed (iv. Def. 6) 
about it. Which was to be done. 
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Cob. — ^When the centre p of the circle falls within the 
triangle abc (Pig. i), each of its angles is an angle 
in a segment greater than a semicircle, and is there- 
fore an acute angle (iii. 31) ; when p falls on a side 
BO of the triangle (Fig. 2), bo is a diameter, and the 
angle bag is an angle in a semicircle, and therefore 
a right angle ; and when p falls without the triangle 
ABC (Fig. 3), the side bc beyond which it is, cuts 
off a segment less than a semicircle, and therefore 
the angle bag in it is greater than a right angle. 
Hence : — 

If the given triangle be acute-angled, the centre 
of the circle fsdls within the triangle ; if right- 
angled, the centre is in the side opposite to the 
right angle ; and if obtn8e'«ngled, the centre Mis 
lirithont the triangle, beyond the side opposite to 
the obtuse angle. 

PEOP. VI. PEOB. 

To inscribe a square in a given circle. 

Let ABC be the given circle. It is required to inscribe 
a square in the circle abc. 

Find (iii. i) the centre E of the 
circle abg ; and through E draw two 
diameters ag, bb at right angles 
(i. 1 1) to one another. Join ab, bc, 
CD, DA. Then the quadrilateral 
figure abcb shall be the square re- 
quired. 

By the def*^ of a circle, ea, eb, 
EG, £D are all equal. Because be is 
equal to ed, ae common to the two triangles aeb, aeb, 
and the right angle aeb equal to the right angle aeb, 
since all right angles are equal (Ax. 11) ; therefore these 
two triangles have the two sides be, ea respectively equal 
to the two sides be, ea, and the included angle bea equal 
to the included angle bea. Therefore they are equal in 
every respect (i. 4) ; and hence the base ba is equal to 
the base aj>. In Uke manner it may be shewn that ba is 
equal to bc, and ab to nc : therefore abcb is equilateral. 
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Again because bb is a diameter, tlie angle bab is an angle 
in a semicircle, and therefore a right angle (iii. 3 1) ; for 
the same reason each of the angles abo, bob, cba is a 
right angle: therefore abcb is rectangular. Hence the 
quadrilateral figure abcb is both equilateral and rectan- 
gular, and is therefore a square (Def. 30) ; and since all 
its angular points abcb are in the circumference, it is 
inscribed (iy. Def. 3) in liie given circle abc. Which 
was to be done. 

PEOP. Vn. PBOB. 
To circumscribe a square about a given circle. 

Let ABC be the giyen circle. It is required to circum- 
scribe a square about the circle abo. 

Find (iiL i) the centre e of the circle abo ; and through 
E draw (i. 11) two diameters ao, bb at right angles to 
one another. Through a, b, c, b draw ra, gh, hk, ke 
touching the circle, and forming the quadrilateral figure 
S'OHE. Then fghk shall be the square required. 

Because ra touches the circle 
ABC, and EA is drawn from ihe 
centre e to the point of contact a, 
the angles at a are right angles 
(iii. 18) : for like reason the angles 
at B, 0, B are right angles. Now 
because aeb is a Tight angle, as 
likewise is EBa, eb catting tL two 
straight lines gh, ac in b and s 
makes the two interior angles on the same side of be, 
gbb, aeb equal to two right angles: therefore gh is 
parallel (i. 28) to ao, and for like reason tk is parallel 
to AC. Now straight lines which are each of them parallel 
to the same straight line are parallel (i. 30) ; therefore 
GH, TJL are parallel. In the same manner it may be 
shewn that gf, hk are each of them parallel to bb, and 
therefore to one another : hence each of the figures gk, 
GC, cr, FB, BE is a parallelogram. And because the op- 
posite sides of parallelogriams are equal (i. 34), gf is 
equal to he, and gh to fe, and also ao is equal to each 
of the two GH, FE, and bb to each of the two gf, he. 
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But the diameter i.a is eqiud to the diameter bd : there- 
fore GH, rE are each of them equal to o; or ek, and the 
four straight lines ex, pk, kh, ho are all equal, or fgek 
is equilateral, Again, because the opposite angles of pa~ 
raUelograma are equal, the angle aob of the parallelogram. 
A.eBE is equal to the angle a£b ; but aib is a right angle ; 
therefore likewise the angle at a is a right angle. And 
Bmce the angle at q, one of the angles of the parallelogram 
es, is a right angle, all its angles are right angles, (i. 46, 
Cor.) or FGHE is rectangular. Hence the quadrilateral 
figure FQHE is both equilateral and rectangular, and is 
therefore a equare (Def. 30) ; and eince each of its sides 
touches the given circle abc, it is circumscribed (iv. Def. 
4) about it. Which was to be done. 

PEOP. Vm. PEOB. 

To iiucribe a circle in & given tquare. 

Let ABcn be the giyen square. It is required to in- 
scribe a circle in the square abcd. 

Bisect (i. 10) two ot the adjacent sides ad, as of the 
square in E and f; through £ draw (i. 31) eh parallel to 
AB or CD, cutting bo in h ; and through r draw sqk pa- 
rallel to AD or BO, cutting eh in a, and cx> in z. 

Each of the figures ae, hb, ah, 
HD, AS, ec, B8, OD 18 a paT^clo- 
gram by const", and aa each con- 
tains an angle of the square abcd, 
and therefore (Def. 30) a right 
angle, each is rectangular (1. 46, 
Cor.) ; and by const" ak is the 
half of AC, and a? the half of ab. 
But AO ia equal to ab, since they 
are sides of the square abcd ; and 
the half ea of equal things are equal (Ax. 7) : 
fore AE is equal to a;. And because the opposite 
of parallelograms are equal (i. 34), ae is equal to E 
AT to EB ; therefore eo is equal to ob. In the 
manner it may be shewn that ee is ei^ual to qe, 
go, 6H to av: therefore the four straight hues g 
QH, OE are equal. Hence the cirde described wi 
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centre o and any one of them as radius, will pass through 
the extremities of the other three ; and the straight lines 
AB, BC, CD, DA will touch this circle efh at e, p, h, k, 
because thej are each drawn perpendicular to a radius 
from its extremity (iii. i6. Cor.), the angles at these 
points being angles of a rectangle, and therefore right 
angles. Therefore in the given square abcd has been 
inscribed (iv. Def. 5) the circle eeh. Which was to be 
done. 




PEOP. IX. PROB. 

To oircnmscribe a circle about a given square. 

Let abcd be the given square. It is required to cir- 
cumscribe a circle about the square abcd. 

Draw the diagonals AC, bd of the square, cutting one 
another in e. 

Because da is equal to ab, since 
they are sides of the square abcd 
(Def. 30), and bc equal to cd for the 
same reason ; and AC is common to 
the two triangles abc, acd : therefore 
these two triangles have the three 
sides AB, BC, CA respectively equal to 
the three sides ad, dc, ca. Therefore 
they are equal in every respect (i. 8) ; 
and hence the angle bac is equal to the angle cad, that 
is, the angle bad is bisected by Ac. In like manner it 
may be shewn that the angles abc, bcd, dca are re- 
spectively bisected by bd, ca, db. Now because the 
angles dab, abc are right angles, since they are angles of 
the square abcd, and all right angles are equal to one 
another (Ax. 11); therefore the angle dab is equal to 
the angle abc. And the halves of equal things are equal 
(Ax. 7) : therefore the angle eab is equal to the angle 
EBA, and therefore ea is equal (i. 6) to eb. In like 
manner it may be shewn that ea is equal to eb, and ec 
equal to each of eb, ed : therefore the four straight lines 
EA, EB, EC, ED are aU equal. Hence the circle described 
with centre E and radius any one of them will pass 
through the extremities of the other three; and since 
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this circle abc passes through all the angular points of 
the giyen square abgd, it is circumsctihed (iy. Def. 6) 
about it. Which was to be done. 

PEOP. X. PBOB. 

To describe an isosceles triangle, having each of the 
angles at the base double of the third aogie. 

Tidce anj straight line ab, and diride (ii. 1 1) it in the 
point G so that the rectangle ab, bc may be equal to Ihe 
square of ao, the part of ab adjacent to its extremity a. 
With this extremity a as centre, and ab as radius, de- 
scribe the drde bef ; in the circle bef place (iy. i) the 
straight line bd equal to ao, which being a part c^ the 
radius is therefore less than 1^ diameter of the circle, so 
that one of its extremities coincide with b. Join ad. 
Then the triangle abd shall be such as is required ; that 
is, it shall be isosceles, and each of ^e angles abd, ajdb 
at the base bd shall be double of the third angle bad. 

Join CD; and about the tri- 
angle ACD circimiscribe (iv. 5) 
the circle acd. 

By const" the rectangle ab, 
BO is equal to the square of ac, 
that is, to the square of bd, be- 
cause BD is equal to CA by const". 
Hence from the point b without 
the circle acd two straight lines 
BCA, BD are drawn, one of which 

BOA cuts the circle in c and a, and the other bd meets it 
at D, such that the rectangle ab, bo is equal to the square 
of BD: therefore bd touches (iii. 37) the circle acd at d. 
Again because bd touches the circle acd, and from the 
point of contact d, dc is drawn cutting the circle in c, 
the angle BDC.is equal (iii. 32) to the angle dao in i^e 
alternate segment dao of the circle. To each of these 
equals add the angle cda ; therefore the whole angle bda 
is equal (Ax. 2) to the angles dac, cda. But because the 
side AC of the triangle ado is produced to b, the exterior 
angle bcd is equal (i. 32) to the two interior and opposite 
angles dac, oda ; and things that are equal to the same 
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thing are equfd to one another (Ax. i) : therefore the 
angle bda is equal to the angle Bcn. Also hy the def^ of 
a circle ab is equal to ad; hence the triangle abd is 
isosceles (Def. 25), and the angles abb, adb at its base 
are equal (i. 5). Therefore each of the angles abb, adb 
is eqiml to the angle bob : 

Algain because the angle bob is equal to the angle dbc, 
OB is equal (i. 6) to bb ; but AO is equal to bb ; and 
things that are equal to the same thing are equal to one 
another: therefore cb is equal to oa, and therefore the 
angle cba is equal to the angle cab. But it was shewn 
that the angle bob is equal to the angles cab, cba ; there*' 
fore the angle bob is double of the angle cab : 

Now it has been proved that each of the angles abb, 
ABB is equal to the angle bcb ; hence each of the angles 
ABB, ACB at the base bb of the isosceles triangle abb 
is double of the third angle bad. Therefore the triangle 
ABB is such as was required. Which was to be done, 

PEOP. XI. PEOB. 

To inscribe a regnilar (i e. an equilateral and eqni- 
angnlar) pentagon in a given circle. 

Let ABC be the given circle. It is required to inscribe 
a regular pentagon in the circle abc. 

Describe (iv. 10) an 
isosceles triangle fgh, 
having each of the angles 
G, H at its base double of 
the third angle r. In 
the circle abc inscribe 
(iv. 2) the triangle acb 
equiangular to the tri- 
angle FGH, the angle cab 

being equal to the angle r, and each of the angles acb, 
ABC to the angle o or h. Bisect (i. 9) the angles acb, 
CBA by the slraight lines CE, bb, cutting the circumfer- 
ence of the circle in b and b. Join ab, bo, be, ea. 
Then the five-sided figure abcbe shall be the pentagon 
required. 

Because the triangle acb is equiangular to the triangle 
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T&K by const'*, and each of the angles g, h is double of 
the angle r ; therefore each of the angles acd, adc is 
double of the angle cad, and they are bisected by ce, db : 
hence the five angles adb, bdo, oab, egd, eoa are all 
equal. But in the same circle equal angles at the cir- 
cumference stand on equal arcs (iii. 26) ; therefore the 
iive arcs, ab, bo, cd, de, ea are all equal : and in the same 
circle equal arcs are subtended by equal straight lines 
(iii. 29) ; therefore the five straight lines ab, bo, cd, de, 
£A are all. equal, and the pentagon abode is equilateral. 
Again, because the arc ab is equal to the arc de ; to each 
of these equals add the arc bod : then the whole arc abcd 
is equal (Ax. 2) to the whole arc edcb. But in the same 
circle the angles at the circumference standing on equal 
arcs are equal (iii. 27) ; therefore the angle bae is equal 
to the angle aed. In like manner it may be shewn that 
each of the angles abo, bcd, ode is equal to the' angle 
BAE or AED : therefore the five angles are all equal and 
the pentagon equiangular. Hence the pentagon abcde is 
both equilateral and equiangular, and is therefore a re- 
gular pentagon ; and since all its angular points a, b, c, 
D, E are in the circumference, it is inscribed (iv. Def. 3) 
in the given circle abc. "Which was to be done. 

PEOP. Xn. PEOB. 

To circumscribe a reg^ular pentagon about a given 
circle. 

Let ABO be the given circle. It is required to circum- 
scribe a regular pentagon about the circle abc 

In the circle abo inscribe (iv. 11) a regular pentagon, 
and let its angular points be a, b, 0, d, e, which lie in 
the circumference and through a, b, c, d, e draw (iii. 17) 
GH, HK, KL, LM, KG touching the 
circle abc, and meeting one an- 
other so as to form the five-sided 
figure GHKLM. Then ghklk shall 
be the pentagon reguired. 

Find (iii. 1) the centre e of the 
circle ; and join pb, ek, fc, ed, fd. 

Then because a, b, c, d, e are 
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the ang^olar points of the inscribed regular pentagon ; 
and in the same circle equal straight lines cut off equal 
arcs (iii. 28) : therefore the arcs ab, bg, cd, be, sa, cut 
off by* the sides of the inscribed regular pentagon are 
equal. And because kl touches the circle by consf^y 
and TO is drawn from the centre t to the point of con- 
tact 0, 70 is perpendicular (iii. 18) to kl, and each of 
the angles at c is a right angle: for like reason each 
of the angles at b, b is a right angle. Now because 
XOK is a right angle, the squares of 70, ce are equal 
(i. 47) to the square of vk, and because fbk is a right 
angle, the squares of 7b, bk are equal to the square of 
TK ; and things that are equal to the same thing are 
equal to one another (Ax. i) : therefore the squares of 
PC, OK are equal to the squares of fb, be. But the square 
of 70 is equal to the square of 7B, because fc is equal to 
FB by the def" of a circle : hence taking away equals from 
equals, the remaining square of CK is equal (Ax. 3) to the 
remaining square of be, and therefore ck is equal to bk. 
Also FC is equal to fb, and fe common to the two tri- 
angles FOE, FBK ; therefore these two triangles hove the 
three sides fo, oe, ef respectively equal to the three sides 
FB, BE, EF. Therefore they are equal in every respect 
(i. 8) ; and hence the angle oef is equal to the angle 
BEF, and the angle gfe to the angle bfe. That is, fe 
bisects each of the angles beq, bfc ; and it may be shewn 
in Hke manner that fl bisects each of the angles clp, 

CFD: 

Again, because the arc bo is equal to the arc on, and 
in the same circle the angles at the centre standing on 
equal arcs are equal (iii. 27), the angle bfc is equal to 
the angle ofjd ; and the halves of equal things are equal 
(Ax. 7) : therefore the angle efc is equal to the angle 
LFC. Also the angle ecf is equal to the angle lcf (Bef. 
10), because fc is perpendicular to eii, and fc is common 
to the two triangles foe, fcl ; therefore these two tri- 
angles have the two angles kfc, foe respectively equal to 
the two angles lfo, fcl, and the side fc, adjacent to equal 
angles in each, common. Therefore they are equal in 
every respect (i. 26) ; and hence the side kg is equal to 
the side CL, and the angle feo equal to the angle flg. 
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Now because kc is equal to kl, kl is double of kg ; 
and it may be shewn in like manner that hk is do^ible of 
Bs: ; but bk was proved equal to ko ; and the doubles 
of equal things are equal (Ax. 6) : therefore he is equal 
to KL. Similarly it may be proved that the sides in- 
cludiag each of the other angles of the figure are equal : 
therefore the five sides hk, kl, lm, Ma, gh are all equal, 
and the pentagon gheXiH is equilateral : 

Lastly, because the angle bko is double of the angle 
PKG, and the angle old of the angle plc, and the angles 
FKO, FLO are equal : therefore, since the doubles of equal 
things are equal, the angle hkl is equal to the angle klm. 
Similarly it may be shewn that each adjacent pair of the 
angles of the figure are equal : therefore the five angles 
at a, H, K, L, M are all equal, and the pentagon ghklm is 
equiangular. Hence the pentagon ghklm is both equi- 
lateral and equiangular, and is therefore a regular pen- 
tagon ; and since each of its sides touches the given cuxde 
ABO, it is circumscribed (iv. Def. 4) about it. Which was 
to be done. 

PEOP.Xin. PEOB. 
To insoribe a circle in a given regular pentagon. 

Let ABODE be the given regular pentagon. It is re- 
quired to inscribe a circle in the regular pentagon abcjdb. 

Bisect (i. 9) any two adjacent angles bod, ode of the 
pentagon bv the straight Unes cr, nr, cutting one another 
in F : and trom p draw (i. 12) ro, eh, ek, el, em perpen- 
dicular to the sides of the pentagon ab, bc,.cb, be, ea. 

Join EA, EB, EC, ED, EB. 

Because bc is equal to cd, 
since they are jndes of the re- 
gular pentagon; CE common to 
the two triangles boe, dce ; and 
the angles bce, eod equfd bv 
const" : therefore these two tri- 
angles have the two sides bo, 
CE respectively equal to the two 
sides DC, CE, and the included 
angle bce equal to the included 

angle dce. Therefore they are equal in every respect 

3 
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(i. 4) ; and hence the angle cbw is equal to the angle 
GDI*. .But the angle onv is half of the angle cjxe by 
const^, and the angle cde is equal to the angle oba, 
since they are angles of the regular pentagon : there- 
fore the angle cdf is half of the angle oba. But the 
angle cbf was shewn to be equal to the angle cbi* ; and 
things that are equal to the same thing are equal to one 
another (Ax. i) : therefore likewise the angle cbs* is 
half of the angle cba, that is, bt bisects the angle cba. 
In like manner it may be proved that fa bisects the angle 
BAB, and TE the angle aed : 

Now because the angle toh is equal to the angle tce ; 
and the right angle ehc to the right angle eec, because 
all right angles are equal to one another (Ax. 11); and 
IPC is common to the two triangles pch, fck : therefore 
these two triangles have the two angles fho, fch respec- 
tively equal to the two angles fko, eck, and the side re, 
opposite to equal angles in each, common. Therefore 
they are equal in every respect (i. a6) ; and hence eh is 
equal to fk. Similarly it may be proved that ek is equal 
to ETi, EL to EM, EM to EG, E0^ to EH : therefore the five 
straight lines eg, eh, ek, el, em are all equal. Hence 
the circle described with centre e and any one of them 
as radius will paas through the extremities of the other 
four ; and since each of the straight lines ab, bc, gb, be, 
EA touch it, because the angles at e, h, e, l, H are right 
angles, and the Bta*aight line drawn perpendicular to a 
radius of a cirde from its extremity touches the circle 
(iii. 16, Cor.), therefore the cirole ghk is inscribed (iv. 
Def. j) in the given regular pentagon abcdb. Which was 
to be done. 

PEOP. XIV. PEOB. 

To circuBuicribe a oirole about a given regular 
pentagoo. 

Let ABGBE be the given regular pentagon. It is re- 
quired to circumscribe a circle about the regular pentagon 

ABGBE. 

Bisect (i. 9) any two adjacent angles bgj>, gbb of the 
pentagon by the straight lines oe, be, cutting one another 
in E ; and join eb, ea, ee. 
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Then it may be |H*OTed as in the ^ 

preceding prop" that the angles OBii, 
BAE, AED are bisected respectively by 
FB, FA, TE. And because the angle 
BCO) is equal to the angle cde, since 
they are angles of a regular pentagon ; 
and the halves of equal things are 
equal (Ax. 7) : therefore the angle tod 
is equal to the angle fdo ; and therefore FO is equal (i. 6) 
to FD. In like manner it may be shewn that each other 
adjacent pair of the five straight lines fa, fb, fo, fd, fe 
are equal; therefore they are all equal. Hence the 
circle described with cen^e f and any one of them as 
radius will pass through the extremities of the other 
four ; and since it passes through all the angular points 
A, B, 0, n, E, the circle abo is circumscribed (iv. Def. 6) 
about the given regular pentagon abode. Which was to 
be done. 

PEOP. XV. PEOB. 

To inscribe a regnilar hezagon in a given circle. 

Let ABO be the given circle. It is required to iuscribe 
A regular hexagon in the circle abo. 

IHnd (iii. i) the centre CJ, of the circle abo, and draw 
any diameter agd. With centre n and radius na de- 
scribe the circle eogh, cutting the circle abo in e and ; 
join £€h, ce, and produce them to cut the circle abc in b 
•and F. Join ab, bo, cd, de, ef, fa. Then the six-sided 
figure abgdef shall be the regular hexagon required. 

Because o is the centre of the circle abo, ge is equal 
to QD by def", and because n is the centre of the circle 
CGE, DE is equal to do for the same reason ; and things 
that are equal to the same thing are equal to one another 
(Ax. i) : therefore ge is equal to ED, and the three 
straight lines ge, eg, dg are equal. Therefore the tri- 
angle GED is equilateral ; and therefore it is also equi- 
angular (i. j. Cor.). But its three angles ged, edg, dge 
are equal (i. 32) to two right angles; therefore any one 
of them EGD is equal to the third part of two right angles. 
In like manner it may be proved that the angle dgc is 
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the third part of two right angles. Hence the whole 
angle ego is equal to two thirds of two right angles ; but 
because co makes with eob on the same side of it the 
adjacent angles ego, cgb, these two angles are equal 
(i. 13) to two right angles, and one of them egg is 
equal to two thirds of two right angles : therefore the 
other angle ogb is equal to one third of two right 
angles. Hence the three angles egb, dgg, cgb are 
equal ; and to these are equal the opposite vertical an- 
gles BGA, AGF, 7GE (i. 1 5) : therefore the six angles egb, 
BGO, OGB, BGA, AGE, EGE are all equal. But in the 
same circle equal angles at the centre stand on equal 
arcs (iii. 26) ; therefore the six arcs ab, bo, gd, be, ee, 
FA are all equal : and in the same circle equal arcs are 
subtended by equal straight lines (iii. 29)^ therefore the 
six straight lines ab, bo, cb, be, ee, ea are aU equal, and 
the hexagon abcbee is equilateral. Again because the 
arc AE is equal to the arc eb ; to each of these equals add 
the arc abcb : then the whole arc eabgb is equal (Ax. 2) 
to the whole arc eboba. But in the same circle the 
angles at the circumference standing on equal arcs are 
equal (iii. 27) ; therefore the angle aee is equal to the 
angle eeb. In like manner it may be shewn that each 
other adjacent pair of the angles of the figure are equal : 
therefore the six angles are all equal and the hexagon 
equiangular. Hence the hexagon abcbee is both equi- 
lateral and equiangular, and is therefore a regular 
hexagon ; and since all its angular points a, b, 0, b, e, e 
are in the circumference of the given circle abo, it is 
inscribed (iv. Def. 3) in it. "Which was to be done. 

COB.— The side of a regular hex- 
agon inscribed in a circle shall 
be equal to the radius of tiie 
circle. 

Por it was shewn in the proof 
of the prop° that ge is equal 
to EB, and EB is the side of 
the inscribed regular hexagon, 
and GE the radius of the circle. 
Therefore the side of the in- 
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Bcnbed regular hexagon ia equal to the radius of the 
circle. "Which was to be proved. 

Obs. — If through A» B, C, D, B, F, the angular points of the in- 
scribed regular hexagon, there be drawn straight liiues touobiog 
the circle, these shall form a regnlar hexagon drcumscribing the 
circle ; and also If two adjacent angles of a regular hexagon be 
bisected, and from the point where the bisecting line meets per- 
pendiculars be drawn to the sides of the hexagon, then the oinsle 
described with this point as o&itte and any one of the perpen^ 
diculars as radios, shall be the circle inscribed in the r^ular 
hexagon. 

The proof of these is precisely similar to those of Prop**' 12 and 
13. In fact, the three Propi^ 12, 13, 14 may be generalized so 
as to apply to any regular polygon; care being taken to substitute 
polygon for pentagon throughout, and the propositions b^g in 
other respects proved alike. The ^enend form of enunciatipn is 
as follows : — 

(1) A regular polygon may be circumscribed about a given 
circle by drawing straight lines touching the circle through the 
angular points of the regular inscribed polygon of the same num- 
ber of sides. 

(2) A circle maybe inseribed in a regular polygon by bisecting 
two of its adjacent an^^es, drawing perpendiculars on its sides 
from the point where the bisecting lines meet, and describing a 
circle with this point as centre and any one of the perpendiculars 
as radius. 

(3) A drcle may be circumscribed about a regular polygon by 
bisecting two of its adjacent angles, joining the point where the 
bisecting lines meet with the angular points of the polygon, and 
describing a circle with this point as centre and any one of the 
joining lines as radius. 

PEOP. XVI. PEOB. 

To inscribe a reg^nlar polygon of fifteen sides, or qnin- 
decagon in a given circle. 

Let ABO be the given circle. It 
is required to describe a regular 
quindecagon in the circle abc. 

Describe an equilateral and there- 
fore an equiangular (i. 5, Cor.) tri- 
angle, and inscribe (iv. 2) in the 
circle abo a triangle agd eqidan- 
gular to it ; then the triangle acd 
will be an equiangular triangle, and 
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therefore equilateral (i. 6, Cor.). InBcribe (iy. ii) also 
in the circle a regular pentagon aboht, haying one of 
its angular points a coinciding with one of those of the 
triangle acd. 

Since in the same circle equal straight lines cut off 
equal arcs (iii. 28), the three arcs ao, en, pa are all equal, 
and therefore the arc ac is a third part of the whole cir- 
cumference of the circle : simiLarlj it may be shewn that 
the arc ab is a fifbh part of it. Hence of the fifteen equal 
arcs into which the whole circumference maj be diyided, 
the arc AC contains fiye, and the arc ab three, and conse- 
quently their difference, the arc bo, contains two. Bisect 
(iii. 30) the arc bc in e ; therefore each of the arcs be, 
EO is a fifteenth part of the whole circumference. Hence 
if the straight lines be, eo be joined, and straight lines 
equal to them be placed (iy. i) around in the whole circle, 
contiguous to one another, and in number fifteen, they 
will form one equilateral quindecagon inscribed in the 
circle abo ; and this equilateral quindecagon may be shewn 
to be equiangular, and therefore regular, as the equilateral 
pentagon was in the concluding part of the proof of 
Prop. XI. Hence in the giyen circle abo has been in- 
scribed a regular quindecagon. Which was to be done. 
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DEFINITIONS. 

I. 

A LESS magnitude is defined to be a measure or sub^ 
multiple of a greater magnitude of the same kind, 
when the less magnitude is contained a certain num- 
ber of times exactly in the greater. 

Obs. Snch a less magnitude is sometimes called a " part " of the 
greater; bat when part is thus used as equivalent to measure 
or submultiple, we must be careful not to confound this restricted 
signification of part with the general one employed in Book I. 
Ax, 9. 

n. 

A greater magnitude is defined to be a multiple of 
a less magnitude of the same kind, when the ^eater 
miagnitude contains the less a certain number of 
times exactly. 

Obs. When two or more greater magnitudes contain two or more 
less magnitudes of corresponding kinds the same number of times 
exactly, the former magnitudes are called " equimultiples ** of the 
latttf. 

III. 

Ratio is a mutual relation of two magnitudes of 
the same kind to one another in respect of quantity* 
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Obs. It appears that for one magnitude to have a ratio to another, 
they must both be of the same kind. Although in this and the 
following def ° Euclid lays down the conditions for two magnitudes 
to have a ratio to one another, he nowhere gives a mode of esti- 
mating a single ratio ; he defines only when one ratio is the same 
as (Def. 5), greater than, or less than (Def. 7) another ratio. 

IV. 

Two unequal magnitudes of the same kind are said 
to have a ratio to one another, provided that the less 
can be multiplied a sufficient number of times for 
its multiple to exceed the greater; and two equal 
magnitudes of the same kind are said to have a ratio 
to one another, and it is called a ratio of equality* 

Obs. This def ° excludes from our present oonsideratio]^ all ratios 
between (i) two magnitudes, both of which are infinitely great or 
infinitely small ; (2) two magnitudes, one of which is finite, and 
the other infinitely great or infimtely small. 

Y. 

The first of four magnitudes is defined to have the 
same ratio to the second which the third has to the 
fourth, when, there having been taken of the first 
and third any equimultiples whatever, and of the 
second and fourth any equimultiples whatever, the 
multiple of the third is greater than, equal to, or less 
than the multiple of the fourth, according as the 
multiple of the first is greater than, equal to, or less 
than the multiple of the second* 

Obs. I. The word *' any " in the defn must be spedally noted. In 
the application of this def a to test the proportionality (Def. 6) of 
ibur magnitudes, the criterion must be satisfied in every instance 
for them to be proportional, whereas a single fiulure would shew 
their non-proportionality. 

Obs. 2. Tt appears from Def. 3, that the first and second of the ^X]^' 
magnitudes must be of the same kind, and also that the third and 
fourth must be of the same kind. But there is no necessity for 
all four to be of the same kind. 

Obs. 3. When the first of four magnitudes has the same ratio to the 
second which the third has to the fourth, the third clearly has the 
same ratio to the fourth which the first has to the second. Such 
will appear also from the def^. 

Obs. 4. When this defn is referred to, it is cited as the *' definition 
of proportion.'' 
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VI. 

When the first of four magnitudes has the same 
ratio to. the second which the third has to the fourth 
(such sameness of ratios b^ing defined by the pre- 
ceding def*), the four magnitudes are said to consti- 
tute a proportion, or to be proportional. 

Obs. I. When four magnitades, A, B, C, D, are proportaonal, the 
proportion which they constitate is usually expressed by saying 
that AistoBasCtoD, and may be written 

A : B : : C : D. 

But whenever either of these forms is used to denote a proportion, 
we must bear in mind that it is but a brief way of stating that A 
has the same ratio to B which C has to D, according to the def ° 
of sameness of ratio given in Def. 5. 

Obs. 2. When four magnitudes are proportional : — 

(i) they are called the first, second, third, and fourth terms of the 
proportion ; 

(2) the fourth term is called a fourth proportional to the three 
magnitudes which form the first, second, and third terms ; 

(3) the first and fourth terms are called the two extremes, and 
the second and third the two means. 

vn. 

The first of four magnitudes is defined to have a 
greater ratio to the second than the third has to the 
fourth (or, what is the same thing^, the third to have 
a less ratio to the fourth than the first has to the 
second) when there can be taken such equimultiples 
of the first and third, and such equimultiples of the 
second and fourth, that the multiple of the first shall 
be greater than the multiple of the second, but the 
multiple of the third not greater than the multiple of 
the fourth* 

Ob8. When this defi is referred to, it is cited as the " definition of 
one ratio being greater (or less) than another." 

VIII. 
By proportion is meant the sameness of ratios. 

Obs. This ia nothing more than a different way of expressing Def. 6. 

P 
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IX. 

In order that four magnitudes maj constitute a 
proportion, no more than two of them are allowed to 
be equal to the same magnitude. 

Obs. I. Hereby Euclid exclades from consideration all such propor- 
tions asAistoAasAtoB, AistoBas BtoB, &c. But we 
shall meet with such proportions asAistoBasAtoB, AistoA 
as B to B (Def. 4), where two pairs of the four magnitudes are 
equal to the same magnitude ; and with such asAistoBasCto 
A, AistoBasBtoC, where one pair of the four are equal to 
th^ same magnitude. Since proportions like the last frequently 
oooor, we shall speak of them in the next observation. 

Obs. 2. When of three different magnitudes of the same kind, one can 
form the first term of a proportion, another each of the second 
and third terms, and the remaining magnitude the fourth term ; 
i. e. if the first of the three magnitudes be to the second as the 
second is to the third : then 

(i) the three magnitudes are said to be proportional; 

(2) the third magnitude is said to be a third proportional to the 
first and second; 

(3) the second magnitude is said to be a mean proportional 
between the first and third. 



The duplicate ratio of the ratio which one mag- 
nitude has to another is defined to be the ratio 
which the first magnitude has to a third mag- 
nitude such that the first is to the second as the 
second is to the third. 

Obs. I. Hence when three magnitudes are proportional (Def. 9. Obs. 
2), the ratio which the first bears to the third is the duplicate 
ratio of the ratio which it bears to the second. 

Obs. 2. This definition will be made clearer by the following ex- 
ample: — 

Ex. It is required to find the duplicate ratio of the ratio of A 
toB. 

Take a magnitude C of the same kind as A and B, such that- A 
is to B as B to C. Then the ratio of A to C will be the duplicate 
ratio of the ratio of A to B. 

XI. 

When there are any number of magnitudes of the 
same kind^ the ratio of the first of them to the last 
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is defined to be the ratio compounded of the ratios 
of the first to the second^ of the second to the third, 
of the third to the fourth, &c., and of the last but 
one to the last. 

Obs. I. In the particular case "vrhen the ratios of the first magnitude 
to the second, of the second to the thurd, &c., are all the same 
one to another, the ratio compounded of them as ahove defined 
is called a multiplicate ratio of either of the component ratios, the 
order of multiplicity helng equal to their number. 

The def° and the obscsrvation will be made clearer by the fol- 
lowing examples : — 

Ex. I. If there are three magnitudes of the same kind, A, B, 
C ; the ratio of A to C is the ratio compounded of the two ratios 
of A to B, and of B to C. And in the particular case when the 
ratio of A to B is the same as that of B to C, the ratio of A to C 
18 called the duplicate ratio of that of A to B, or of B to C. 

Ex. 2. If there are four magnitudes of the same kind. A, B, C, 
D ; the ratio of A to D is the ratio compounded of the three 
ratios of A to B, and of B to C, and of C to D. And in the par- 
ticular case when the ratios of A to B, of B to C, and of C to D 
are the same to one another, the ratio of A to D is called the 
triplicate ratio of that of A to By or of B to C, or of C to D. 

Obs. 2. The ratios which this def", as it stands, enables us to com- 
pound, must consist of magnitudes of the same kind, and the 
second term of each ratio must be the same as the first of the suc- 
ceeding one. The manner of modifying the def ^ to compound 
any ratios whatever will be seen from the annexed example. 

Ex. Let there be any three ratios whatever ; viz. the ratio of 
A to B, the ratio of C to D, and the ratio of E to F. It is re« 
quired to find the ratio compounded of these three ratios. 

Take two magnitudes of any kind (usually straight lines) K, L, 
such that AistoBasKtoL; take a magnitude M of the same 
kind as K and L, such that CistoDasLtoM; and take a mag- 
nitude N of the same kind as K, L, M, such that £ is to F as M 
to N. Then the ratio compounded of the three ratios of A to B, 
of C to D, and of E to F, is the same as the ratio compounded of 
the three ratios of K to L, of L to M, and of M to N ; but the 
ratio compounded of the three ratios of K to L, of L to M, and of 
M to N is by def^ the ratio of K to M. Hence the ratio of K to 
M is thct ratio. compounded of the three ratios of A to B, of C to 
D, and of E to F. And a similar method must be employed 
whatever be the number of ratios to be compounded. 

xn. 

Of two magnitudes^ having a ratio to one another, 
the first is called the antecedent, and the second the 

p2 
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consequent ; and of four magnitudes constituting a 
proportion, the first and third are called the ante- 
cedents, and said to be homologous to one another, 
and the second and fourth are called the conse- 
quents, and are likewise said to be homologous to 
one another* 



POSTULATES. 

I. 
Let it be granted that of a given magnitude there 
may be taken any multiple required. 

n. 

Let it be granted that any given multiple of a 
.magnitude may be divided into parts, each of which 
is equal to the magnitude of which it is the multiple. 



AXIOMS. 

I. 
Equimultiples of the same magnitude, or of equal 
magnitudes, are equal to one another* 

II. 
Magnitudes, of which the same magnitude is an 
equimultiple, or of which equal magnitudes are 
equimultiples are equal to one another. 

in. 

A multiple of a greater magnitude is greater than 
the same multiple of a less magnitude* 

IV, 
Of two magnitudes, the first is greater or less 
than the second according as the multiple of the 
first is greater or less than the same multiple of the 
second* 



PROPOSITIONS. 



PEOP. I. THEOB. 

If a set of magnitudes be equimultiples of the same 
number of other magnitudes : tiien, whatever'multiple 
either one in the first set is of the corresponding one in' 
the second, the same multiple shall all the first set of 
magnitudes taken together be of all the second set of 
magnitudes taken together. 

I. Let the number of the magnitudes in each set be two. 

Let the two magnitudes ab, on be respectively equi- 
multiples of the two E, r. Then whatever multiple ab is 
of E, the same multiple shall ab and en together be of b 
and F together. 

Since by hyp* ab, cd are equimultiples of b, f, there 
are as many magnitudes in ab, each equal to £, as there 
are in en, each equal to f. Divide (v. Post, i) ab into 
magnitudes, each equal 

to B, viz. AG, GB, and ^ a b q ? d 

on into magnitudes, ' ^ 

each equal to f, viz. oh, ^ "^^^ ^ — "" 

Hn; the number of A&, 
&B being equal to that of gh, kd. 

By const" AG is equal to e, and ch to f ; hence, adding 
equals to equals, Aa and ch together are equal (Ax. 3) 
to E and F together. Similarly gb and hd together are 
equal to E and f together : and so on, if there were more 
magnitudes in ab and en. Hence there are as many 

p3 
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magnitades in ab and cd together, each equal to s and f 
together, as there are in ab, each equal to s ; that is, 
whatever multiple (v. Def. 2) ab is of s, the same mul- 
tiple are ab and cd together of e and f together. 'W^hich 
was to be proved* 

n. Let the number of magnitudes in each set be 
greater than two. 

The same method of proof that has been used in Case 
I. for the number two, can be applied to anj niunber. 

PEOP, n. THEOE, 

If the ftrrt magnitude be the same multiple of the 
lecond that the tUrd is of the fourth, and the fifth the 
same multiple <tf the seeond that the sixth is of the 
fourth: then shall the first and the fifth together be the 
same multiple of the second that the third and the sixth 
together are of the fourth. 

Let AB be the same multiple of c that de is of f, and 
BO the same multiple of that eh is of f. Then shall 
AB and BO together, that is, ag be the same multiple of c 
that BE and eh together, that is, bh, is of F. 



B o 



E » 



Since by hyp* ab, be are equimultiples of 0, f, there 
are as many (v. Def. 2. Obs.) magnitudes in ab, each 
equal to c, as there are in be each equal to f. Similarly 
there are as many magnitudes in bo, each equal to c, as 
there are in eh, each equal to F. Hence, adding equal 
numbers to equal, there are as many (Ax. 2) magnitudes 
in AG, each equal to 0, as there are in bh, each equal to 
F ; that is, AG is the same multiple (y. Def. 2) of c that 
BH is of F Which was to be proved. 

COB. — If a set of magnitudes be multiples of one 
magnitude, and the same number of otilier magni- 
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tades be multiples of anofher, each of the first set 
being the same multiple of the one as a corre- 
roonding one in the second set is of the other : then 
shall all the first set of magnitudes together be the 
same multiple of the one magnitude as all the 
second set together are of the other. 

The proof of this is exactly similar to the one 
applied in the prop° to the case of the number of 
magnitudes in each set being two. 

PEOP. in. THEOE. 

If the first magnitude be the same multiple of the 
second that the third is of the fourth: then any equi- 
multiples of the first and third diall likewise be equi- 
multiples of the second and fourth. 

Let A be the same multiple of b that o is of d, and let 
SF, GH be any equimultiples of a, c. Then ef, &r shall 
likewise be equimultiples of b, n. 

E ^ y Q ^ H 



A C 

B— D' 



Since by hyp" ef is the same multiple of a that gh. is 
of 0, there are as many (v. Def. 2) magnitudes in ef, 
each equal to a, as there are in gh, each equal to c. 
Divide (v. Post. 2) ef into the magnitudes ek, ef, each 
equal to a, and gh into the magnitudes gl, lh, each 
equal to c ; the number of ek, st being equal to that 

of GL, LH. 

By hyp'' a is the same multiple of b that c is of d ; and 
by const*^ ek is equal to a, and gl to : therefore ek is 
the same multiple of b that gl is of d. Similarly kf is 
the same multiple of b that lh is of n ; and so on, if 
there are more magnitudes in ef and gh. Hence (y. 2, 
Cor.) EK, KF together are the same multiple of b that gl, 
LH together are of d ; that is, ef, gh are equimultiples of 
B, D. Which was to be proved. 
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PEOP. IV. THBOB. 

If four magnitades be proportional, and there be 
taken of the first and third any eqnimnltiples whatever, 
and of the second and fonrfh any eqninxnltiples what- 
ever: then the mnltiple of fiie first shall be to that of 
the second as the mnltiple of the third is to that of the 
fi>nrtL 

Let the four magnitudes a, b, c, d be proportionals ; 
and let there be taken of the first a and third c any equi- 
multiples whateyer £, f and of the second b and fourth 
D any equimultiples whatever a, h. Then shall e be to 



G as r IS to H. 
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Of E, F take (v. Post, i) any equimultiples whatever 
K, L ; and of G, H any equimultiples whatever m, n. 

By hyp" B is the same multiple of a that f is of o, and 
by const^ k is the same multiple of e that l is of f ; there- 
fore K is the same multiple (v. 3) of a that l is of c. In like 
manner M is the same multiple of b that K is of b. But 
A is to B as to D by hyp^, and there have been taken of 
the first A and third c equimultiples k, l, and of the 
second b and fourth b equimultiples m, f ; therefore by 
the def° of proportion (v. Def. 5) l is greater than, equal 
to, or less than K, according as k is greater thtm, equal 
to, or less than m. Hence, since there are four magni- 
tudes E, G, F, H, and there have been taken of the first s 
and third f any equimultiples whatever k, l, and of the 
second g and fourth h any equimultiples whatever m, k ; 
and since it has been shewn that the multiple of the 
third L is greater than, equal to, or less than that of the 
fourth K according as the multiple of the first k is greater 
than, equal to, or less than that of the second k : there- 
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fore by the def° of proportion, e is to a as f to h. 
"Whicli was to be proved. 

COB. — If four magnitiLdes be proportional : then 

(1) any equimultiples whatever being taken 
of the first and third, the multiple of the 
first shall be to the second as the multiple 
of the third is to the fourth ; 

(2) any equimultiples whatever being taken of 
the second and fourth, the first shall be to 
the multiple of the second as the third is 
to the multiple of the fourth. 

Let the four magnitudes a, b, c, d be proportional. 
Then :— 

(i) if any equimultiples whatever £, i* be taken 
of A and G, £ shall be to B as r is to d. 

(2) if any equimultiples whatever g, h be taken 
of B and D, A shall be to a as is to h. 

Both parts of the Corollary are proved by a 
method similar to that employed in the prop° ; the 
const** for (i) being to take of b, r any equimul- 
tiples whatever e:, l, and of b, b any equimultiples 
whatever q, h ; and that for (2) being to take of a, 
any equimultiples whatever e, e, and of g, h any 
equimultiples whatever k, is*. 

PEOP. V. THEOE. 

If the first magnitude be the same multiple of the 
second that a third magnitude of the same kind is of the 
fourth, the first being greater than tiie third, and the 
second than the fourth : then the excess of the first 
above the third, shall be the same multiple of that of 
the second above the fourth that tiie first is of the 
second. 

Let AB be the same multiple of en that ae a magnitude 
of the same kind is of ce; ab being greater than ae, 
and consequently on than oe. Then eb, the excess of 
AB above ae, shall be the same multiple of eb, the ex- 
cess of CB above oe, that ab is of gb. 
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Of FD take A& the same mnltiple tbftt ax is of gp. 

Since by const* as, a& are equimultiples of cf, fd, ab 
and AG together, that is, so is the same multiple (v. i) of 
CF and FD, together, that is, CD, that as is of cf ; but bj 
hjp^ AX is ihe same multiple of en that ab is of cd : 
therafoie se is the same multiple of cd that ab is of gd. 
And equimultiples of the same magnitude are equal 
(t. Ax. i) ; thmfore so is equal to ab. Erom each of 
tiiese equieds take away the common magnitude ae ; then 
the remainder ao is equal (Ax. 3) to the remainder bb. 
And AS is the same multiple of cf that ao is of 'FB ; 
henoe as is the same multiple of cf that xb is of fd. 
But AS is the same multiple of cf that ab is of cb; 
therefore bb is the same multiple of fd that ab is of en. 
Whieh was to be proved. 

PBOP. VI. 

If two magnitudes be equmnltiples of two others, 
and if equimultiples of these be taken from the first 
two: then the remainders shaU either be equal to these 
others, or equimultiple* of them. 

Let the two magnitudes iJB, CD be equimultiples of the 
two s F ; and let AG, CH taken from ab, cn^be also equi- 
multiples of B, r. Then the remainders gb, hd shall 
be either equal to B, F, or else equimultiples of them. 

Since ab, ao are multiples of £, and can therefore 
be each of them divided into a number of magnitudes 
each- equal to B, it is clear that the remainder ob is either 
equal to B, or a multiple of B, 

I. Let OB be equal to s. 

o B 

A I T 



Take ck equal to f. 
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Because hj hyp* a.q is tbe same multiple of e that oh 
is of r ; aud Ba is supposed equal to e, and ce: by const" 
is equal to ? : therefore ab is the same multiple of e that 
KH is of F. But by hyp* ab is the same multiple of E 
that CD is of E ; therefore kh is the same multiple of e 
that OD is of E : and equimultiples of the same magnitude 
are equal (v. Ax. i) : therefore eh is equal to cs. Prom 
each of these equals take away the common magnitude 
CH ; then the remainder £0 is equal (Ax. 3) to the re- 
mainder HD. But KC is equal to E ; and things that are 
equal to the same thing are equal to one another (Ax. i) : 
therefore hd is equal to e. 

II. Let Gs be a muldple of e. 

Take cs: the same multiple of e that gb is of e. 



Q B ^ 



Because by hyp^ ag is the same multiple of e that oh 
is of E ; and by const" gb the same multiple of e that CK 
is of E : therefore ab is the same multiple of e that kh is 
of E. Hence as in Case I. it may be shewn that ko is 
equal to hd ; and eo is the same multiple of e that gb is 
of E : therefore likewise hd is the same multiple of e that 
GB is of E. 

Hence the remainders gb, hd are either equal to E, e, 
or else equimultiples of them. Which was to be proTed. 

f 
PEOP. A. THEOE. 

If &Txr magnitudes be proportional; then the third 
shall be greater than, equid to, or less than the fourth 
according as the first is greater than, equal to, or less 
fhan the second. 

Of all four take any equimultiples as the doubles. 

Then since the four magnitudes are proportional, and 
there have been taken of the first and third equimultiples, 
Tiz, the doubles, and of the second and fourth equimultiples) 
viz. the doubles : therefore by the def "* of proportion (v. 
De£ j), the double of the third is greater than, equal to^ or 
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«le08 than that of the fourth, according as the double of the 
first is greater than, equal to, or less than that of the se- 
cond. But the double of the third is greater than, equal 
to, or less than that of * the fourth, according as the third is 
greater than, equal to, or less than the fourth : and so, 
mutatis muiamdis, for the first and second: hence the 
third is greater than, equal to, or less than the fourth, 
according as the first is greater than, equal to, or less 
than the second. Which was to be proved. 

PEOP. B. THEOE. 

If four magnitudes be proportional: then they shall 
alK>, when taJcen inversely, be proportionals, i e. the 
second shall be to the first as the fourth is to tiie thirdL 

Obs. This proposition is usuaOy cited by the word " invertendo." 

Let AbetoBascistoD. Then likewise b shall be to 
A as B is to 0. 



O H 

B D' 
B F 



Of B, D take any equimultiples whatever, '£, f, and of 
A, any equimultiples whateyer, &, h. 

Because by hyp' a is to b as c to b, and there have 
been taken of th& first a and third o equimultiples a, h, 
and of the secona b and fourth b equimultiples b, f : 
therefore by the def° of proportion (v. Def. 5), h is 
greater than, equal to, or less than t, according as o is 
greater than, equal to, or less than e. Hence manifestly 
r is greater than, equal to, or less than h, according as £ 
is greater than, equal to, or less than o. Now since there 
are four magnitudes b, a, b, 0, and there have been taken 
of the first b and third B any equimultiples whatever £, 
7, and of the second a and fourth any equimultiples 
whatever o, h ; and since it has been shewn that the mul- 
tiple of the third i* is greater than, equal to, or less than 
the^t of the fourth h, according as the multiple of the first 
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E is greater than, equal to, or less than that of the second 
G : therefore by the def *» of proportion, B is to A as p 
to o. Which was to be proved. 

PEOP. C. THEOE. 

If the first of four magnitudes be either the same 
multiple or the same part (i, e, measure or submultiple) 
of the second that the third is of the fourtii : &en 
fhe fozjc magnitudes shall be proportional. 

Let A, B, c, D be the four magnitudes. Then there are 
two cases, according as a, c respectively are multiples or 
parts of B, D. 

I. Let A be the same multiple of b that c is of d. 
Then shall a be to b as c is to d. 

Of A, o take any equimultiples whatever e, f ; and of 
B, D any equimidtiples whatever g, h. 
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Then because a, c are by hyp* equimultiples of b, n ; 
and B, r by const" are equimultiples of a, c : e, e likewise 
are equimultiples (y. 3) of b, d. Also (J, h by const" are 
equimidtiples of b, d. Hence e is a greater, equal, or less 
multiple of d than h is, according as e is a greater, 
equal, or less multiple of b than Ot is ; and therefore e is 
greater than, equal to, or less than h, according as e is 
greater than, equal to, or less than a. Now since there 
are four magnitudes, a, b, c, b, and there have been 
taken of the first a and third any equimultiples what- 
ever E, E, and of the second b and fourth b any equi- 
multiples whatever &, h; and since it has been shewn 
that the multiple of the third e is greater than, equal to, 
or less than that of the fourth h, according as the mul- 
tiple of the first e is greater than, equal to, or less than 
that of the second & : therefore by the def" of proportion 

Q 
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(y. Def. 5), A is to B as c to D. Which was to be 
proved. 

II. Let A be the same part, that is, measure or sub- 
multiple (v. Def. I. Obs.) of B that c is of i>. Then shall 
A be to B as c is to d. 

From the def" of part (v. a 
Def^ i) and that of multiple p 
(v. Def. 2), it appears that b 
will be the same multiple of p 
A that D is of 0. Therefore 

by Case I. of the prop°, since b, a, b, c are four magni- 
tudes, and B is the same multiple of a that b is of c, b is 
to A as B to 0. Hence, invertendo (v. B), a is to B as c 
* to B. • Which was to be proved. 

PEOP. D. THEOE. 

If four magnitudes be proportional, and the first be 
either a multiple or a part (i. e. measure or submultiple) 
of the second : then tiie third shall be either the same 
multiple or the same part of the fonrtL 

Let A be to B as c is to B. Then there are two cases 
of the prop", according as a is a multiple or a part of b. 

I. Let A be a multiple of b. Then c shall be the same 
multiple of b. 

A E r 



,B 

,0 
D F- 



Take e equal to a ; and whatever multiple a or e is of 
B, take r the same multiple of b. 

Bj hyp* A is to B as c to B ; and there have been taken 
of the second b and fourth b equimultiples e, i* : there* 
fore (v. 4, Cor.) a is to e as to f. But a is equal to x 
by const" ; therefore also (v. A) c is equal to p. Now 
by const" i* is the same multiple of b that a is of b ; 
hence is the same multiple of b that a is of b. Whidi 
was to be proved. 
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n. Let A be a part, that is, measure or submultiple 
(v. Def. I. Obs.) of B. Then o shall be the same part 
of B. 

Since a is supposed a part a 
of B, it appears bj the def" of p 
part (v. Def. i) and that of c 
multiple (v. Def. 2) that b is p 
a multiple of a. 'Now a is to 

B as o to 3), therefore, invertendo (v. B), b is to a as d 
to c ; and it has been shewn that b is a multiple of A : 
therefore by Case I. of the prop" n is the same multiple 
of G that B is of A. Hence is the same part of n that 
A is of B. Which was to be proved. 

PEOP. Vn. TKBOE. 

Two equal ma^tudes shall have each o£ them the 
same ratio to a tiurd magnitude of the same kind. And 
to each of two equal magnitudes a third magnitude of 
the same kind shaU have me same ratio. 

Let A, B be two equal magnitudes, and c any other 
magnitude of the same kind. Then : — 

I. A and B shall have each of them the same ratio to 
c ; that is, A shall be to o as b is to c. 



E_ 



Of A, B take any equimultiples whatever n, £ ; and of 
c any multiple whatever r. 

By const" d, x are equimultiples of a, b, which are 
equid by hyp* ; and equimultiples of equal magnitudes are 
equal (v. Ax. i) : therefore n is equal to E. Now since 
there are four magnitudes A, c, b, c, and there have been 
taken of the first a and third b any equimultiples what- 
ever n, X, and of the second and fourth any multiple 
whatever, r ; and since the multiple of the third e is 
greater tban, equal to, or less than that of the fourth f , 

Q 2 
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according as the multiple of the fir^t d is greater than, 
equal to, or less than that of the second f, for d has been 
shewn to be equal to b : therefore by the def"» of proportion 
(v. Def. 5), A IS to c as B to 0. "Which was to be proved. 

II. shall have the same ratio to each of A and b ; 
that is, shall be to a as c is to b. 

Construct as in Part I. of the prop". 

Then as before it may be shewn that d is equal to 
£. Now since there are four magnitudes c, a, o, b, and 
there have been taken of the first and third c any mul- 
tiple whatever p, and of the second a and fourth b any 
equimultiples whatever b, e ; and since the multiple of 
the first r is greater than,* equal to, or less than that of 
the second b according as the multiple of the third f is 
greater than, equal to, or less than that of the fourth £, 
for D is equal to E : therefore by the def° of proportion 
c is to A as to B. "Which was to be proved. 

PEOP. Vin. THEOE. 

The greater of two unequal magnitades shall haye a 
greater ratio to a third magnitude of the same kind 
than the less has to it And to the less of two unequal 
magnitudes a third magnitude of the same kind i^all 
have a greater ratio thaa it has to the greater. 

Let AB be the greater, and bc the less of two unequal 
magnitudes ; and let d be any other magnitude of the 
same kind. Then : — 

I. AB shall have a greater ratio to b than bo has to n. 
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Fig. 2. 
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Then ao being the other part of the greatier magnitude 
AB, which together with the part bo makes np the whole 
AB, that which is not the greater of the two magnitudes 
AO, BO must either be not less than tha magnitude d, or 
less than it. If the magnitude which is not the greater 
of the two AC, CB be not less than n (Fig. i), take bf, ra 
the doubles of ac, cb. But if the magnitude which is 
not the greater of the two aCj cb be less than d (Fig" 2 
and 3), this magnitude can be multiplied a sufficient 
number of times for its multiple to exceed d (v. Def. 4), 
whether it be ac (Fig. 2), or bc (Fig. 3). Let it be 
multiplied until its multiple exceeds n, and let the other 
be multiplied as often ; and let bf be the multiple thus 
taken of ac, and tq the same multiple of cb. Therefore 
in all the three figures bf, fg are each of them greater 
than D ; and in all the three figures take h the double of 
D, K its triple, and so on, until the multiple of n be that 
which first exceeds fg. Let this multiple be l ; and let 
e: be the next preceding one. 

Since ef is the same multiple of ac that fo is of cb, 
whatever multiple fg is of cb, the same multiple (y. i) are 
EG and FG of AC and cb ; that is, eg, fg are equimultiples 
of AB, CB. And because l is supposed to be the multiple 
of i> which first exceeds fg, the next preceding multiple x 
of n cannot exceed fg, and hence fg is not less than k ; 
but by const*^ ef is greater than b : therefore the whole 
EG is greater than k and d. But since e is the multiple 
of D next preceding l, k and b are equal to l : therefore 
EG is greater than l, and we know that fg is not greater 
than L. Now since there are four magnitudes ab, b, 
BC, B, and there have been taken of the first ab and third 
BC certain equimultiples eg, fg, and of the second and 
fourth D a certain multiple l, such that the multiple of 
the first EG is greater than that of the second l, while 
the multiple of the third, fg is not greater than that of 
the fourth l : there&re by the def ° of one ratio being 

Q 3 



174 THE ELEHEKTB OF SXJOLID. [bOOK 

greater than another (y. Def. 7), ab has to d a greater 
ratio than bo has to d. liWhich was to be proved. 

II. D shall have a greater ratio to bc thiui it has to ab. 

Construct as in Part I. of the prop**. 

Then it may ' be shewn as before that va, eg are 
equimultiples of bo, ab ; and that l is greater than ra, 
but not greater than eo. Now since there are four mag- 
nitudes n, BC, b, A3, and there have been taken of the 
first and third n a certain multiple l, and of the second 
bo and fourth ab certain equimultiples eg, eg, such that 
the multiple of the first l is greater than that of the 
second eg, while the multiple of the third l is not 
greater than that of the fourtn eg : therefore by thfi def° 
of one ratio being greater than another, d has to cb a 
greater ratio than d has to ab. Which was to be proved. 

PEOP. IX. THEOE. 

Two magnitudes which have each of them the same 
ratio to a third magnitude shall be equal to one anotiher. 
And two magnitudes to each of which a third magni- 
tude has the same ratio shall be equal to one another. 

I. Let the two magnitudes a, b have each of them the 
same ratio to a third magnitude c ; that is, let a be to c 
as B is to 0. Then a shall be equal to b. 

For if not : let them, if possible, be unequal, and let a 
be the one which is greater than the other b. Then of 
the two unequal magnitudes a and b, the greater a has a 
greater (v. 8) ratio to the third c than the less b has ; 
and therefore by the def" of one ratio being greater than 
another (v. Def. 7), there can be taken some equimul- 
tiples of A and B ^d some multiple of c such that the 
multiple of a is greater than that of c, but the multiple 
of B is not greater than that of c. Let such multiples 
be taken ; and let n, e be the equimultiples of a, b, and 
E the multiple of c, so that n is greater than e, but e is 
not greater than e. Now since by hyp* a is to c as b to 

A D 
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; and there have been taken of the first a and third b 
the equimultiples n, e, and of the second and fourth o 
the multiple r: therefore by the def** of proportion (v. 
Def. j), E is greater than, equal to, or less than f, accord- 
ing as D is greater than, equal to, or less than f. And 
n is greater than f ; hence also e is greater than f. But 
E is not greater than f : which is impossible. Therefore 
A and B are not unequal ; that is, A is equal to b. Which 
was to be proved. 

II. To each of the two magnitudes a and b let a third 
magnitude o have the same ratio ; that is, let c be to a as 
c is to B. Then a shall be equal to b. 

Por if not : let them, if possible, be unequal, and let a 
be the one which is greater than the other b. Then of 
the two unequal magnitudes a and b, the third magnitude 
p has a greater (y. 8) ratio to the less b than it has to 
the greater a; and therefore by the def*^ of one ratio 
being greater than another (v. Def 7), there can be 
taken some multiple of the first and third c, and some 
equimultiples of the second b and fourth a, such that the 
multiple of c is greater than that of B, but the multiple 
of is nolJ greater than that of a. Let such multiples 
be taken ; and let f be the multiple of c, and e, d the 
equimultiples of b, a, so that f is greater than e, but f is 
not greater than b. Now since by hyp" is to a as c 
to B ; and there have been taken of the first and third c 
the multiple f, and of the second a and fourth b the 
equimultiples n, e : therefore by the def" of proportion 
(Def. 5) F is greater than, equal to, or less than e, accord- 
ing as F is greater than, equal to, or less than d. And 
F is not greater than n ; hence F is not greater than e. 
But F is greater than e : which is impossible. Therefore 
A and B are not unequal ; that is, a is equal to b. Which 
was to be proved. 

PEOP. X. THEOE. 

Of two magnitudes 

(1) the one which has a greater ratio to a third 
magnitude than the other has shall be the 
greater; 
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(2) fhe one to wUch a tliird magnitade has a 
greater ratio than it has to the other aliall htT 
tiieless. 

I. Let A, B be two magnitudes, and let ▲ have to a 
tliird magnitude c a greater ratio than b has to c. Then 
▲ shall be greater than b. 




By hyp* a has a greater ratio to c than b has to c ; 
and therefore by the def^ of one ratio being greater than 
another (v. Def. 7), there can be taken some equimultiples 
of the first a and third b, and some multiple of the 
second and fourth c, such that the multiple of a is 
greater than that of 0, but the multiple of b is not 
greater than that of c. Let such midtiples be taken ; 
and let d, e be the equimultiples of a, b, and f the mul- 
tiple of c, so that n is greater than v, but e is not greater 
than E. Therefore n is greater than e ; but d, e are 
equimultiples of a, b, and of two magnitudes the first is 
greater than the second, if the multiple of the first ia 
greater than the same multiple of the second (v. Ax. 4) : 
therefore a is greater than b. Which was to be proved. 

II. Let A, B be two magnitudes ; and let a third mag- 
nitude G have a greater ratio to b than it has to a. Then 
B shall be less than a. 

By hyp" c has a greater ratio to B than c has to a ; 
and therefore by the def ° of one ratio being greater than 
another (v. Def. 7), there can be taken some multiple of 
the first and third c, and some equimultiples of the 
second b and fourth a, such that the multiple of c is 
greater than that of b, but the multiple of c is not 
greater than that of a. Let such multiples be taken; 
and let e be the multiple of c, and e, d the equimultiples 
of BA, so that F is greater than E, but E is not greater 
than B. Therefore e is less than b ; but e, b are equi- 
multiples of B, A, and of two magnitudes the first is less 
than the second, if the multiple of the first be less than 
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the same multiple of the second (v. Ax. 4) : therefore b 
is less than a. Which was to be proved. 

PEOP.XI. THEOE. 

Satios that are the same to the same ratio shall be 
the same to one another. 

Let the ratio which a has to b be the same as the ratio 
which has to n, and the ratio which has to d be the 
same as the ratio which E has to e ; i. e. let A be to B as 
to D, and c be to n as E to f. Then the ratio which a 
has to B shall be the same as the ratio which e has to "e ; 
i. e. A shall be to b as e to e. 

Of A, c, E take any equimultiples whatever a, h, K ; 
and of B, D, p any equimultiples whatever l, m, n. 
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Then since a is to b as c to d by hyp", and there have 
been taken of the first a and third the equimultiples 
e, H, and of the second b and fourth d the equimultiples 
L, M : therefore by the def" of proportion (v. Def. 5) h is 
greater than, equal to, or less than m according as a is 
greater than, equal to, or less than l. In like manner it 
may be shewn, since c is to n as e to r by hjp*, that k is 
greater than, equal to, or less than k, according as h is 
greater than, equal to, or less than m. And h has been 
shewn to be greater than, equal to, or less than m, accord- 
ing as o is greater than, equal to, or less than l : hence 
also E is greater than, equal to, or less than "S, according 
as a is greater than, equal to, or less than l. Now since 
there are four magnitudes a, b, e, p, and there have been 
taken of the first a and third e any equimultiples what- 
ever a, K, and of the second b and fourth p any equimul- 
tiples whatever l, n ; and since it has been shewn that 
the multiple of the third e is greater than, equal to, or 
Jess than that of the fourth ir, according as the multiple 
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of the first a, is greater than, equal to, or less than that 
of the second l : therefore by the def '^ of proportion a is 
to B as IS to 7. Which was to be proved. 

PEOP. XII. THEOE. 

If any number of ratios be the same to one another : 
fhen any one of fhe antecedents shaU be to its conse- 
quent as all the antecedents taken together are to all 
tiie consequents taken together. 

Let any number of ratios, viz. the ratio of a to b, the 
ratio of c to b, the ratio of e to f, be the same to qjie an- 
other. Then any one of the antecedents a shall be to its 
consequent b as all the antecedents a, o, e together are 
to all the consequents b, b, f together. 



O H 



B^^^— D^HMM pi 



Of A, c, E take any equimultiples whatever o, h, k: ; 
and of B, D, F anj equimultiples whatever l, m, n. 

Since a is to b as o to d by hyp*, and there have been 
taken of the first a and third o anv equimultiples what- 
ever G, H, and of the second b and fourth b any equimul- 
tiples whatever l, m : therefore by the def ° of proportion 
(v. Def. j), H is greater than, equal to, or less than k, 
according as o is greater than, equal to, or less than lu 
In like manner it may be shewn, since a is to b as e to 
F by hyp*, that £ is greater than, equal to, or less than k, 
according as a is greater than, equal to, or less than l. 
Hence a, h, e: together are greater than, equal to, or less 
than L, ic, K together according as o is greater than, equal 
to, or less than l. And because g, h, k are by const° equi- 
multiples of A, c, E, whatever multiple g is of a, the same 
are (v. i) all a, h, e together of a, c, e together ; that 
is, G and g, h, k together are equimultiples of a, and a, 
0, s together : in like manner, L and L, M, N together are 
equimultiples of b, and b, b, f together. Now since there 
are four magnitudes a, b, all a, o, e together, and all b. 
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D, F together, and tliere have been taken of the first a. and 
the third A, o, B together any equimultiples whatever, a 
and a, h, e together, and of the second b and fourth b, 
B, r together any equimultiples whatever l and l, m, n 
together ; and since it has been shewn that the multiple 
of the^ third a, H, k together is greater than, equal to, or 
less than that of the fourth x<, M, K together, according as 
the mtdtiple of the first a is greater than, equal to, or less 
than that of the second l : therefore by the def ° of pro- 
portiotL AistoBasallAyC, £ together are to all b, d, f 
together. Which was to be proved. 

PROP. XIII. THEOR. 

If the first magnitude have to flie seccmd the same 
ratio which the l£ird has to the fourth, and the third 
have to the fourth a greater ratio than tiie fifth has to 
the sixth : then the &st shaU also have to the second 
a gfreater ratio than the fifOi has to the sixth. 

Let ▲ have the same ratio to b which c has to B, and 
let G have to b a greater ratio than b has to f. Then 
also shall a have to b a greater ratio than £ has to f. 



K o H 

N K L 



By hyp' o has a greater ratio to b than s has to f ; and 
therefore by the def ° (v. Def. 7) of one ratio being greater 
than another, there can be taJten some equimultiples of 
the first c and the third E and some equimultiples of the 
second b and fourth F, such that the multiple of c is 
greater than that of b, but the multiple of b is not gi'eater 
than that of f. Let such be taken ; and let g, h be the 
equimultiples of c, b and k, l the equimultiples of b, f, 
BO that Q is ^ater than x, but h is not greater than l. 
Also whatever multiple g is of c, of a take the same mul- 
tiple M ; and whatever multiple x is of b, take n the same 
multiple of b. 
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Then since AistosasctoDby hyp*, and there have 
been taken of the first a and third o the equimultiples m, 
&, and of the second b and fourth n the equimultiples s, 
K : therefore by the def* of proportion (v. Def. 5) a is 
greater than, equal to, or less than k, according as m is 
greater than, equal to, or less than k. But a is greater 
than E : hence likewise m must be greater than ir, for 
had K been either equal to or less than n, a must have 
been either equal to or less than k. Also h is not greater 
than L. Now, since there are four magnitudes a, b, e, r, 
and there have been taken of the first a and third e some 
equimultiples M, H, and of the second b and fourth f 
some equimultiples I7,x, such that the multiple of the first 
M is greater than that of the second N, while the multiple 
of the third H is not greater than that of the fourth L : 
therefore by the def" of one ratio being greater than an- 
other, A has a greater ratio to b than e has to e. Which 
was to be proved. 

COE.— If the first magnitude have to the second the 
same ratio which the third has to the fourth, and 
the fifth have to the sixth a greater ratio than the 
first have to the second : then the fifth shaJl also 
have to the sixth a greater ratio than the third has 
to the fourth. 

The proof is similar to that of the prop". 

PEOP. XIY. THEOE. 

If four magnitudes, which are all of the same kind, 
he proportional : then the second shall he greater than, 
equal to, or less than the fourth, according as the first 
is greater than, equal to, or less than the third. 

Let the four magnitudes a, b, 0, d, which are all of the 
same kind, be proportional, i. e. let a be to b as c is to 
D. Then the second b shall be greater than, equal to, or 
less than the fourth n, according as the first a is greater 
than, equal to, or less than the third 0. 

There are three cases, according as a is greater than, 
equal to, or less than c. 
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A' 
B' 






C c C 



Pig. 1. Fig.2. Rg. 3. 

I. Let A be greater than c (Fig. i). 

By hyp* a is to b as o to d, or o is to d as a to b 
(v. Def. 5, Obs.) ; and of the two unequal magnitudes a 
and 0, the greater a has a greater (v. 8) ratio to a third b 
of the same kind than c has to b ; therefore c has a 
greater (v. 13) ratio to d than c has to b. But of two 
magnitudes that to which a third has a greater ratio than 
it has to the other, is the less (v. 10) ; hence n is less 
than B, that is, b is greater than d. . 

n. Let A be equal to (Fig. 2). 

Since a is supposed equal to c, and a is to b as c to 
D, is to B as G to D. But two magnitudes to each of 
which a third has the same ratio are equal (y. 9) ; there- 
fore B is equal to n. 

m. Let A be less than c (Fig. 3). 

Since is to d as a to b, and the first c is supposed 
greater than a : therefore by Case I. of the prop", the 
second n is likewise greater than the fourth b ; that is, b 
is less than n. 

Hence b is greater than, equal to, or less than n, ac- 
cording as A is greater than, equal to, or less than 0. 
Which was to be proved. 

PEOP. XY. THEOE. 

Magnitades shall have the same ratio to one another 
which their equimultiples have; i. e. one magnitude 
shall have the same ratio to anotiier magnitude of the 
same kind which any multiple of the first has to the 
same multiple of the second. 

Let A, B be two magnitudes of the same kind ; on, £r 
equimultiples of them respectively. Then shall a be to 
B as CD is to £F. 

By hyp" en, sf are equimultiples of a, b ; and hence 
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CD caa be divided into ag many inagnitudeB, each equal 
to A, as £f can into magnitudes, each equal to b. Xiet 
then CD be divided into magnitudes ca, oh, hd, each equal 
to A, and EF into magnitudes ek, kl, lf, each equal to s ; 
the number of co, gh, hd being equal to that of the 
others ek, kl, lf. 

Then since by const" 
CO, OH, HD are all equal, 
and likewise ek, kl, lf '"^^ - — ^^ — * — T 

are all equal, the ratio 

which CO has to ek, the ratio which oh has to kl, and the 
ratio which hd has to lf are all the same to one another 
(v. 7) : therefore one of the antecedents co is to its con- 
sequent EK as aU the antecedents 00, oh, hd together are 
to aU. the consequents ek, kl, lf together (v. 12) ; that 
is, CO is to EK as od to ef. Now by const^ cot is equal 
to A, and EK to b ; therefore a is to b as od to ef. 
"Which was to be proved. 

PEOP. XVI. THEOE. 

If four magnitudes, which are all of the same kind, 
be proportional : then they shall also, when taken 
alternately, be proportional ; i e. the first shall be to 
the thkd as tiie second is to the fourth. 

Obs. This prop° is usually cited by the word ** aLtemaiido," or 
*< permutando." 

Let A, B, c, D be four magnitudes of the same kind, 

and let a be to b as is to d. q 

Then shall a be to c as b is 

to D. ^— — ^— 

Of A, b take any equimulti- d ' 

pies whatever e, f ; and of c, p - »« 

D any equimultiples whatever 
o, H. 

Then since by const** e, f 

are equimultiples of a, b, and ^ " 

magnitudes have the same 
ratio to one another which 
their equimultiples have (v. 
15), A is to b as E to F. In 
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like manner it may be shewn that c is to n as o to h. But 
bj hyp* A is to B as o to n ; and ratios that are the same 
to the same ratio are the same to one another (y. 1 1) : 
therefore listoFasetoH. But when four magmtudes 
are proportionals, the second is greater than, equal to, 
or less than the fourth, aodording as the first is greater 
than, equal to, or less than the third (v. 14) : hence r is 
greater than, equal to, or less than h, according as e is 
greater than, equal to, or less than a. Now, since there 
are four magnitudes a, g, b, d, and of the first a and 
third B are taken any equimultiples whatever e, f, and of 
the second and fourth n any equimultiples whatever 
G, H ; and since it has been shewn that the multiple of 
the third f is greater than, equal to, or less than that 
of the fourth h, according as the multiple of the first B 
is greater than, equal to, or less than that of the second 
G : therefore by the def" of proportion (7. Def. j) a is 
to c as B to B. Which was to be proved. 

PEOP. XVn. THEOE. 



If four magnitudes be proportional, fhe first being 
greater than tiie second, and tiie third than the fourth : 
flien the excess of the first above the second shall be to 
the second as the ezoess of the third above the fourth 
is to the fourth. 

Obs. This prop^ is usually dt^d by the word " dividendo/' 

Let AB be to be 

as GB is to BF, AB o H k 



i ih 



M N 

H H 



being greater than 

BE, and conse- T 
quently (v. A) CD ^ ^ d 
than DF. Then i, 
shall AE, the excess 
of AB above be, be to be as of, the excess of en above 

BF, is to BF. 

Of AE, SB, CF, FB take any equimultiples whatever an, 
HE, LM, MN ; and again of eb, fb take any equimultiples 
whatever kx, kp. 

Since by const'' eH, he are equimultiples of ab, be 

b2 
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-wbateyer multiple gh is of ae, the same multiple is (v. i) 
GK of AB. For like reason whatever multiple lm is of 
OF, the same multiple is ln of od ; but hj const'' gh, jj£ 
are equimultiples of as, ce: therefore also gk, ux are 
equimultiples of ab, cd. Again, since hj const*' hk, lor 
are equimultiples of eb, ed ; and ex, kp are also equi- 
multiples of EB, EB : therefore he together with £X, that 
is, Hx, and mn together with nf, that is, mp, are equi- 
multiples (y. 2) of EB, ED. And because ab is to be as 
CB to EB hj hyp", and there have been taken of the first 
AB and third gd the equimultiples ge, ln, and of the 
second be and fourth eb^ the equimultiples hx, hp : there- 
fore by the def" of proportion (v. Def. j) lk is greater 
than, equal to, or less than MP, according as ge is greater 
than, equal to, or less than hx. But, taking away the 
common part mn from each of lk and mp, lm is greater 
than, equal to, or less than (Ax. 3. Ax. j) np, according 
as JJS is greater than, equal to, or less than mp ; and 
taking away the common part he from each of gk and 
HX, GH is greater than, equal to, or less than ex, accord- 
ing as GE is greater than, equal to, or less than hx: 
hence lm is greater than, equal to, or less than kp, accord- 
ing as GH is greater than, equal to, or less than ex. Now, 
since there are four magnitudes ae, eb, ct, eb, and there 
have been taken of the first ae and third cf any equi- 
multiples whatever gh and lm, and of the second eb and 
fourth EB any equimultiples whatever ex and np ; and 
since it has been shewn that the multiple of the third lm 
is greater than, equal to, or less than that of the fourth 
MP, according as the multiple of the first gh is greater 
than, equal to, or less than that of the second ex : there- 
fore by the def ° of proportion ae is to eb as of to eb. 
Which was to be proved. 

PEOP. XVni. THEOK 

If four magnitudes be proportional : then the first 
together with the second shall be to the second as fhe 
thud together with the fourth is to the fourth. 

Obs. This propQ is usually cited by the word ** componendo." 

Let AE be to eb as cf is to fb. Then shall as toge- 
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ther witli eb, that is, ab be to eb, as ce togetiier with ed, 
that is, CD is to ed. 

Of AB, BE, CD, BE take any equimultiples whatever gh, 
HX, LM, Mir ; and again of bb, be take any equimultiples 
whatever ko, tstp. 

Then since by oonst^ kg, fp are equimultiples of be, 
PE, and KH, ifTM likewise are equimultiples of be, be, ke 
will be greater than, equal to, or less than ith, according 
as KO is greater than, equal to, or less than kr. 

I. Let KO be either equal to k&, and accordingly i!n> 
equal to js^u (Fig. i), or less than kh, and accordingly 
2srp less than -snt (Fig. 2). 
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Kg. 1. , Rg. 2. 

By const** gh, hk are equimultiples of ab, be, of which 
AB is the greater ; and the multiple of a greater magni- 
tude is greater than the same multiple of a less (v. Ax. 
3) : therefore gh is greater than hk. But in neither 
figure is kg greater than hk; therefore gh is greater 
than KG, and it may be shewn in like manner that lm is 
greater than np. 

n. Let KG be greater than kh, and accordingly np 
greater than vtm (fHg* 3 and 4). 

O ^ go O K q .0 




iJ> 



^ I 5 5 — ^ 



Fig. 3. Kg. 4. 

Since gh, hk are equimultiples of ab, be, whatever 
multiple GH is of ab, the same multiple (v. 5) is gk, the 

B 3 
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excess of gh above hk, of ae, the excess of ab above be. 
For like reason whatever multiple lk is of cb, the same 
multiple is lk of cf ; but gh, lm are hj const° equi- 
multiples of AB, CD : therefore ok, lk are equimultiples 
of AB, OP. Again, if from ko, wp, which are equimultiples 
of be, dp, there be iaken kh, km, which are also equi- 
multiples of BE, DP, the remainders ho, mp are (v. 6) 
either equal to be, dp (Fig. 3), or else equimultiples of 
BE, DP (Fig. 4). In Fig. 3, because ae is to eb as cf to 
PD by hyp», and there have been taken of the first ae and 
third cp equimultiples gk, lk, therefore (v. 4, Cor.) gk is 
to eb as LK to PD ; but ho is supposed equal to eb, and 
MP to PD : therefore gk is to HO as lk to mp, and hence 
LK is greater than, equal to, or less than (v. A) mp, ac- 
cording as GE is greater than, equal to, or less than ho. 
In Fig. 4, because ae is to eb as cp to pd, and there have 
been taken of the first ae and third cp equimultiples gk, 
LK, and of the second eb and fourth pd equimultiples ho, 
MP : therefore by the def" of proportion (v. Def. 5) lk is 
greater than, equal to, or less than mp, according as gk is 
greater than, equal to, or less than ho. But in both 
figures, adding km to each of lk and mp, and hk to each 
of GK and HO, lm is greater than, equal to, or less than 
(Ax* 2 and 4) kp, according as lk is greater than, equal 
to, or less than mp, and gh is greater than, equal to, or 
less than ko, according as gk is greater than, equal to, or 
less than HO : therefore in Case II. lm is greater than, 
equal to, or less than kp, according as gh is greater than, 
equal to, or less than ko. 

Also in Case I. it was shewn that lm was greater than 
KP, and at the same time gh greater than KO. Now since 
in both Cases I. and II. there are four magnitudes ab, 
BE, CD, DP, and there have been taken of the first ab and 
third CD any equimultiples whatever gh, lm, and of the 
second be and fourth dp any equimultiples whatever ko, 
KP ; and since it has been shewn that the multiple of the 
third LM is in all cases greater than, equal to, or less than 
that of the fourth kp, according as gh, the multiple of 
the first, is greater than, equal to, or less than that of the 
second ko : therefore by the def* of proportion, ab, is to 
BE as CD to DP. Which was to be proved. 
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PEOP. XIX. THEOE. 

If foTir magnitades, wliich are all of the same kind, 
be proportional, the first being greater than the third, 
and the second than the fonrth : then the excess of the 
&:8t above the third, shall be to that of the second above 
the fonrtii as the first is to the second. 

Let the four magnitudes ab, cp, ae, cf, which are all 
of the same kind, be proportional ; ab being greater than 
AE, and consequently (v. 14) cd than cf. Then eb, the 
excess of ab above ae, shall be to fd, the excess of od 
above gf, as ab is to cd. 

By hyp® ab is to cd as ae to ^ ^ 

CF ; and the four magnitudes are 
of the same kind: therefore, al- y 

temando (v. 16), ab is to ae as ^ 
CD to CF. Now by hyp* ab is greater than ae, and cd 
than CF : therefore, dividendo (v. 17), be is to ae as df 
to CF, and hence, altemando, be is to df as ae to cf. 
But AB is to CD as ae to cf ; and ratios that are the 
same to the same ratio are the same to one another (v. 
1 1) : therefore be is to df as ab to cd. Which was to 
be proved. 

COE.-~If fonr magnitudes, which are all of the same 
kind, be proportional, the first being greater than 
the third, and the second than the fonrth : then tiie 
excess of the first above the third shall be to that 
of the second above the fonrth as tiie third is to 
the fonrth. 

For it was shewn in the proof of the prop^ that 
BE is to DF as AE to CF. Which was to be proved. 

PEOP. E. THEOE. 

If fonr magnitudes be proportional, the first being 
greater than tiie second, and the third than the fonrth: 
then the first shall be to its excess above the second, as 
the third is to its excess above the fourth. 

Obs. This prop^ is usually dted by the word ** convertendo.'^ 
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Let A3 be to BE as OD is to 
DF ; AB being greater than be, ^ ^ 

and consequently (v. A) CD 
than DF. Then A3 shall be to c— J— d 

AB, its excess above be, as cd 
is to CE, its excess above df. 

By hyp* ab is to be as OD to df, ab being greater 
than BE and cd than df ; therefore, dividendo (v. 17), ab 
is to BE as OF to FD: therefore, invertendo (v. B), be is 
to AE as FD to CF. Wherefore, componendo (v. 18), be 
together with ae is to ae as fd together with cf is to cf ; 
that is, BA is to AE as DC to cf. Which was to be 
proved. 

PEOP. XX. THBOE. 

If the first magnitude be to the second as the third is 
to the fourth, and if the second be to the fifth as the 
fourth is to the sixth: then the third shall be ^eater 
than, equal to, or less than the sixth, according as the 
first is greater than, equal to, or less than the fifth. 

Let AbetoBascistoD, and let b be to e as d is to 
F. Then c shall be greater than, equal to, or less than f, 
according as A is greater than, equal to, or less than e. 

There are three cases according as a is greater than, 
equal to, or less than e. 



▲ C AC AC 
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Fig. 1. Fig. 2. Fig. 3. 

I. Let A be greater than e (Fig. i). 

By hyp' c is to D as A to B, and of the two unequal 
magnitudes a and e, the greater a has a greater (v. 8) 
ratio to a third b of the same kind than the less £ has to 
B : therefore c has to d a greater ratio (v. 13) than E has 
to B. Now by hyp" B is to e as d to f ; therefore, in- 
vertendo (v. B), E is to B as F to D ; and was shewn to 
have to D a greater ratio than e has to b : therefore c 
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has to D a greater ratio (v. 13, Cor.) than e has to d. 
But of two magnitudes the one which has a greater ratio 
to a third magnitude than the other has to it is the 
greater (v. 10) : therefore c is greater than p. 

II. Let A be equal to e (Pig. 2). 

Since a, e are supposed equal ; and two equal magni- 
tudes have each of them the same ratio to a third of the 
same kind (v. 7) : therefore a is to b as E to B. But a is 
to B as G to D ; and ratios that are the same to the same 
ratio are the saxne to one another (y. 1 1) : therefore is 
to n as £ to B. Now b is to e as n to r ; therefore, in- 
vertendo, e is to b as e to n. And it was shewn that c 
is to n as E to b, and ratios that are the same to the same 
ratio are the same to one another ; therefore c is to n as 
E to D. But tvv'o magnitudes which have each of them 
the same ratio to a third, are equal (y. 9) : therefore c is 
equal to e. 

III. Let A be less than e (Fig. 3). 

Because a is to b as c to n, and b is to e as n to e ; 
therefore, inyertendo, b is to a as n to c, and e is to b as 
E to n. Also since a is sjipposed less than e, e is greater 
than A. Hence e is to b as e to n, and b is to a as n to 
o, and the first e is greater than the fifth a ; therefore by 
Case I. the third e is greater than the sixth c, that is, c 
is less than E. 

Hence it has been shewn that is greater than, equal 
to, or less than E, according as a is greater than, equal 
to, or less than e. "Which was to be proved. 

PEOP. XXI. THEOE. 

If the first magnitnde be to the second as the third is 
to the fourth, and if the second be to the fifth as the 
sixth is to the third: then the sixth shall be greater 
than, equal to, or less than the fonrtli, according as the 
first is greater than, equal to, or less than the fifth. 

Let A be to B as G is to d, and let b be to e as e is to 
c. Then e shall be greater than, equal to, or less than n, 
according as a is greater than, equal to, or less than e. 
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There are three cases according as a is greater than, 
equal to, or less than s. 



A 


F 
C 
D 


A 
B 

B 


P 
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B 
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B 


1? D 



Fig. I. Fig. 2. Fig. 3. 

I. Let A be greater than e (Fig. i). 

By hjp' cistonasAto b; and of the two unequal 
magnitudes a and e, the greater a has a greater ratio (y. 8) 
to a third b of the same kind than the less e has to b : 
therefore c has to d a greater ratio (v. 13) than e has to 
B. Now 'by hyp* sistosasEtoc, and therefore, in- 
vertendo (t. B), e is to b as g to f ; and was shewn to 
have to D a greater ratio than e has to b : therefore c 
has to n a greater ratio (v. 13, Cor.) than o has to 7. 
But of two magnitudes that to which a third has a greater 
ratio than it has to the other is the less (v. 10) : therefore 
D is less than f, that is, f is greater than n. 

II. Let A be equal to e (Fig. 2). 

Since a. e are supposed equal ; and two equal magni- 
tudes have each of them the same ratio to a third of the 
same kind (v. 7) : therefore a is to b as e to b. But a 
is to B as c to b ; and ratios that are the same to the same 
ratio are the same to one another (v. 1 1) : therefore E is 
to B as c to D. Now B is to £ as F to ; therefore, in- 
vertendo, E is to b as c to F. And it was shewn that e is 
to B as to n ; and ratios that are the same to the same 
ratio are the same to one another : therefore c is to f as 
c to D. But two magnitudes to each of which a third 
has the same ratio are equals (v. 9) : therefore f is equal 
to D. 

III. Let A be less than e (Fig. 3). 

Because a is to b as c to d, and b is to B as f to c ; 
therefore, invertendo, b is to a as n to 0, and £ is to b as 
G to F. Also since a is supposed less than e, e is greater 
than A. Hence e is to b as g to f, and b is to a as b to 
c, and the first E is greater than the fifth a ; therefore by 
Case I. the sixth n is greater than the fourth f, that is, f 
is less than n. 
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Hence it has been shewn that ¥ is greater than, equal 
to, or less than n, according as a is greater than, equal 
to, or less than e. Which was to be proved. 



PEOP. XXn. THEOE. 

If the first magnitude be to the second as the third is 
to the fourth, aM if the second magnitude be to the 
fifth as the fourth is to the sixth: then the Ibrst shall be 
to the fifth as the third is to the sixth. 

Obs. This propQ is usually dted by the words ^ ex sqnali" or 
" ex aequo." 

Let A be to B as o is to d, and let b be to e as n is to 
r. Then shall a be to e as c is to e. 

Of A, c take any equimultiples whatever o, h ; of b, d 
any equimultiples whatever k, x ; and of E, v any equi- 
multiples whatever M, n. 

O AG B 



^ B D 

K E F 



By hyp* a is to b as c to n ; and there have been taken 
of the first a and third o equimultiples g, h, and of the 
secoud B and fourth n equimultiples e, l: therefore 
(v. 4) o is to K as H to L. For like reason K is to M as L 
to N. Therefore, since a is to e as h to l, and k is to m 
as L to ir, H is greater than, equal to, or less than (v. 20) 
N, according as a is greater than, equal to, or less than m. 
Now since there ajre four magnitudes a, e, c, e, and of 
the first A and third c there have been taken any equi- 
multiples whatever a, h, and of the second e and fourth 
E any equimultiples whatever m, n ; and since it has been 
shewn that the multiple of the third h is greater than, 
equal to, or less than that of the fourth it according as 
the multiple of the first a is greater than, equal to, or less 
than that of the second M : therefore by the def" of pro- 
portion (v. Def. 5) A is to E as c to E. Which was to be 
proved. 
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COR— If there be any number of proportions so oon- 
stitnted that the second and fourth terms of each 
form respeetiyely the first and third terms of the 
next : then the first term of the first proportion 
shall be to the second of the last as the third of 
the first proportion is to the fourth of the last 

Pot let the number of proportions so constituted 
be three ; and let a be to B as o to D, B be to E as n 
to T, and E to a as F to H. Then shall a be to a as 
to H. 

By the prop", since a is to b 
as G to D, and b is to e as n to 

E, therefore a is to e as o to 

F. And again by the prop", 
since a is to e as c to f, and e 
to G as F to H, therefore a is to 
G as c to H. And the same 

might be shewn, if there were four or more propor- 
tions. Which was to be proved. 

PEOP. XXin. THEOK 

If the first magnitude be to the second as the third is 
to the fourth, and if the setond be to the fifth as the 
sixth is to the tbdrd; then the first shall be to the fifth 
as the sixth is to the fourth. 

Obs. — ^This propn is usually cited by the words ** ex sequall in pro- 
portione perturbat^/' or '' ex lequo pertorbato." 

Let A be to B as c is to D, and let b be to e as f is to 
c. Then shall a be to e as f is to n. 




G 


▲ 


C 


1? 


H 


B 
B 


_^ M 


L 


K 



Of A, B, F take any equimidtiples whatever o, h, k; 
and of E, 0, d any equimultiples whatever l, m, n. 

By const" &, h are equimultiples of a, b ; and magni- 
tudes have the same ratio to one another that their -equir* 
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mulfciples have (v. 1$) : tbeieforo AistoBaaatoH. 
For hke reason cistopasKtoir, But by hyp* ▲ is to 
B as o to D ; and ratios that are the same to the same 
ratio are the same to one another (v. ii) : therefore a is 
to H as M to N. Again by hyp* b is to E as i* to o ; and 
there have been taJ^en of the first b and third ; equi- 
multiples H, X, and of the second e and fourth o equi- 
multiples L, ic; therefore (v. 15) h is to l as k to h. 
But it has been shewn that o is to h as ic to K, and h is 
to L as K to ic : therefore the sixth k is greater than, 
equal to, or less than (v. 21) the fourth k, according as 
the first G is greater than, equal to, or less than the fifth 
L. Now since there are four magnitudes a, b, f, n, and 
there have been taken of the first a and third 9 any equi- 
multiples whatever g, e, and of the second e and fourth 
b any equimultiples whatever l, n ; and since it has heen 
shewn that the midtiple of the third k is greater thap, 
equal to, or less than that of the fourth n, according as 
the multiple of the first g is greater than, equal to, or 
less than that of the second l : therefore by the def^ of 
proportion (v. Def. j) a is to b as r to n. Which was to 
be proved. 

COB.— If there be any number of proportions bo oon- 
stitated that the second and tnira terms ot each 
form respectively the first and fourth terms of the 
next: then the ^it term of the first proportion 
shall be to the second of the last, as the third term 
of the last proportion is to the fourth of the first 

For let the number of proportions so constituted 
be three ; and let a be to b as c to n, b be to b as f 
to 0, and £ be to G as H to F. Tben a shaU be to g 
as H is to D. 

By the prop** since a is 
to B as c to B, and b is to b 
as F to c, therefi>re a is to e 
as F to D. And again by 
the prop**, since a is to e as 
F to B, and 1 is to G as H to 
1*4 therefore A is to g as h is 

s 
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to D. And the same might be shewn if there 
were four or more proportions. Which was to be 
proved. 

PEOP. XXIV. THEOE. 

If the first magnitude be to the second as the third 
is to the fourth, and if the fifth be to the second as the 
siztti is to the fourth : then the first and fifth together 
shall be to &e second as the third and sixth together 
are to the fourth. 

Let AB be to c as de is to f, and let sa be to c as eh 
is to F. Then ab and bq together, that is, Aa shall be to 
c as BE and eh together, that is, dh is to f. 

By hyp* bq is to c as eh 



to F ; therefore, invertendo 

(v. B), c is to BG as f to 

eh. Again by hyp» ab is to d y h 

c as DE to F ; and it has been f 

just shewn that c is to Ba as "~ 

ptoEH: therefore, ex sequali 

(y. 22), AB is to BG as de to eh. Hence, componendo 

(y. 18), AG is to Ba as dh to eh ; and bg is to c as eh 

to F : therefore, ex sequali, AG is to c as dh to p. Which 

was to be proyed. 

COE. 1.— If the first magnitude be to this second as 
the third is to tiie fourtii, and if the fifth be to the 
second as the sixth is to the fourth, the first being 
greater than the fifth and the third than the sixth: 
tiien the excess of the first above the fifth shall be 
to the second as that of the third above tiie oxt^ 
is to the fourth. 

Let AB be to as de is to f, and let bg be to c as 
EH to F ; AB being greater than bg, and therefore, 
since it may be shewn as in the prop" that ab is to 
BG as DE to EH, BE likewise greater (y. A) than £h. 
Then ag, the excess of ab aboye bg, shall be to c as 
DH, the excess of be aboye eh, is to F. 

Since ab is to bg as de to eh, ab being greater 
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o 

-4- 



H 



than Ba and conse- 

quentlj DB than eh; 

tnerefore, dividendo (v. 

17), AG is to B& as DH 

to XH; and bg is to L. 

as EH to 1* : therefore, ex- 

aequali, a& is to as idh to f. Which was to be 

proved. 

COS. 2. — ^If there be any number of proportions so 
eonstitated that the second term of each is the same 
thronghonty and likewise the fourth : then all the 
first terms together shall be to the oommon second 
term as all the third terms together are to the 
common fonrth term. 

For let the number of proportions so constituted 
be three ; and let a be to b as c to n, e be to b as i* 
'to D, and G be to B as H to D. Then a, e, a together 
shall be to B as c, f^ h together are to n. 

By the prop", 
since a is to b as 
to B, and E is to B 
as F to B, therefore 
A and E together 

are to b as c and f . . . 

together are to d. And again by the prop", since* 
A, E together are to b as o, f together to n, and e 
is to B as H to D, therefore a, e, g together are to b 
as 0, F, H together are to n. And the same might 
. be shewn if there were four or more proportions. 
"Which was to be proved. 

PEOP. XXV. THEOE. 

If four magnitudes which are all of the same kind be 
proportional, the first being the greatest: then the first 
and fourth together shall be greater than the second 
and third together. 

Let AB be to CD as E to F, the four magnitudes being 
all of the same kind and ab the greatest. Then ab 

s 2 



A ; B :: c ; D 
b;b;:p; d 

o;b*;h: d 
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together with f shall be greater than od* together 
with B. 

Bj hyp* AB is to CD as E to f , 
and AB is greater than cd ; there- « ^ 

fore also £ is greater than (v. A) r. I 

Again by hyp» ab, cd, e, f are all ^ ■ ■< ° 

of the same kind, and ab is greater »- 

than s ; therefore also cd is greater p 
than (v. 14) F. Take then the 



le JLOt eqnal to m, and oh equal to F. 
Binee ab is to cd as s to f, and oy const* A(3^ is equal 
to X, and oh to F, ab is to cd as a0 to CH. But because 
is is to CD as AO to CH, the four magnittidei being all of 
the same kind, and ab, cd respeotirely gresfeer thui 16, 
CH ; therefore BO, the excess of ax above AO^is (t. 19) to 
DH, the excess of cd above ch, as ab to cd, or ab is to cd 
Iks BO to DH. Kow AB is greater than cd ; therefore also 
B0 is greater than dh. Again since ag is equal to E, and 
F to CH ; therefore, adding equals to equals, ag together 
with F is equal to (Ax. 2) cA toe^ether with x. To the 
unequal magnitudes bo, hd of which ob is the greater, 
add the equals ao, r together and CH, e together respec- 
tively, therefore bo, ao, f together arc greater than 
(Ax. 4) HD) CH, E together, that is, ab and f together 
are greater than cd and e together. Which was to be 
proved/ 
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DEFINITIONS. 

I. 

One polygon is defined to be similar to another 
polygon having the same number of sides, when 
each angle of the one is equal to an angle of the 
other, and the sides about each pair of equal angles 
are proportional ; that is, one of the sides including 
each angle in one polygon is to the other including 
that angle as one of the sides including the angle in 
the other polygon equal to it is to the other side in- 
cluding that angle. 

Obs. I. For two polygons to be simOar to one another, there are 
twice as many conditions to be satisfied as either polygon has 
sides. This will appear more clearly from the following ex- 
amples : — 

Ex. I. In order for the two triangles ABC, DKF to be similar, 
we must have 





(i) the angle ABC equal to the angle DEF ; 

(2) the ang^ ACB equal to the angle DFE ; 

S 3 
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(3) the angle BAC equal to the angle EDF ; 

(4) the sides sboat the pair of equal angles ABC, DEF propor- 
tional, viz. AB to BC as DE to £F; 

(5) the sides about the pair of eqnal angles ACB, DFE pro- 
portional, viz. BC to PA as EF to FD i 

(6) the sides about the pair of equal angles BAC, EDF pro. 
portional, viz. BA to AC as ED to DF. 

Ex. 1. Id ord^ fbr the tird petaiagOn^ AfidDlS, FGHiCL to 
be stmilar, we must hay^ 





(i) the angle A equal to the angle F ; 

(2) the angle B equal to the angle G ; 

(3) the arigl^ C fikjtua t* tM aA|^ tt t 

(4) the angle D equal ib the AiigU K^ 
<j) the aiigle B equal to the aiigle L( 

(6) tile side* about the pai^ of equal angles A, t pt^porHotaX, 
Tiz. EA to AB as LF to Fa t 

(7) the sides about the pah* of equal iiiglai B^ G pnpohaQimi, 
Tiz. AB to BC as FG to GH ; 

(8) the sides about the paiir of equal ang^ C« H propArtiona], 
viz. BC to CD as GH to HK; 

(9) the sides about the pair of equal angles D, K proportioDa], 
Yiz. GD to DB aa HK to lUi; 

(to) the itdes about the pai^ of equal Angles % ft proj^oHional, 
Tii. DE to EA ks tOi to Lt. 

Ob8. a. Each pair of sides in the polygons which form homologous 
terms (y. Def. 12) in the difiTerent proportions are called homolo- 
gous sides. 

Thus in Ex. i there are three pairs of hom6logous sides, vis. AB 
andDE; BCandEF; AC and DF. And in Ex. 2 there are fiye 
pairs of homologous lides, viz. AB and FG ; BC and GU ; CD 
and HK; DE and KL; EA and LF. 

Ob8. 3. It appears from this defn that regidar polygons of the same 
number of sides are similar. 
For if thore be tw» ragilia^ ^lygoitf of tlk) MilMi nnailMr of 
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Bidet, aa Um aaglM of eaeh togetbttr wkh f<mr right adf^ is equal 
to twice as many right angles as tha polygon has sides ; and things 
that are equal to the same thing are equal to one another (Ax. i) : 
therefore the snm of all the angles in each polygon together with 
four right angles, and therefore (Ax. 3) the snss alone, is the same. 
Hence the nnmbiar of angles being alike in each, each angle of the 
one polygon is equal to each of the other ; and the sidei abont the 
equal angles in each are equal, and have therefore to one another 
the same ratio, viz. a ratio of equality (v. Def. 4) : therefore by the 
def o the two polygons are similar. 

This observation will be referred to in the proof of Bk. xii. 
Prop. a. 

Ob8. 4. It appears that polygons which are equal in every respect 
are similar. 

For each angle of the one is equal to one angle of the other ; 
and the ratio of the sides about esch angle of the one is the same 
as that of the sides about the equal angle of the otiier, since the 
are equal respectively. 



n. 

Two triangles or parallelograms are said to be re- 
ciprocal to one another, when the sides about one 
pair of angles are proportional in such a manner, 
that one of the sides about the angle in one figure is 
to one of the sides about the angle in the other figure 
as the other about this angle is to the other about 
the angle in the first figure. 

III. 

A straight line is said to be cut in extreme and 
mean ratio, when it is divided into two parts such, 
that the whole line is to the greater part as the 
greater part is to the less. 

IV. 

The altitude of a polygon is a straight line drawn 
from one of its angular points perpendicular to one 
of the opposite sides, or that side produced. 

Ob8. I. The angular point is called the vertex; and the opposite 
aide is called the base. 

Ob8. 2. Since either of the angular points may be selected as the 
rertex, and again either of the opposite sides as the base, a polygon 
nay have several different altitudes. 
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Thus In tbe case of a triangle, rinoe ea4!li of the three angdar 
pointi may be taken as the vertex, and to eadi vertex tiiere is one 
oppoaite ride for the base, a triangle can have three different alti- 
tudes, and no more. And in the case of a paraUelc^^ram, or aoj 
four-sided figore, rinoe eadi of the fbnr angnlar points may be 
taken as tbe yertez, and to each vertex there are two opposite 
rides for bases, a parallelogram or any foor-rided figure can have 
eight different altitudes, and no more. 



PROPOSITIONS. 



PEOP. I. THEOE. 

Triangles oi* parallelograms, which have the same 
altitude, shall he to one another as their hases. 

I. Let the two triangles abo, abe have the same alti- 
tude, viz. the straight Une ah, drawn from the common 
vertex a perpendicular to be, or be produced, in which 
straight line are their bases bc, de. Then the base bc 
shall be to the base de as the triangle abo is to the tri- 
angle ADE. ^ 




Produce' be both ways to k, L ; frofa BK cut off (i. 3) 
any number of parts bi£, MK, ko, each equal to Bd ; and 
from XL cut off any number of parts ef, fq, each equal 

to DB. Join AM, Air, AG ; AF, AQ. 

Because the triangles abo, aItb, anic, aok are on equal 
bas^s BO, MB, HM, ON by const°.and between the same 
parallels, they are all equal (i. 38) ; imd hence whatever 
multiple CO is of bc the same multiple is the triangle ago 
of the triangle AJiC ; that is, the straight line 00 and the 
trilkngle AOd are equimultiples of the base BO and the tri- 
angle ABC. By like reasoning the straight line bq and 
the triangle abq are equimultiples of the base T>t and the 



202 THE ELEMEKT8 OF BUCLn). [bOOK 

triangle ass. Also if oc be equal to bq, the triangles 
JLOC, ABQ will be on equal bases oo, dq, and between the 
same parallels, and therefore the triangle aog will be 
equal to the tnangle adq ; if oc be greater than bq, the 
triangle ago will be greater than the triangle adq ; and if 
less, less. Now, since there are four magnitudes, viz. the 
base BC, the base be, the triangle abg, the triangle ade, 
and there have been taken of the first, the base bc, and 
the third, the triangle abg, any equimultiples whatever, 
the straight line oc and the triangle abe, and of the 
second, the base be, and the fourth, the triangle abe, 
V any equimultiples whatever, .the straight line bq and the 
triangle abq ; and since it has been shewn that the mul- 
tiple of the third, the triangle aog, is greater than, equal 
to, or less than that of the fourth, the triangle abq, ac- 
cording as the multiple of the first, the straight line oc, 
is greater than, equal to, or less than that of the second, 
the straight line bq : therefore by the def** of proportion 
(v. Def. 5), the base bg is i|o the base be as the triangle 
ABG to the triangle abe. Which was to be proved. 

II. Let the two parallelograms afbc, gabe have the 
same altitude, viz. the straight line ah drawn from the 
common vertex a perpendicular to be, or be produced, in 
which straight line are their bases bg, be. Then the base 
BG shall be to the base be as the parallelogram fg to the 
parallelogram gb. 

Join AB, AE. 

Because ab is a diagonal of 
the parallelogram fg, it bisects 
(i. 41) it, and fg is double of 
the triangle abg. In like man- 
ner &D is double of the triangle 
ABE; and magnitudes have to 
one another the same ratio 
which their equimultiples have 
(v, 15) : therefore the triangle 
abg is to the triangle abe as fg is to gb. But by Part 
I* of the prop'', since the triangles abg, abe have the 
same altitude ah, bg is to be as abg to abe ; and ratios 
that are the same to the same ratio are the same to one 
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another (y. ii) : therefore the base bo is to the base db 
as the parallelogram ro to the parallelogram od. Which 
was to be proved. 

COR— Triangles or parallelograms, wMoh have equal 
altitadesy shall be to one another as their bases. 

To prove this of two triangles, which have equal 
altitudes, let them be so placed that their vertices 
may coincide, and that the altitude of one may fall 
on that of the other: then since the altitudes are 
equal, they will coincide, and since the straight lines, 
in which their bases are, are each perpendicular to 
the altitudes, these straight lines will be in the same 
straight line. It may then be shewn by Part I. of 
the prop°, that these triangles, having tne same alti- 
tude, are to one another as their bases; and what 
is proved of triangles may, as in Fart II., be ex- 
tended to parallelograms. 

PEOP. n. THEOE. 

If a straight line drawn parallel to one of the sides 
of a triangle cut the other two sides, or these produced : 
then it shall cut them proportionally. And if two sides 
of a triangle, or these produced, be cut proportionally: 
then the straight line which joins the point of section 
shall be parallel to the tlurd side of the triangle. 

I. Let ABO be a triangle ; and let de be drawn parallel 
to one of its sides bo, cutting the other two A3, ao (Fig. 




Fig. 1. 



Fig. 2. 



Fig. 3. 
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i), or these produced either way (Fig* 2, 3), in b, x. 
l^en they shall be cut proportionally ; that is, bd shall 
be to BA as CE is to sa, or ab to bb as ab to bc. 

Join be, cb. 

Because the triangles beb, bob are on the same base 
BE and between the same parallels be, bo, they are equal 
(i. 37). And ABB is another triangle; and two equal 
magnitudes have each of them the same ratio to a third 
magnitude of the same kind (t. 7) : therefore the triangle 
BBE is to the triangle ab9 as the triangle cbb is to the 
triangle abe. Now, since the triangles bbb, ai>b have 
the same altitude, viz. the perpendicular drawn from b to 
AB, or ab produced, therefore bb (vi. i) is to ba. aa the 
triangle bbb to the triangle abe, and for like reason ce is 
to EA as the triangle gbx is to the triangle ajkb; and 
ratios that are the same to the same ratio are the same to 
one another (v. 1 1) : therefore bb is to ba aa OB to sa, 
and, invertendo (v. B), ab is to bb as ab to i;o. Which 
was to be proved. 

II. Let the two sides ab, ao of the triai^gle j^c 
(Fig. i) or the sides produced either way (Fig". 2, 3) be 
cut proportionately in b, E ; that is, let bb be to i>^ as ex 
is to EA, or invertendo, ^ to bb as ae to ec. Then if 
these points b, e be joined, be shall be parallel to bc. 

Construct as in Part I. of the prop". 

Then as before it may be shewn that bb is to ba as the 
triangle bbe to the triangle abe, and ce to ea as the tri- 
angle CBS to the triangle ABjp. But by hyp* bb is to ba 
as CE to EA ; and ratios that are the same to the same 
ratio are the same to one another (v. 11): therefore the 
triangle bbb is to the triangle abb as the triangle cbe to 
the triangle abe. But two magnitudes which have each 
of them the same ratio to a third are equi^ (v. 9) : there- 
fore the triangle bbe is equal ^ the triangle obe. Hence 
BBE, CBE are equal triangles on the same base bb and on 
the same side of it ; therefore they arei (between the same 
parallels (i. 39), that is, be is parallel to BO. Which was 
to be proved. 
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PEOP. III. THEOE. 

If an angle of a triangle be bisected by a straight 
line cutting the opposite side : then the two parts in|o 
which this side is divided shall have the same ratio 
that the two other sides of the triangle have to one 
another. And if a side of a triangle be divided into 
two parts, having the same ratio which the two other 
sides of the triangle have to one another: then tiie 
straight line drawn from the opposite angular point to 
the point of section shall bisect the angle. 

I. Let ABO be a triangle, and let one of its angles bag 
be bisected by ad, cutting the opposite side bo in n. 
Then shall bd be to no as ba to ac. 

Produce ba to e ; and through o draw (i. 3 1) of parallel 
to DA, cutting BE in p. 

Because oa cuts the pa- 
rallels AD, EO in A, c, the 
alternate angles dao, age 
are equal (i. 29) ; and be- 
cause be cuts the parallels 
AD, EO in A, F, the exterior 
angle bad is equal to the 
interior and opposite angle 
on the same side, aeg. But 
the angles bad, gad are equal by hyp" ; therefore likewise 
the angles age, aeg are equal, and therefore ag is equal 
(i. 6) to AF. Now since ad is drawn parallel to the side 
cp of the triangle bce, cutting the two other sides bg, bp 
in D, A, BD is to DO as ba to ae (vi. 2) ; and it has been 
just shewn that ae is equal to AG : therefore bd is to dg 
as BA to AG. Which was to be proved. 

II. Let ABG be a triangle ; and let one of its sides bo 
be divided into two parts bd, dg in d, such that bd is to 
DC as ba to AC. Then if ad be joined, ad shall bisect 
the angle bag. 

Construct as in Part I. of the prop*^. 

Then as before it may be shewn that the angles acp, 
OAD, and the angles aeg, bad are equal ; and that bd is 
to DC as BA to AP. Now by hyp* bd is to dg as ba to ag ; 

T 
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and ratios that io^ the sanie to the fiame ratio are tlie 
same to one another (v. 1 1) : therefore b a is to a? as b a. 
to AC. But two magnitudes to each of which a third has 
the same ratio are equal (v. 9) ; therefore ap is equal to 
Ao, and therefore the angle acf is equal (i. 5) to the 
angle afc. And the angle acf is equal to the angle cad, 
and the angle afc to the angle bad : therefore likewise 
the angle cad is equal to the angle bad, that is, ad bi- 
sects the angle dac. Which was to be proved. 

PBOR A. 

If two ddes of a triangle be produced in fhe tmjnt 
direction, and one of the exterior angles thus formed h6 
bisected by a straight line, cutting the opposite side 
produced: then the parts of this side produced inter- 
cepted between the bisecting line and the extremities 
of the side shall have the same ratio which the otha 
two sides of the triangle have to one another. And if 
two sides of a triangle be produced in the same di- 
rection, and the part of one of them produced be cut ia 
a point so that the parts of this side produeed inter- 
cepted between the point of section and the extremities 
of tiie side have the same ratio to one another which 
the other two sides of the triangles have: then the 
straight line drawn from the opposite angular point to 
the point of section shall bisect the exterior angle at 
that point 

Let ABC he a triangle, and let two of its sides ba, bc 
be produced in the satne direction to d, e ; and : — 

I. Let one of the exterior angles cad be bisected by 
AF, cutting CE in f. Then bf shall be to fo as ba is 
to AC. 

Through C draw 
(i. 31) CO pariallel to. 
FA, cutting AB in o. 

Because CA cuts 
the parallels co, FA 
in c. A, the alter- 
nate angles aco, 
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CAJ* are equal (i. 29) ; and because bd cuts the paral- 
lels CG, PA in a, A the exterior angle fad. is equal to the 
interior and opposite angle on the saiiiae sidsj cga. But 
the angles cap, fad are equal by hyp^ ; therefore like\^se 
the angles Aca, ago are equal, and therefore ao is equal 
(i. 6) to AC. Now since af is dra^n parallel to the sid^ 
GC of the triangle bgc, cutting the two other sides bg, 
BC produced in a, p, bf is to fc as ba to ag (vi. 2) ; and 
AG has been shewn to be equal to ac : therefore bf is to 
FC, as BA to AC. Which was to be proved. 

II. Lpt the part of bc produced, ce, be cut in the 
point F4 so that bf is to fo as ba to ac. Then if af be 
joined, af shall bisect the exterior angle cab. 

Construct as in Part I. of the prop". 

Then as before it may be shewn that the angles acg, oaf 
and the angles fad, cga are equal ; and that bf is to fc as 
BA to AG. Now by hyp' bf is to fc as ba to ac ; and ratios 
that are the same to the same ratio are the same to one 
another (v. 11): therefore ba is to ag as ba to ac. But 
two magnitudes to each of which a third has the same ratio 
are equal (v. 9) ; therefore ag is equal to ac, and there- 
fore the angle acg (i. 5) to the angle agc. And the 
angle acg is equal to the angle cap, and the angle agc to 
the angle daf ; therefore likewise the angle caf is equal 
to the angle daf, that is, af bisects the exterior angle 
OAJD. Which was to be proved. 

PEOP. lY. THEOE. 

If two triaagles have the three angles of the one 
respectively eqiuil to the three angles of the other : then 
they shall be similar, i. e. the sides also ahout each pair 
of the equal angles shall he proportional, those which 
are opposite to uie equal angles being homologous in 
each proportion. 

Let the two triangles abc, def have the angles abo, 
BCA respectively equal to the angles def, efd, and conse- 
quently (i. 32. Cor- A) the third angle bag to the third 
angle edf. Then thes^ triangles shall be similar ; i. e. the 
sides also about e^h pair of equal angles shall be propor- 

T 2 




k. 



20d THS XLEKEKTS 0¥ EUCLID. [bO0£ 

ftional, those which are opposite to the equal angles heing 
homologous in each proportion, viz. ab shall be to bc as de 
is to £F, BC to CA as £F to FB, and ba to ag as ed to df. 

Apply the triangle 
DBF to the triangle 
ABC, so that the two 
sides BC, £F, opposite 
to a pair of equal an- 
gles BAC, EBF may be 
contiguous and in one 
straight line, and that 
neither pair of equal 
angles may be adja- 
cent to one another 

both triangles falling on the same side of bgf. And 
let PCF be the position which it assumes, the points 
coinciding with the point f. Since the angle dfc is 
equal to the angle agb by hyp*, to each of these equak 
add the angle abc ; then the angles bfo, abc are equal 
(Ax. 2) to the angles acb, abc ; but the two angles acb, 
ABO of the triangle abc are less (i. 17) than two right 
angles : therefore the angles abc, bfc are less than tWo 
right angles. Hence the straight line bf, cutting the 
two straight lines ba, fd in b, f, makes the two interior 
angles on the same side of bf together less than two right 
angles: therefore by the axiom (Ax. la), ba, id being 
continually produced, shall at length meet in some point 
on the side of bf towards a, b. Let them be produced 
to meet in a. 

Now because bf, cutting Ba, cd in b, c, maizes the 
interior angle ncF equal to the interior and opposite angle 
on the same side, abc ; therefore 6B is parallel (i. 28) to 
PC; and because bf cutting ac, gf in 0, f makes the 
exterior angle acb equal to the interior and opposite 
angle on the same side qfb, therefore ac is parallel to gf. 
Hence gagb is a parallelogram (Def. A) ; and the oppo- 
site sides of parallelograms are equal (i. 34) : therefore 
ga is equal to dc, and gd to ac. Now since ac is drawn 
parallel to the side gf of the triangle gbf, cutting the 
two other sides gb, fb in a, c, therefore ba is to aq as 
Be to CF (vi. 2) ; and ag is equal to cd : therefore ba is 
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to CD as BO to OF. Hence, altemando (v. i6), i3 is to bo 
as DC to CF, that is, ab is to bc as de to df. Again- 
since CD is dra\^n parallel to the side bo of the triangle 
FBG, cutting the two other sides fb, fo in c, d, therefore 
BC is to OF as GD to DF ; and od is equal to ac : therefore 
BC is to CF as AC to DF. Hence, altemando, bo is to ca 
as CF to FD, that is, bc is to ca as xf to fd. Lastly, 
since ab is to bc as de to ef, and bc is to ca as ef to 
FD ; therefore, ex SBquali (v. 22), ba is to AC as ED to DF. 
Hence the sides of the two triangles about each of the 
three pairs of equal angles have been shewn to be pro- 
portional, those opposite to equal angles being homo- 
logous. Which was to be proved. 

PEOP. V. THBOE. 

If two triangles harve their sides abont each of tiie 
three pairs of angles proportional: then they shall be 
similar, i e. the three angles also of the one shall be 
rfispeetively equal to the three angles of the other, 
those being the equal angles to which the homologous 
sides in the proportions are opposite. 

Let the two triangles abc, dbf have their sides about 
each of the three pairs of angles proportional, viz. let ab 
be to BC as de is to ef, bc to ca as ef to fd, and con- 
sequently, ex sequali (v. 22), ba to AC as ed to df. Then 
these two triangles shaU be similar, i.e. the angles also, 
opposite to the homologous sides in the proportions shall 
be equal, viz. abc to def, bca to efd, and bao to sdf. 

At the points e, f in the 
straight line ef make (i. 23) 
the angle feo equal to the 
angle abc, and the angle efh 
equal to the angle. Then 
adding equals to equals, the 
angles feo, efh are together 
equal (Ax. 2) to the angles 
ABC, ACB of the triangle abc ; 
and it may be shewn as in 
Prop. rV. that eg, fh, being 

T 3 
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continually produced, shall at length meet in some point 
on the side of ef towards a, h. Let them be produced 
to meet in k. 

The two triangles abo, kep have by const" the two 
angles abc, acb respectively equal to the two angles def, 
dfe, and consequently (i. 32. Cor. A) the third angle bac 
equal to the third angle ekf; therefore these two tri- 
angles are equiangular to one another. Therefore they 
are similar (vi. 4) ; and hence ab is to bc as ke to ef, 
and BC to ga as ef to fk. But by hyp* ab is to bc as de 
to EF ; and ratios that are the same to the same ratio are 
the same to one another (v. 11) ; therefore kje is to ef 
as DE to EF. And two magnitudes, which have each of 
them the same ratio to a third, are equal (v. 9) : therefore 
KB is equal to de. By like reasoning ke is equal to df, 
and EF is common to the two triangles def, kef ; there- 
fore these two triangles have the three sides de, ef, fd 
respectively equal to the three sides ke, ef, fk. There- 
fore they are equal in every respect (i. 8) ; and hence the 
three angles def, efd, fde are equal to the three angles 
KEF, EFK, FKE. But these three are equal to the three 
angles abc, bca, cab ; and things that are equal to the 
same thing are equal to one another (Ax. i): therefore 
the three angles abc, bca, cab are respectively equal to 
the three angles def, efd, fde. Which was to be 
proved. 

PEOP. VI. THEOE. 

If two triangles have 

(1) one angle of the one equal to one angle of the 
other; 

(2) the sides about this pair of angles propor- 
tional: 

then these two triangles shall be similar, i. e. 

(1) the remaining angles also of the one shall be 
respectively equal to the remaining angles of 
the other, those being the equal angles to 
which the homologous sides in the proportion 
are opposite ; 
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(2) fhe sides about each pair of these equal angles 
shall be proportionaL 

Let ABC, DEF be two triangles, which have 

(i) the angle bag of the one equal to the angle edp 
of the other ; 

(2) the sides about the atigles bag, bbe proportional, 

viz. BA to AC as ED to BE. 

Then these two triangles shall be similar, i. e. 

(i) the remaining angles abc, acb of the one shall 
be respectively equal to the remaining angles 
DEE, DEE of the other, viz. abc to dee, to which 
the homologous sides AC, de are opposite, and acb 
to DEE, to which the homologous sides ab, ed 
are opposite ; 

(2) the sides about each pair of these equal angles 
shall be proportional, viz. ab shall be to BC as DS 
is to EF, and BC to ca as ee to ed. ^ 

• At the points d, f 
in the straight line 
DF make (i. 23) the 
angle edg equal to 
the angle bag or 
EDE, and the angle 
DFH equal to the 
angle acb. And as 
in the preceding 
prop", let DG, EH be produced to meet in k. 

The two triangles abc, dkf have by const" the two 
angles bac, acb respectively equal to the two angles kde, 
DFK, and consequently (i. 32. Cor. A) the third angle 
ABC equal to the third angle dkf ; therefore these two 
triangles are equiangular to one another. Therefore they 
are similar (vi. 4) ; and hence ba is to ag as kd. to de. 
But by hyp* ba is to AC as ed to de ; and ratios that are 
the same to the same ratio are the same to one another 
(v. 11) : therefore ed is to df as kd to de. And two 
magnitudes which have each of them the same ratio to a 
third, are equal (v. 9) : therefore ed is equal to dk. 
Also by const" the angle edf is equal to the angle ej>f; 
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and SI is common to the two triangles xd? , kds ; th^efore 
these two triangles have the two sides £i>, j>f respectiyelj 
equal to the two sides xd, df, and the included angle 
EDF equal to the inoluded ang^ kdf. Therefore they' are 
equal in every respect (i. 4) ; and hence the ang^e d£f is 
equal to the angle dkf and the angle df£ to the angle 
DFK. But the angle dkf is equal to the angle abc, and 
the angle dfk to the angle JlCB; and things that are 
equal to the same thing are equal to one another (Ax. i) : 
therefore the angle abg is equal to the angle def, and the 
angle xcb to the angle dfx. Lastly, since the triangles 
ABC, nxF have been shewn to be equiangular to one 
another, thej are similar (vi. 4), and hence ab is to bc as 
PE to XF, and bc to ca as ef to fb. « Which was to be 
proved. 

PEOP. Vn. THEOR. 

If two triangles have 

(t) one angle of the one equal to one angle of the 
other ; 

(2) the sides aboiit one of the other two pairs of 
angles proportioiials ; 

and if each of the third angles be either less, or not less 
than a ri^ht qjigle, or if one of them be a right angle: 
then thes^ two trianglef shall b^ similar, i e. 

(1) the remaining angles also of the one shall be 
equal to the remaining angles of tiie other, 
those being the equal angles, the sidea ahcmt 
which are proportional ; 

(2) the sides about the other two pairs of angles 
shall be proportional. 

Let ABC, DEF be two triangles, which have 

(i) the angle bac of the one equal to the angle edf 
of the other ; 

(2) the sides about one of the two other pairs of 
angles, abo, def, proportional, viz. ab to bc as 
be to E^ ; 

and let each of the third angles acb, bfe be either less, 
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or not less than a right angle, or one of them be a right 
angle. Then these two triangles shall be similar, i. e. 

(i) the remaining angles abc, acb of the one shall 
also be respectively equal to the remaining angles 
DBF, EPD of the other ; 

(2) the sides about each pair of these equal angles 
shall be proportional, viz. ab shall be to bc as bb 
is to £F, and bc to ca as ef to fd. • 

There will be three cases according as each of the third 
angles is less than a right angle, or not less than a right 
angle, or one of them is a right angle. 

I. Let each of the third angles, boa, efb be less than 
a right angle. 

Then if the angles abc, bef be not equal ; let them, if 
possible, be imequal, and let abc be the one which is 
greater than the other bef. At the point b in the 
straight line ab make (i. 23) the angle abo equal to the 
angle bef ; and since bg must fall between ba and bc, 
let H be the point wh^e it cuts ao. 

By const" the angle 
ABH is equal to the 
angle bef, and bj 
hyp" the angle bah to 
the angle ebf ; hence 
the two triangles abh, 
DBF have the two an- 
gles HBA, BAH respectively equal to the two angles feb, 
EBF, and consequently (i. 32. Cor. A) the third angle 
BAH equal to the third angle ebf : therefore these two 
triangles are equiangular to one another. Therefore they 
are similar (vi. 4) ; and hence ab is to bh as be to eh. 
But by hyp' ab is to bc as be to ef ; and ratios that are 
the same to the same ratio are the same to one another 
(v. 11) : therefore ab is to bh as ab to bc. And two 
magnitudes to each of which a third has the same ratio 
are equal (v. 9) : therefore bh is equal to bc, and there- 
fore the angle bhc (i. 5) to the angle bch. Now the 
angle bch is supposed less than a right angle ; therefore 
also the angle bhc is less than a right angle. But be- 
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cause BH makes witli ac on tlie same side of it the adja- 
cent angles bhc, bh^., these two angles (i. 13) are equal 
to two right angles; and one of them bhc has been 
shewn to be less than a right angle : therefore the other 
BHA is greater than a right angte. And the angle dee 
was proved to be equal to the angle bha. ; therefore also 
^he angle dee is greater than a right angle. But by hyp» 
it is less than a right angle : which is impossible. There- 
fore the angles abo, dee are not unequal, that is, they are 
equal, and the angle bag is equal to the ^gle ede. 
Hence the two triangles abc, bee have the two angles 
CBA, BAG respectively equal to the two angles fed, edf, 
and consequently the third angle acb to the third angle 
PEE ; ther^ore they are equi^gul^r to 01^ ^otl^er. 

II. Let each of the angles boa, eep be not less thap a 
right angle. 

!(ftheqiigles4BG, 
PEE be not equal: 
let them, if possible, 
be unequal, and let 
ABC be the one 
which is greater 
than the other dee. 

Construct as before. 

Then as in Case I. it may be shewn that the angle bhc 
is equal to the angle bgh ; but the apgle bch is supposed 
not less than a right angle : therefore the angle bhc is 
not less than a right ajigle. Hence the two atngl^s. bhc, 
BCH of the triangle bhc are together not lei9s than two 
right singles : which is impossible (i. 17). And as before 
it may be shewn that the triangles abp, dee are equi- 
angujlar to on^ another. 

III. Let o|ie of the angles bqa, bed, viz. the angle boa 
}^B a right angle. 

If the angles abc, dee be not equal: let them, if 
possible, be unequal. At the point b in the straight line 
BA makQ the angle abo equal to tl^e angle de:)^ ; a^d bq 
must cut either ac or AC produce4. Let it cul^ AG or ac 
produced in h. 
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Then us in Gas^ I. it 
may be shewn that the 
angle bhc is equal to 
the angle bch ; but the 
angle bca is supposed a 
right angle, and accord- 
ingly BCH in the figure 
where ac is produced is 
one also (Def. lo): there- 
fore tlie angle bho is a 
right angle. Hence the 
two jangles bhc, bch of 

the triangle bhc are equal to two right angles : which is 
impossible (i. 17). And. as in Case I. it may be shewn 
that the triangles abc, pef are equiangular to one 
another. 

Therefore in all three cases, the two triangles are equi- 
angular to one another ; therefore they are similar (vi. 4), 
and hence the angles abc, acb are respectively equal to 
the angles deI*, nrs, ab is to bo as be to ef, and bc to 
OA as EP to ED. Which was to be proved. 

PEOP. YIII. THEOB. 

If a right-angled triangle be divided into two tri- 
angles by a perpendicular drawn from the right angle 
to the opposite side : then these two triangles shall be 
similar to the whole triangle, and to one another. 

Let ABO be a right-angled triangle, having the right 
angle bac ; and from a let ad be drawn perpendicular to 
the opposite side bc, dividing the triangle abc into the 
two triangles abd, abc. Then these two triangles shall 
be similar to the triangle '*abc, and to one another. 

By hyp* each of the angles • 
BDA, BAC is a right angle ; and 
all right angles are equal (Ax. 
11): therefore the angles bda, 
BAC are equal. Also the angle 
at B is common to the two tri- 
angles ABB, cba: hence these 
two triangles have the two angles 
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ADB, DBA. respectively equal to the two angles cab, abc, 
and consequentlj (i. 32. Cor. A) the third angle baj) equal 
to the third angle bca, that is, they are equiangular to one 
another. Therefore the triangle abd is similar (vi. 4) 
to the triangle abo. In like manner it may be shewn 
that the triangle acd is equiangular, and therefore similar, 
to the triangle abg. Lastly, since the three angles of each 
of the triangles abd, acb are respectively equal to the 
three angles of the triangle abg; and things that are 
equal to the same things are equal to one another (Ax. 
i) : therefore the triangles abd, acb are equiangular to 
one another, and therefore similar. Which was to be 
proved, 

COB. — The perpendicular drawn from the riglit angle 
of a right-angled triangle to the opposite side slmll 
be a mean proportional between the two parts into 
whicb it divides this side; and each of the sides 
including the right angle shall be a mean propor- 
tional between ttie opposite side, and the part ol it 
adjacent to that side. 

Por by the prop" the triangles adb, adc are similar, 
and hence (vi. Def. i) bd is to da as da to dc ; that 
is, DA is a mean proportional (v. Def. 9. Obs. 2) be- 
tween BD and DC Also by the prop" the triangles 
ABC, AED are similar, and hence bc is to ba as ba to 
BD ; that is, ab is a mean proportional between bc 
and BD, and in like manner AC is a mean proportional 
between bc and CD. Which was to be proved, 

PROP. IX. PEOB. 

From a given straight line to cut off a part (L e. mea- 
sure or snbmultiple), which shall be contained in the 
whole line a given number of times. 

Let AB be the given 
straight line. It is re- 
quired to cut off from AB 
a part, i. e. measure or 
submultiple (y. Def. i), 
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which shall be contobied in the whole ab a given number 
of times. 

Through a draw any straight line ac, making an angle 
BAG with AB ; in AC take any point d ; and from ao cut 
off (i. 3) A£ equal to the same multiple of ab that ab is 
of the port to be cut off from it. Join bb ; and through 
D draw (i. 31) DP parallel to bb, cutting ab in p. Then 
AP shall be the part required. 

SiQce by const° dp is drawn parallel to the side eb of 
the triangle abb, cutting the two other sides ae, ab in 
D, p, therefore ed is to da as bp to pa (yi. 2) ; and, com- 
ponendo (v. 18), ab is to ad as ab to ap. Now, by 
const<^ AE is a multiple of ad, yiz. the same that ab is of 
the part to be cut off from it ; and if four magnitudes be 
proportional, and the first be a multiple of the second, 
the third is the same multiple of the fourth (v. D) : there- 
fore AB is the same multiple of ap that ab' is of the part 
required to- be cut off from it. Hence from the given 
stiaight line ab the part required, ap, has been cut off. 
Which was to be done. 

PEOP. X. PEOB. 

To divide a given straight line proportionally to a 
given divided straight line ; L e. into parts that diall 
have two and two the same ratios to one another which 
tiie parts two and two of the divided line have. 

Let AB be the given straight line to be divided, and od 
the given divided straight line, e, p being the points of 
section. It is required to divide ab proportionally to od. 

Let OD be placed so as to contain any angle with ab, 

* F p 
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and let axfd be the poritioii which it assnmea, the point 
Goincidiiig with the point a. Join db ; and through b, 
F draw (i. 31) £&» fh parallel to db and cutting JlB in g, 
H. Then ab shall be diyided in &, H^ proportdonallj to 

OB. 

Through s draw xkl paralki to ab, eatfcing hf in k, 
and BB in l. 

By const'' eh, bk are each of them parallelograms; 
and the opposite sides of parallelograms are equal (i. 34) : 
therefore ek is equal to en, and el to hb. Now since 
as is drawn parallel to the side hf of the Mingle ahf, 
cutting the other two sides ah, af in a, e, therefcpre Ae 
is to &H as AE to EF (vi. 2). Again, since ex is drawn 
parallel to the side U) of the triangle elb cutting the 
two other sides el, xb in k, f, therefore bk is to kl as 
EF to EB ; but EK is cqual to GH, and kl to hb : there- 
fore OH is to HB as EF to FB. Henoc, since x& is to en 
as CE to EF, and gh to hb as xf to fb, the given straight 
line AB has been divided in 0^ H proportionallj to cb. 
Which was to be done. 

PBOP. XL HSOB. 

To find 9 third proportioQal to two ^vw straight 
lines. 

Let 4^ B be the two given straight lines. It is r^uired 
to find a third proportional to a, 3. 

Take two straight lines cb, 
OB, including an angle box; 
from OB cut off (i. 3) CF equal 
to A ; from fb cut off fo equal 
to B ; and from oe out off CH 
equal to b. Join fh, and 
through o draw (i. 31) ok 
parallel to fh, cutting cb in 
H. Then eh shall be a third 
proportional to a and b. 

Since fh by const** is drawn 
parallel to the side oe of the 
triangle cge:, cutting the two 
other sides oo, ce in f, h, therefore CF is to FO aa en to 
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HK (vi. a) ; but by const** op is equal to a, r© to b, and 
OH to B : therefore a is to b as b to he. Hence (v. Def. 
9) to the two given straight lines a, b has been found a 
third proportional he. Which was to be done. 

PEOP. Xn. PBOB. 

To find a fourth proportional to three, given straight 
lines. 

Let A, B, c be the 
three given straight 

lines. It is required / \ » 

to find a fourth pro"^ / \ ^ 

portional to a, b, 0. 




Take two straight 
lines DB, DF include 
ing an angle ebf; 
from 3>E cut off (i 
3) ©&• equal to a, e, 
firom 0B, eH equal 

to B ; and from df, be equal to 0. Join ge ; and through 
H draw (i. 3 1) hl parallel to ge, cutting df in l. Then 
el shall be a fourth proportional to a, b, 0. 

Since by const** ge is drawn parallel to the side hi of 
the triangle bhl, cutting the two other sides bh, hl ia 
g, e, therefore bg is to gh as be to el (vi. 2) ; but by 
const° BG is equal to a, gh to b, be to : therefore a is 
to B as c to EL. Hence (v. Def. 6. Obs.) to the three 
given straight lines a, b, has been found a fourth pro- 
portional EL. AVliich was to be done. 

PEOP. Xni. PEOB. 

To find a mean proportional between two given 
straight lines. 

Let A, B be the two given straight lines. Itisrequired 
to find a mean proportional between them. 

Take any straight line on ; and from it cut off (i. 3) 
OB equal to a, and from eb, ef equal to b. Bisect (i. 10) 
CF in G, and with centre g and nidiuB gc or of describe 
a semicircle. Prom e draw eh at right angles to of, cut- 
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ting the circumfereiice in h. Then eh shall be a meaa 
proportional between a and b. 

Join HO, Hv. 

The angle ohf is an angle in a semicircle, and tbere- 
fore (iii. 31) a right angle; and because in the right- 
angled triangle chf, he is drawn perpendicular from the 
right angle h to the opposite side or, therefore he is a 
mean proportional (yi, 8. Cor.) between ce, ef, the two 
parts of OF. But bj const>^ oe is equal to a, and sf to b : 
hence between the two given straight lines a, b has been 
found a mean proportional he. Which was to be done. 

PEOP.XIV. THEOE. 

If two parallelograms, which have one angle of the 
one eaual to one angle of flie other, be equal: then fhey 
shall nave their udes about this pair A equal angles 
reciprocally proportional And if two parallelograms, 
which have one angle of the one equal to one angle of 
the other, have the sides about this pair of equal angles 
reciprocally proportional : then they shall be equaL 

Let ABOD, efoh be two parallelograms, having the angle 
ABO equal to the angle feh ; and : — 

I. Let ABOB be equal to efgh. Then they shall have 
their sides about the pair of equal angles abc, feh re- 
ciprocally proportional ; that is, ab shaU be to ef as eh 
is to BC. 
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Apply TS^ifan to abod, so tliat the sides ab, e^ may be 
contiguous and in one straight line abv, and the sides ob, 
XH may fall on opposite siaes of abp ; and let bfou be 
the position which it assumes, the point e coinciding with 
the point b. Now, since by hyp" the angle abc is equal 
to the angle ebh, to each of these equals add the angle 
OBT : then the angles abc, gbe are equal (Ax. 2) to the 
angles hbe, cbe. But because ob makes with ae on the 
same side of it the adjacent angles abc, gbe, these two 
angles are equal (i. 13) to two right angles ; and things 
that are equal to the same thing are equal to one another 
(Ax. i) : therefore the angles hbe, ebo are equal to two 
light angles. That is, at the point b in the straight line 
BE, the two straight lines cb, hb make with be, on oppo- 
site sides of it, the adjacent angles gbe, bube equal to two 
right angles: therefore gb is in the same straight line 
(i. 14) with BH. Also produce nc to k:, and ge to cut 
OK in L. 

By const*^ cbel is a parallelogram, and the two paral- 
lelograms DB, BG are equal by hyp" ; and two equal mag- 
nitudes have each of them the same ratio to a thurd of the 
same kind (v. 7) : therefore bb is to ge as bg is to ce. 
But because the parallelograms bb, ce have the same 
altitude, viz. the perpendicular dravm from c to ae, or ae 
produced, therefore db is to ce as ab to be (vi. i). In 
like manner bg is to ce as hb to bg ; and ratios that are 
the same to the same ratio are the same to one another 
(v. 11) : therefore ab is to be as hb to bo, that is, AB is 
to BE as EH to BG. Which was to be proved. 

n. Let ABGD, XFGH havo their sides about the pair of 
equal angles abc, esh reciprocally proportional ; that is, 
let AB be to £E as EH is to bg. Then they shall be 
equaL 

Construct as in Part I. of the prop<^« 

Then, as before, it may be shewn that j>b is to ce as 
AB to BE, and BG to ce as HB to BC. But by hyp^ ab is 
to BE as HB to BG ; and ratios that are the same to the 
same ratio are the same to one another (v. ii) : there- 
fore BB is to CE' as BO is to CE. And two magnitudes 
which have each of them the same ratio to a third are 

u8 
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equal (y. 9) : therefore db is equal to Ba, that is, the 
piurallelogram abcd is equal to the parallelogram sfoe. 
Which was to be proved. 

PEOP. XV. THEOE. 

If two triangles, which have one angle of the one 
equal to one angle' of the other, be equal : then fhey 
shall have their sides about this pair of equal angles 
reoiprooally proportional And if two triangles, which 
have one angle of the one equal to one angle of the 
other, have the sides about this pair of equal angles 
reoiprooally proportional : then they shall be equal 

Let ABO, DE? be two triangles, having the angle acb 
equal to the angle dfe ; and : — 

I. Let ABO be equal to dejt. Then they shall ha^ 
their sides about the pair of equal angles acd, dfe recipro- 
cally proportional; that is, bo shall be to ep as fp isto 

CA. 





Apply DEF to ABC, SO that the sides bo, fe may be 
contiguous and in one straight line bce, and the sides 
AO, FD may fall on opposite sides of boe ; and let ncs be 
the position which it assumes, the point f coinciding in& 
the point 0. Then it may be shewn exactly as in the 

5 receding prop^, that ao, cd are in one straight line. 
bin AE. 

By hyp* the triangles aob, dce are equal; and two 
equal magnitudes have each of them the same ratio to s 
third of the same kind (y. 7) : therefore abo is to the 
triangle ace as doe is to aoe. But because the triangles 
ABC, AOE have the same altitude, viz. the perpendicultf 
drawn from a on be, or be produced, therefore abc is to 
ACE as bo to CE (vL i). Li like manner dce is to aci 
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as DC to OA ; and ratios that are the same to the same 
ratio are the same to one another (y. 1 1) : therefore bo 
is to OE as DO to CA, that is, bc is to ee as ed to ca. 
"Which was to be proved. 

H. Let ABO, bep have their sides about the pair of 
equal angles acb, bee reciprocally proportional ; that is, 
let BC be to ee as ed is to ca. Then they shall be equal. 

Construct as in Part I. of the prop". 

Then, as before, it may be shewn that abc is to ace as 
BC to CE, and bob to ace as do to ca. But by hyp' bc 
is to CE as DC to CA ; and ratios that are the same to the 
same ratio are the same to one another (y. ii) : therefore 
ABC is to ACE as BCE to ACE. And two magnitudes which 
haye each of them the same ratio to a third are equal (y. 
9) : therefore abc is equal to cbe, that is, the triangle^ 
ABC is to the' triangle bee. Which was to be proved. 

PEOP. XTI. THEOE. 

If four straight lines be proportional : then the rect- 
angle contained by the two ezbremes shall be equal to 
that contained by the two means. And if there be four 
straight Unes, the rectangle contained by the two ex- 
tremes of which is equal to that contained by the two 
means : then tibey slutU be proportional. 

I. Let the four straight lines ab, cd, e, e be propor- 
tional ; AB, E being the two extremes, and CD, e the two 
means (y. Def. 6. Obs.). Then the rectangle ab, e shall 
be equal to the rectangle cb^ e. 

Prom A, c draw (i. 
11) AG, OH at right 
angles to ab, cb ; from 
AG cut off (i. 3) AK 
equal to e, and &om 
OH cut off CL equal to 
E ; through E, L draw 
(i. 3 1) KK, LN parallel 
to AB, CB, and through 
B, B draw BO, bp pa- 
rallel to AG, CH, cut%g EH, US in 0, P. 



B 




B 
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The figures eb, io) are parallelograms by oonst", and 
Binoe they eoatain the right angles eab, lctd, therefore 
they are each of 'them rectaxi^les (i. 46. Cor.). Also eb 
is the rectangle ab, p, for it is contained by ab, ajl, and 
▲e: is equal to b by const° ; in like manner xj> is the rect- 
angle OJ), B. Now, since by hyp* ab istocDasBtoB; 
and E is equal to cl, and r to ak : therefore ab is to en 
as OL to AE. That is, the two parallelograms kb, lb, 
haying the equal (Ax. 11) angles kab, lcd, haye the sides 
about these angles reciprocally proportional : therefore kb 
is equal to ld (yi. 14), that is, the rectangle ab, r is 
equal to the rectangle cd, b. Which was to be proyed. 

n. Let AB, OB, B, B be four straight lines ; ab, b the 
two extremes ; gb, b the two means ; and let the rect- 
angle AB, F be equal to the rectangle gb, b. Then ab 
shall be to OB as B is to B. 

Construct as in Part I. 

Then, as before, it may be shewn that eb is the rect- 
angle AB, F, and LD is the rectangle CB, b : hence by hyp* 
EB is equal to lb. That is, the two parallelograms eb, 
LB, haymg the angle eab equal to the angle lcd, are 
equal ; therefore they haye their sides about these angles 
reciprocally proportional (yi< 14), that is, ab is to cd as 
OL to AE. But by const" cl is equal to E, and ae to f ; 
therefore ab is to en as E to f. Which was to be prored. 

PEOP. XVn. THEOE. 

If three straight lines be proportLonal : then the rect- 
angle contained by the two ezlremes shall be equal to 
tiie square of the mean. And if there be three straight 
lines, the rectangle contained by the two eztremea of 
which is equal to the square of the mean : then they 
shall be proportionaL 

I. Let A, B, be _^ 

three straight lines, 

and let A be to B as B ^ — — ■— ^ 

is to 0. Then the c— ^ 

rectangle contained by 
A^ shall be equal to the square of B. 
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Take a straight line b equal to b. 

By hyp* A is to B as B is to 0, and d is equal to b^ 
therefore a is to b as s is to c. But if four straight 
lines be proportional, the rectangle contained by the 
extremes is equal to that contained by the means (vi* 
16) ; therefore the rectangle a, is equal to the rect- 
angle B, n ; and the rectangle b, d is the square of b^ 
for B is equal to n : therefore the rectangle a, c is equal 
to the square of b. Which was to be proved. 

n. Let A, B, be three straight lines, and let the rect- 
angle contained by a, c be equal to the square of b. Then 
A shall be "to B as B is to c. 

Construct as in Fart I. 

Then, as before, the square of b is equal to the rect- 
angle B, n ; and therefore the rectangle a, c is equal to 
the rectangle b, d. But four straight lines, the rectangle 
contained by the extremes of which is equal to that con- 
tained by the means, are proportional ; therefore a is to 
B as B to 0, that is, since n is equal toB, AistoBasBto 
o. "Which was to be proved. 

PEOP. XVin. PBOB. 

On a given straight line to describe a polygon, which 
shall be similar to a given polygon, and similarly situ- 
ated with it ; i. e. having its side which coincides with 
tiie given straight line homologous to a given side in 
the given polygon. 

I. Let the polygon be a triangle. 

Let AB be the given 
straight line, and ode l 
the given triangle. It 
is required to describe 
on AB a triangle si- 
milar to the triangle k1 
CDE, and similarly si- 
tuated with it, viz. 
having its side ab ho- ^ 
mologous to a given 
side CJ> of the triangle cbe. 
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At the points a, b nuike (i. 23) the angles bah, ask 
i^pectively equd to the angles doe, ode ; saidj as in the 
const* of nop. Y., ah, bk, being continually produced 
will meet : let them b^ produced to meet in r. Then abx 
shall be the triangle required. 

The two angles bal, abl of the triangle abi; are re- 
spectively equal to the two angles dob, cbb of the triangle 
OBX, and consequently (i 32. Cor. A) the third angle alb 
is equal to the third angle cbb ; therefore these two tri- 
angles are equiangular to one another. Therefore thej 
are similar (yi. 4) ; and hence ba is to al as dg to cb, 
and BA, bo are homologous sides. Hence on the given 
straight line ab has been described a triangle abii, similar 
to the given triangle obb, and similarly situated with it, 
viz. having its side ab homologous to the given side cd of 
the trian^e ode. Which was to be done. 

n. Let the polygon have four sides. 

Let AB be the given straight line, and odef the given 
polygon of four sides. It is required to describe on ab 
a polygon similar to the polygon odef, and similarlj 
situated with it, viz. having its side ab homologous to a 
given side cd of ODsr. 

Join with the op* 
posite angular point e 
of CDEE, so as to divide 
it into the two tri- 
angles ODE, CEF. By 
the first case on ab 
describe the triangle 
ABL similar to the tri- 
angle ODE, and simi- 
larly situated with it, 

viz. having its side ^ homologous to the side cd ; and 
on AL describe the triangle alm similar to the triangle 
"OEE, and similarly situated with it, viz. having its side al 
homologous to the side ge. Then the polygon ablk 
shall be the polygon required. 

Because the triangles abl, ode are similar by const*, 
therefore (vi. Def. i) the angle abl is equal to the angle 
CDE, the angle bla to the angle dec, and the angle lab 
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to the angle ecd ; and because the triangles alh, cep 
are similar by const^, therefore the angle alh is equal to 
the angle csi*, the angle IiMA to the angle bpo, and the 
angle mal to the angle pati. Now since the angle bx<a is 
equal to the angle dec, and the angle alm to the angle 
CBi* : therefore, adding equals to equals, the whole angle 
BiiM is equal (Ax. 2) to the whole angle nsp: in like 
manner, the angle bam is equal to the angle bge. Hence 
the angles abl, blm, lma, mab of the polygon ablm are 
respectiyely equal to the angles cbx, bet, eeo, ecp, of 
the polygon cdee. Again &om the pair of similar tri- 
angles ABL, ODE, AB is to Bli as CD to BE, BL to LA aS BE 

to EC, and la to ab as eg to cb ; and from the pair of 
similar triangles alm, cef, al is to lm as ce to ee, lm is 
to ma as ef to EC, and ma to al as eo to cb. Now since 
BL is to LA as BE to EC, and la is to am as EC to ce, 
therefore, ex sBquali (y. 22), bl is to lm as be to ee ; in 
like manner ma is to ab as ec to cb. Hence the sides 
about each pair of equal angles in the two polygons 
ABLM, CBEE are proportional, yiz. ab to bl as cb to be, 

BL to LM as BE to CE, LM tO MA aS EE tO EE, and MA to 

AB as EC to CB ; and ba, bc are homologous sides. Hence 
on the given straight line ab has been described a poly- 
gon ABLM similar to the given polygon cbee of four sides, 
and similarly situated with it, viz. having its side ab 
homologous to the given side cb of cbee. 

m. Let the polygon have five or more sides. 
The polygon must be divided into triangles by joining 
one of the extremities of the given side in it with each 
of its other angular points ; and successive triangles be 
described on the given straight line and on the sides of 
one pother, similar to the different tri^gles of the 
polygon, and similarly situated with them, just as abl 
was on AB, and alm on Aip in Cafie II. And it can be 
shewn by a like proof that the resulting figure is a poly- 
gon fulfilling the requisites of the ^nrobW. 



il28 THE SLBKEKTS OE BUCLID. [sOOt 

PEOP. XESL THEOE. 



Similar triangles shall be to one anotlier in the dnptU 
eate ratio of the ratio of either pair of thdr homologw 
sides. 

Let ABC, Dsr be two similar triangles^ baying the 
angles a, b, o respectively equal to the angles n, £, f, and 

AB to BC as DE to £P, BO to CA aS £? tO TD SO that BC 

and £F, CA and rn, ab and de are the three pairs of 
homologous sides. Then the triangle abc shall have to 
the triangle nsr the duplicate ratio of the ratio which bg 
has to EE, or of that wluch ca has to ed, or of that which 
AB has to DE, 







Fig. 1. 



A^ A 



B C K H 



Fig. 2. 

To BO, EE find (yi, 1 1) a third proportional o, so that 
Bo is to EE as EE to G; from bc (Fig. i), or bc produced 
if necessary to h (Fig. 2), cut off bk equal to a ; and 
join AK. 

By hyp> ab is to BC as db to ee ; and therefore, alter- 
nando (y. 16)^ ab is to de as bc to ee. But by consf^ 
BC is to EE as EE to o, that is, as ee to bk, since bk is 
equal to a ; and ratios that are the same to the same 
ratio aire the same to one another (v. 1 1) : therefore ab 
is to BE as EE to BK. Honco the triangles abe, dee, 
which haye by hyp" the angle abe equal to the angle dee, 
have their sides about these angles reciprocally propor- 
tional ; therefore the triangle abk is equal (yi. 15) to the 
triangle dee. Again since the triangles abc, abk haye 
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the same altitude, viz. the perpendicular drawn from a on 
BC, or BO produced, therefore the triangle abc is to the 
triangle abk as bo is to bk (vi. i) ; but the triangle abk 
has been shewn to be equal to the triangle ssf, and bk 
is equal to e : therefore the triangle abc is to the triangle 
jysF as BO to o. Now since o has been taken a tlurd 
proportional to bg and i:f, the ratio of bg to a hj the 
def '^ of duplicate ratio (y. Def. lo) is the duplicate ratio 
of the ratio which bc has to be : therefore the triangle 
ABC has to the triangle bee the duplicate ratio of the 
ratio which bc has to ef. And in like manner it maj be 
shewn that the triangle abc has to the triangle def the 
duplicate ratio of the ratio which ca has to fd, or of the 
ratio which ab has to be. Which was to be proved. 

COB.— If three straight lines be proportional: then 
the first shall be to the third as any triangle on 
the first is to the similar and similarly described 
triangle on tbe second. 

'Far let the three straight lines bc, ef, g be pro- 
portional ; and on bc, ef let abc, bef be two tri- 
angles similar and similarly described, viz. having 
BO, EF homologous sides. Then it was shewn in the 
prop° that BC is to o as the triangle abo to the tri- 
angle BEF^ Which was to be proved. 

PEOP. XX. THEOE. 

If there be two similar polj^^ons: then 

(1) they may be divided into the same nnmber of 
triaaigles, eaoh pair of which shall be similar 
to one another; 

(2) each pair shall have to one another the same 
ratio that the polygons have; 

(3) the polygons shall have to one another the 
duplicate ratio of the ratio which either pair of 
their homologous sides have. 

Let ABCBE, FGHSX be two similar polygons ; having the 
angles a, b, c, b, e respectively equal to the angles f, o, 

X 
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H, K, L and the rides ab, bc, od, be, bjl i^espectiYely 
homologous to 7a, oh, hk, kl, lf« Then. : — 

I. ABCPX, F&HKL may be divided into the same number 
of triangles, each pair of which shall be similar to one 
another. 

Join A with each of the other angular points of abode, 
and V with each of the other angular points of FChHiOu 
The polygons are thus divided into the same number of 
triangles. 

Since by hyp* the 
polygons are similar, 
the angle abc is equal 
to the angle egh, and 

AB is to BO as TGt to 

eH (vi. Def. i) ; there- 
fore the two triangles 
ABC, FOH have the 
angle abo equal to the angle foh, and the sides about 
this pair ox angles proportional. Therefore these two 
triangles are similar (vi. 6) ; and hence the angle bca is 
equal to the angle ghp, and ac is to ob as fh to h& : 

Afi;ain, since the polygons are similar, the angle bob is 
equal to the angle ghk, and bo is to cb Iw gh to he. 
Now since the angle bca is equal to the angle ohf, and 
the angle bcd to the angle ohk, therefore taking away 
equals from equals, the angle agb is equal (Ax. 3) to the 
angle fhk ; and since ac is to gb as fh to ho and bc is 
to OB as OH to HE, therefore, ex sequali (v. 2a), ao is to 
CB as FH to HE: therrfore the two triangles acb, fhe 
have the angle agb equal to the angle fhk, and their 
rides about this pair of angles proportionaL Therefore 
these two triangles are similar ; and hence the angle cba 
18 equal to the angle hep, and cb is to ba as he to kf : 

In like manner it may be shewn that the two triangles 
BSA, ELF are rimilar. 

Hence the two polygons abcbe, fohel are divided 
each into the same number of trianglea, vis. abc, acb, 
abb and foh, fhl, fel, each pair of which are aimflar to 
one another, via. abc to foh, agb to fhk, and abb to 
^EL. Which was to be proved. 
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II. Each pair of these similar trmngles, viz. abo and 
F&Hy AGJ> and THE, and ade and fkl shall haye to one 
another the same ratio that the polygons abcse, fghkl 
have. 

Because similar triangles have to one ratio the dupli- 
cate ratio of the ratio which either pair of their homo- 
logous sides have (vi. 19), the triangle asc has to the 
triangle fgh the duplicate ratio of the ratio which ac has 
to TH, and the triangle acb has to the triangle fhe the 
dupHcate ratio of the ratio which ao has to ph ; and 
ratios that are the same to the same ratio are the same to 
one another (v. 11} : therefore the triangle abc is. .to the 
triangle ren as the triangle agd to the tnangle fhe. In 
like manner it may be shewn that the triangle acd is to 
the triangle tkk as the triangle adb to the triangle "ekl ; 
and ratios that are the same to the same ratio are the 
same to one another : therefore the ratio of the triangle 
ABO to the triangle TGtu, the ratio of the triangle agd to 
the triangle fhe, and the ratio of the triangle ads to the 
triangle vex are the same to one another. But if any 
number of ratios be the same to one another any one of 
the antecedents is to its consequent as all the antecedents 
together are to all the consequents together (v. 12) : 
therefore the triangle abc is to the triangle ran as the 
polygon ABODE is to the polygon tghkl, the triangle acb 
is to the triangle fhk as the polygon abode to the poly- 
gon veHEL; and the triangle ade is to the triangle eel as 
the polygon abode to the polygon fghel. Which was 
to be proved. 

m. The polygon abode shall have to the polygon 
TBOKL the duplicate ratio of the ratio which either of 
the pairs of homologous sides have to one another. 

Each pair of homologous sides in the two polygons, as 
AB, PG is also a pair of homologous sides in one of the 
pairs of similar triangles abc, fgh, into which in Part I. 
the polygons are divided. Now by Part II. the polygon 
ABODE is to the polvgon eghkl as the triangle abc to 
the triangle egh. But since similar triangles have to 
one aaoother the duplicate ratio of the ratio which either 
pair of their homologous sides have (vi. 19), the triangle 

z2 
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ABC has to the triang^ i^h tiie duplicate ratio of the 
fatio which ab has to fo ; and ratios that are the some 
to the same ratio are the same to one another (v. ii) : 
therefore the polygon abcbb has to the polygon fohkl 
tiie duplicate ratio of the ratio whidi ab has to fo. In like 
manner it may he shewn that the polygon abode has to 
the polygon Fensx the duplicate ratio of the ratio whicli 
BC has to en, or of that which cd has to hk, or of that 
which BB has to kl, or of that which ea* has to lf. 
"Which was to he proved. 

OOIL— If fhrae itniglit fines be proportioiial: tken 
the first shall be to the third as any polygon on 
the first is to the similar and similarly deaoribed 
polygon on the seeond> 

Eor let the three straight lines ab, fo, m, be pro- 
portional ; and on ab, fo let abode, fohxx be two 
polygons similar and similarly described, viz. having 
AB, FO homologous sides. Then since ic is a thiid 
proportional to ab and fo, ab has to m the duplicate 
ratio of the ratio which ab has to fo by the aef^ of 
duplicate ratio (v. Def. ix). And by the prop*^, the 
polygon ABODE has to the polygon fohsXi the dupli- 
cate ratio of the ratio wmch ab has to fo : hence, 
since ratios that are the same to the same ratio are 
the same to one another, ab is to m as the polygon 
ABODE to the polygon fghkl. Which was to be 
proved. 

Obs. The third part of the prop° and the above oosoDaiT 
proTe that to be generally tnie for any pt^ygooy 'wludi was 
shewn to be true in the particular case of trian^es in Fh}p> 
19 jMid its corollary. 

COB. A. — If there be two similar polygons, fhe first 
shall be greater than, equal to, or leas fhan the 
second, according as any side of the first is greater 
than, equal to, or less than the homologouB side of 
the second; and conversely. 

Pop if abode, fohkl be two similar polygons, 
the polygon abode is to the polygon fohkc as ab 
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to Uy and ab is to to as F0 to u; ab, f0 being 
a pair of homologous sides, and h being taken a 
third proportional (yi. ii) to ab and to. Now if 
AB is equal to to, then to is equal (v. A) to m, and 
therefore, since things that are equal to the same 
thing are equal to one another, ab is equal to M ; 
if AB is greater than to, then to is greater than 
H, and therefore by much more ab is greater than 
M; an4 if less, less. Hence ab is greater than, 
equal to, or less than m, according as a!b is greater 
than, equal to, or ]ess than to ; and abgbe is greater 
than, equal to, or less than tohkl, according as ab 
is greater than, equal to, or less than m : therefore 
ABODE is greater than, equal to, or less than tohkl, 
according as ab is greater than, equal to, or less than 
the homologous side to. And by a method similar 
to that employed in Bk. I. Prop. XfX. or XXV. the 
converse may be shewn. Which was to be proved. 

PEOP. XXI. THEOB. 

Two polygons which are each of fhem similar to a 
third polygon shall be similar to one another. 

Let the two polygcms abcbe, tohkl be each of them 
similar to a third polygon mnopq. Then the polygons 
A3Ci)E, TOHEL shall be similar to one another. 




The angles a, b, c, b, e, and the angles t, o, h, e, l are 
supposed respectively equal to the angles m, n, o, f, q ; 
and the sides ab, bc, od, be, ea and the sides to, oh, 
HK, KL, LT, respectively homologous to mk, no, op, pq, 
QM. Then from the similar polygons abode, hitopq, by 
def^ (vi. Def. i) the angle a is equal to the angle h, and 

x3 
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XAifltoABasQictoior; and from the similar pdy^gons 
veHKL, MHOFQ the ang^e i* is equal to the angle k, 
and LF is to TO as QIC to lor. Therefore since things 
that are equal to the same thing are equal to one another 
(Ax. i), the angle a is equal to the angle f ; and since 
ratios that are the same to the same ratio are tfie same to 
one another (y. 1 1), ea is to ab as lf to fo. In like 
manner it may he shewn that the angles b, o, n, e are 
respectively equal to the angles o, h, k, l ; and that the 
sides ahout each pair of equal angles are proportional: 
hence hy the def '^ of similar polygons the polygons abcsh, 
FGHEL are similar. Which was to be proved. 

PEOP. XXTL THEOE. 

^ If four straight lines be proportional, and there be 
similarly described on the first and second any two 
similar polygons, and on the third and fourth any two 
nniilar polygons : then the polygon on the first shall be 
to that on the second as the polygon on the third is to 
that on the fourth. And if there be similarly described 
on the first and second of &ur straight lines two similar 
polygons, and on the third and fourth two similar poly- 
gons, and if the polygon on the first be to fhat on the 
second as the polygon on the fhixd is to that on the 
fourth: then the four straight lines shall be prqpor- 
tionaL 

Let AB, CD, £F, OH be four straight lines ; and on ab, 
en, let ABLK, CBMK bc two polygons similar and mmilariy 
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described, viz. haying their sides ab, cd homologous ; and 
on EP, GtK let OF, FH be two polygons similar and simi- 
larlj described, viz. -haying their sides ef, gh homologous. 
And: — 

I. Let AB be to en as ef is to &h. Then aklb shall 
be to cmn> as of is to ph. 

To AB, CD find (vi. 1 1) a third proportional q, and to 
EF, GH a third proportional b. 

By const° ab is to cd as en to q, and ef to gh as gh 
to B. But by hyp* ab is to cd as ef to gh ; and ratios 
that are the same to the same ratio are the same to one 
another (y. ii) : therefore cd is to q as gh to b. Again, 
smce AB is to cd as ef to gh ; and cd is to q as gh to b: 
therefore, ex sequali (y. 22), ab is to q as ef to b. Now, 
if three straight lines are proportional, the first is to the 
third as any polygon on the first fco the similar and 
similarly described polygon on the second (vi. 20. Cor.) : 
therefore ab is to q as aklb to ciOfD, and ef is to b as' 
OF to PH. But AB has been shewn to be to q as ef is to 
B ; and ratios that are the same to the same ratio are the 
same to one another : therefore aklb is to cmo) as of 
to PH. Which was to be proved. 

n. Let AKLB be to citmd as of is to ph. Then ab 
shall be to CD as ef is to gh. 

To ab, CD, EF find (vi. 12) a fourth proportional st ; 
and on st describe (vi. 18) the polygon tt similar either 
to OF or PH, and similarly situated with it, viz. having the 
side ST homologous either to the side ef or gh. 

Since by const° ab is to cd as ef to st, and there are 
similarly described on ab, cd the similar polygons aklb, 
CMND, and oa ef, st the similar polygons of, tt ; there- 
fore by Part I. of the prop" aklb is to ckmd as of 
to yt. But l)y hyp' aklb is to cit&cd as of to ph ; and 
ratios that are the same to the same "ratio are the same to 
one another (v. 11): therefore of is to tt as of to ph ; 
and two magnitudes to each of which the same magnitude 
has the same ratio are equal (v. 9) : therefore ph is equal 
to TT. Now, PH is similar to tt, and similarly situated 
with it, viz. having the side gh homologous to st ; there- 
fore GH is equal (vi. 20. Cor. A) to st. But ab is to cd 
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as xif to 8T, and bt is equal to gh ; therrfoie jlb ia to cs 
aa SF to 0H. Which was to be proyed. 

EEOP. xxni THEOE. 

If two parallelograms have one angle of the one equal 
to one anff le of the ottier : then they shall have to one 
another l£e ratio whieh is componnded of the ratios of 
each pair of sides abont the equal angles. 

Let ABGD, EreH be two paraUelograins, having the 
angle abc equal to the angle i^h. Then abci> sludl have 
to EFGH the ratio which is compounded of the two ratios 
of AB to EF, and of ob to eh. 

Construct the figure exactly as in Prop. XIV. ; and as 
in that prop'^, it may be shewn that cb, bh are in one 
straight line. Also tiake any straight line s ; to ab, ep, 
X find (vi. 12) a fourth proportional y; and to cb, £E| 
T find a fourth proportional z. 

Then by const" ab is to ee as x to y, and cb is to eh 
as T to z ; and therefore the ratio compounded of the two 
ratios of ab to ee, and of cb to eh, is the same aa the 
ratio compounded of the two ratios of x to y, and of y to 
z. But by the def** of compound ratio (v. Def. i a), the 
ratio of X to z is the ratio compounded of the two ratios 
of X to Y and of y to z ; therefore the ratio of x to z ia 
the ratio compounded of the two ratios of ab to sb and 




of OB to EH. Now, because the parallelograms bb, cf 
have the same altitude, tiz. the perpendicular drawn from 
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c on JlF, produced if necessaiy, bb is to ce as xb to Bi* 
(vi. i) ; and AsistoBPasxtoY: therefore, since ratios 
that are the same to the same ratio are the same to one 
another (v. 1 1), bb is to of as x to t. In like manner it 
may be shewn that ce is to bg as t to z ; therefore, ex 
sequali (vi. 22), bb is to bo as x to z. But the ratio of 
X to z was shewn to be the ratio compounded of the two 
ratios of ab to eb and of ob to eh : therefore the paral- 
lelogram ABOB has to the parallelogram eegh the ratio 
which is compounded of the two ratios of ab to ee, and 
of OB to EC. Which was to be proved. 

PEOP. XXIV. THEOE. 

If througlL any point in one of fhe diagonals of a 
parallelogram two 8trai|^ht lines be drawn parallel to 
its sides, so as to divide it into four parallelograms, two 
of which are about the cBagonal of the parallelogram: 
then fhe two parallelograms about fhe diagonal shall 
be similar to the whole parallelogram and to one 
another. 

Let AC be one of the diagonals of 
the parallelogram abcb, and e anj 
point in AC ; through e let eeg be 
drawn parallel to ab or ob, cutting 
AB in E and bo in g, and hex paral- 
lel to AB or BC, cutting ab in h and 
CB in X, so as to divide abcb into 
four parallelograms, of which the two he, ox are about 
the diagonal ac. Then the parall^ograms he, ox shall 
be each of them similar to the parallelogram' abcb, and to 
one another. 

Because ab cuts the parallels he, bc in h, b, the ex- 
terior angle ahe is equal (i. 29) to the interior and oppo- 
site angle on the same side, abc; for like reason the 
angle aee is equal to the angle abc. Also the angle bab 
is common to the two parallelograms he, bb ; and since 
the opposite angles of parallelograms are equal (i. 34), 
each of the angles hbe, bob is equal to it, and therefore 
(Ax. i) to one another : therefore he, bb are equiangular 
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to one another. Again, since the angle ahe is equal to 
the angle abo, and the angle bag common to the two tri* 
angles hab, bao ; therefore these two triangles have the 
two angles ahb, hax respectiyelj equal to the two angles 
ABC, BAOy and consequentlj (L 32. Cor. A) the third angle 
A£H equal to the third angle acb: therefore they are 
equiangular to one another. Therefore thej are snnSar 
(vi. 4) ; and hence ah is to he as ab to bc. And since 
the opposite sides of parallelograms are equal, ah is equal 
to i;b, hb to AV ; AB to CD, and bc to ad. Henoe ha is 

to AE as BA to AB, AT to ITB aS AB tO BC, 7E to SH 88 BC 

to OB : therefore the sides about each pair of equal angles of 
he, bb are proportionaL Therefore by the def" of similar 
polygons (yi. Def. i), hp is similar to bb. In like manner 
GK is similar to bb ; and polygons, that are each of tiiem 
similar to the same polygon, are similar to one another 
(yi. 2i) : therefore jle is similar to ok. Which was to 
be proved. 

PEOP. XXV. THEQE. 

To describe a polyg^on, which shall be similar to one 
given polygon and equal to another given polygon. 

Let ABCD be the 
given polygon to 
which the one to 
be described is re- 
quired to be simi- 
lar; and E that to 
which it is required 
to be equal. It is 
required tor de- 
scribe a polygon 
similar to abod and 
equal to e. 

To one of the sides ab of abob apply (i. 45) the paral- 
lelogram ATOB, equal to the polygon abcb, and having its 
angle ato equal to any angle; and to the side bg- of ag 
apply the parallelogram bhkg equal to the polygon e, and 
having the angle bge equal to the angle afg. Between 
AB and BH find (vi. 13) a mean proportional lk ; and on 
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LM describe (vi. i8) the polygon lmno, similaa* to abcd 
and similarly situated with it, viz. having the side lm 
homologous to the side ab. Then lhko shall be the 
polygon required. 

It may be shewn exactly as in the proof of Bk. I. 
Prop. XLV. that ro, gk are in the same straight line, 
and that ab, bh are also. Hence the parallelograms ag, 
BE have the same altitude, viz. the perpendicidar drawn 
from 6 on ah, or ah produced ; therefore (vi. i) ab is to 
BH as Ae to Bx. Now, by const^ ab is to lm as lm to 
BV ; and if three straight lines be proportional the first is 
to the third as any polygon on the first to the similar 
and similarly described polygon on the second (vi. 20. 
Cor.) : therefore ab is to bh as abcb is to lmi^o. But 
it was shewn that ab is to bh as AG to bx ; and ratios 
that are the same to the same ratio are the same to one 
another (v. 11) : therefore abcb is to LMiro as ao is to 
Bx. Now, by const" ag is equal to abob ; therefore lhko 
is equal (v. 14) to bx. But bx by const" is equal to £ ; 
and things that are equal to the same thing 'are equal to 
one another (Ax. i) : therefore lmko is equal to £,and 
it is similar to abcb. Hence the polygon lmi^o has been 
described similar to the given polygon abcb and equal to 
the given polygon e. Which was to be done. 

PEOP. XXVL THEOE. 

If two similar parallelograms have a common angle, 
and tiie sides about this angle of the one fall on the 
homologous sides of the ower: then their diagonals 
through this common angular point shall be in the 
same straight line. 

Let the two similar parallelograms abcb, aefg have a 
common angle at 
A, and let the sides 
AE, AG about the 
angle eag of aefg 
fall on the homolo- 
gous sides AB, AD 
of ABOB. Then the Fig. 1. Fig. 2. 
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diagonals at, ac through a shall be in the same straight 
line. 

For if not : let, if possible, the diagonal of bd through 
A take some other direction than af ; and let of (Fig. i) 
or GF produced (Fig. 2) cut it in h. Through h draw 
(i. 3 1) HK paraUel to ad or bc, cutting ab in k. 

By const° aeho is a parallelogram about the diagonal 
AHC of the parallelogram abcd, fonned hj drawing hk, 
HO parallel to its sides through a point H in the diagonal. 
Therefore akho is similar (yi. 24) to abcd ; and hence 
DA is to AB as OA to AE. But siucc 0£, DB are similar by- 
hyp*, DA is to AB and oa to ab (vi. Def. i) ; and ratios 
that are the same to the same ratio are the same to one 
another (v. 11): therefore oa is to ak as oa to ab. But 
two magnitudes to each of which a third has the same 
ratio are equal (y. 9) ; therefore ax is equal to ab, that 
is, the part equal to the whole (Fig. i), or the whole 
equal to the part (Fig. 2) : which is impossible (Ax. 9). 
Therefore the diagonal of bd through a cannot fall other- 
wise than on af ; that is, af, ao are in the same straight 
line. Which was to be proyed. 

PEOP. XXVn. THEOE. 

Of all parallelograms applied to fhe same straight 
line and defleient by paralldograms, whieh are each of 
fh«n similar and similarly situated to the same paral- 
lelogram described on the half of tiie line, that which is 
described on half tiie line, and consequently equal to its 
defect, shall be the greatest 

Obs. The language nsed in this and the three next prop^ will ap- 
pear intricate, unless the following explanations he attended to. 

When a parallelogram has one of its 
sides ooinci(Ung with a straight line, it is 
said to be '* applied " to that straight line 
(cf. Bk. i. Prop" 44, 45). Thus the pa. 
rallelogram ACDE is "applied to the 
straight line AB ;" i. e. the side AC coin- 
cides with AB, B and C being the same 
point. 

When a parallelogram has one of its sides falling on a straight 
line, with one of whose extremities an extremity of the side ooin- 
ddcgs, the parallelogram m^f still be said to be applied to thd 
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stnight line without unbigiut?, proTided ve itate in addition, 
that the two oOtar extramitJM do not coincide. How tbig ia done 
will be Men in tlie aonoxed eiample. 

Bi. Let the ride AC of the parallelognm ACDE Ul on the 
etraiglit line AB ; the eitremity A coinciding with one of AB, and 
the other C fidling either beyond AB in the straight line ABC (Fig. 
t), or in AB (Pig. i). Throogh B draw BG parallel to AB or CD, 

pnnr 

Fig. 1. Rg. 3. 

cutting ED (Fig. i), or ED prodnoed to P (Fig. i) in G. Bjr thi« 
conat° EB, GO are paralldognuns, and applied to AB, BC re- 
epectiTelj. And: — 

(i) in Fig. I, BB and GC ti^etlier moke np EC ; that is, the 
paralMogmn BC exceeds the parallelogram BB applied to 
AB by the parallelogram GC apfdied to BC. Which is 
hntAj ex{wuaed by aajing that (he paralletagram ACDB 
" ia applied to the atrught line AB, and eioeeding by the 
parallelDgrain GCi" and GC ia called the "eiceea" of 
ACDE) 
(i) in Fig. 1, EC and GC together make np EB ; that li, tlie 
parallelagram EC ia deficient from the paraltelogiam EB 

S plied to AB by the parallelogram GC applied to CB. 
hicfa is briefly eipreaaed by aaylng that the parallelogTam 
ACDE "i* np^SnA to the atingh " 
by the paralUogram GC i" and G< 
of ACDE. 

Iiet AB be a straight line bisected ia o, and on the half 
CB let the parallelcf^rain ex be deambed. Than of all tbe 
parallelograms applied to ab, and deficient br parallel- 
ograms which are eat^ of them similar and similarly situ- 
ated to BB, the parallelogTUD aodh, whose defect is the 
paraUelogram DB, 
shall be the greatest. 
I<et ASFK be any 
othw parallelo^am 
applied to AB, and 
deficient by the pa- 
raUelognmi tkbh, 
which 18 similar and 
similarly situated to 
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DB. There are two cases, according as ak is greater than 
▲c (Fig. i), or less than ag (Fig. 2). 

I. Let AK be greater than ac (Fig. i). 

Since the parallelogram fkbh is by hyp' similar and 
similarly situated to the parallelogram bgbe, the sides bc, 
BH of the one fall along the homologous sides bc, be of 
the other ; and therefore their diagonals through the com- 
mon angular point b are in the same straight line (vi. 26). 
Draw this straight line nrs, and produce kf to cut be in l. 

Because parallelograms on e^ual bases and between 
the same parallels are equal (i. ^6), ad is equal to ci, 
and CO to ch. Again, since bf, hk are parallelograms 
about the diagonal bb of the parallelogram bb, the com- 
plements OF, FE are equal (i. 43) ; to each of these equals 
add Zu : then the whole ch is equal (Ax. 2) to the whole 
KE. But CH is equal to go ; and things that are equal to 
the same thing are equal to one another (Ax. i) : therefore 
00 is equal to kb. To each of these equals add ce : then 
the whole ay is equal to the gnomon chl, and therefore 
less (Ax. 9) than ge. And ce is equal to ab ; therefore 
AB is greater than af. 

II. Let AK be less than ac (Fig. 2). 

Since the parallelogram bgbe is by hyp' similar and 
similarly situated to the parallelogram fkbh, the sides 
BC, BE of the one fall on the homologous sides bk, bh of 
the other; and therefore their diagonals through the 
common angular point b are in the same straight line 
(vi. 26). DrsLW this straight line bbf ; let bm cut fk in 
L ; and produce on to cut tn in K. 

By consti^ ^^^ q^ qj^ parallelograms ; and the opposite 
sides of parallelograms are equal (i. 34) : therefore iro is 
equal to ag, and hn to bc. But ag is by hyp' equal to 
CB ; therefore ket is equal to VQ. Now the parallelograms 
BH, BG are on equal bases hn, "SO and between the same 
parallels, therefore bh is equal (i. 36) to bo, and there- 
fore greater (Ax. 9) than lg ; but since ln, ce are paral- 
lelograms about the diagonal fb of the parallelogram kh, 
the complements bh, bk are equal : therefore bk is greater 
than iiG. To each of these unequals add al ; then the 
whole AB is greater (Ax. 4) than the whole af. 
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Hence in both cases the paraUelogram ad is greater 
than the parallelogram agfe:; and therefore of all the 
parallelograms applied to ab, and deficient by parallelo- 
grams which are each of them similar and similarly 
situated to db, the parallelogram ad is the greatest. 
"Which was to be proved, 

PEOP. XXVni. PEOB. 

To a given straight line to apply a parallelogram, 
deficient by a parallelogram similar to a given paral- 
lelogram, and eqnal to a given polygon, which is not 
greater (vi. 27) tnan the parallelogram described on the 
half of fhe line and similar to the given parallelogram, 

Xiet AB be the given straight line; cn£7 the given 
parallelogram ; the given polygon, which is not greater 
than the parallelogram described on half of ab, similar to 
7D. It is required to apply to ab a parallelogram, defi-* 
cient by a parallelogram similar to fd, and equal to o. 

L T K 
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Bisect (i. 10) ab in h; on hb describe (vi. 18) the 
parallelogram hbkl similar to ed, and similarly situated 
with it, viz. having the side hb homologous to the side 
CB, and HL, LK, KB to CF, ]^£, ED. Produce KL to M ; 
through A draw (i. 3 1) an parallel to hl or bk cutting 
Kic in :n ; then by const** al will be a parallelogram, and 
since ah is equal to hb, it is equal to hk, and similar to 
it. Now since by hyp« o is^ not greater than hk, hk 
must be either equal to or greater than g. K hk be 
equal to o ; then, since al is equal to hk, and things that 
are equal to the same thing are equal to one another 
(Ax. i), AL is also equal to a, and the thing required is 
already done : for to the given straight line ab has been 

T 2 



244 THS EUBicEirrs or sitclib. [booi 

applied the parallelogram aii, deficient bj the parallel- 
ogram HK similar to the giren panllelograin tb, and 
equal to the given polygon o. But if hk be greater tbm 
e : describe (vi. 25) the parallelogram opqh, equal to the ex- 
cess of HK above o, and similar to td, having op, pq, qb, &s 
homologous to en, ns, ef, f g. Then since hs: is similar 
to FD ; and polygons that are each of them similar to a 
third are similar (vL 20) : hk is similar to oq, and hb, be, 
sx, LH are homologous to op, pq, QB, bo. Now bj const" 
OQ is equal to the excess of hk above 6 ; that is, hk is 
equal to oq together with e ; therefore oq is less (Ax. 9) 
than HK : hence its sides ob, bq are less (vi. 20. Cor. A) 
than the homologous sides hl, lk. Erom ls, i«k; then 
cut off (i. 3) t«, LT equal to bo, bq. Throug^h a dniir 
TBX parallel to irc or ab, cutting ak in t and kb in i ; 
and through t draw tyz parallel to ait or kb, cutting vx 
in T and ab in s. Then ttsa, which bj const^ is a paral- 
lelogram, shall be the parallelogram required. 

The parallelograms bt, oq have their sides equal bj 
const**, and the angle tls is equal to the angle obq ; there- 
fore they are equal in every re^>ect, and siimlar (vi. I>ef. i- 
Obs. 4) ; and sk is similar to OQ : therefore bt is similar 
to HK, and 1.8, LT fidl onr the homologous sides i^ lk. 
Therefore their diagonals through l are in the same 
straight line (vi. 26) ; draw this straight line i.tb. 

By consf* vh, hx are parallelograms, and they are on 
equal bases ah, hb and between the same parallds: 
therefore vh is equal (i. 36) to hx. Again since st, zx 
are parallelograms about the diagonal xjb of the paral- 
lelogram HK, xz is similar (vi. 24) to hk, and therefore 
to CE ; and also the complements ht, tk are equal (i. 45) ; 
to each of these equals add xz : then the whole tb is eqiial 
(Ax. 2) to the whole hx. But yh is equid to hx ; and 
things that are equal to the same thing are equal to ose 
another : therefore tb is equal to yh. To each of these 
equals add ht : then the whole tb is equal to the gnomon 
hxt. Again since hh is equal to oq together with e, and 
ST is equal to oq, therefore, taking awav equals from 
equals, the remaining gnomon hxt is equal (Ax. 3) to the 
remainder e ; but it has been shewn tiiat Tz is equal to 
the gnomon hxt, and things that are equal to the same 
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thing are equal to one another : therefore yz is equal to 
Gh. Hence to the given straight line ab has been applied 
the parallelogram ayyz, deficient by a parallelogram tzbx 
similar to the given parallelogram gbef, and equal to the 
given polygon ft. Which was to be done. 

PEOP. XXIX. PEOB. 

To a given straight Hue to ajiply a parallelograin, 
exceeding by a parallelogram sinular to a given paral- 
lelogram, and equal to a given polygon. 

Let AB be the given straight line, odef the given 
parallelogram, and g the given polygon. It is required 
to apply to AB a parallelogram, deficient by a parallelogram 
Eomihur to fn, and equal to q. 




Bisect (i. lo) AB in H; on hb describe (vi. i8) the 
parallelogram hbel similar to fb, and similarly situated 
with it, viz. having the side hb homologous to the side 
CD, and HL, LE, KB to OF, F£, ED ; and describe (vi. 2 j) 
the parallelogram ofqb, equal to hk and a together, and 
similar to cbef, having of, fq, qb, bs homologous to 
CD, BE, EF, FC. Then since hx is similar to fb, and 
polygons that are each of them similar to a third are 
. similar (vi. 20), hx is similar to oq, and hb, be, xl, lh 
are homologous to of, fq, qb, bo. Now by const" oq is 
equal to hk: and & together; therefore oq is greater 
(Ax. 9) than he, and hence its sides ob, bq are greater 
(vi. 20. Cor. A) than the homologous sides hl, lk. 
f reduce then lh, le to h and is^ and from them cut off 

T 3 
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(i. 3) L8, LT equal to io, bq. Through s draw (L 31) 
TT8T parallel to lk or ab; through a, t draw aw, tt 
parallel to hl or bk, cutting xtt in w, t ; and produce kb, 
HB to cut WT, YT in X and z. Then awtz, which is a 
parallelogram hj const* shall be the paraUelogram re- 
quired. 

The parallelograms st, Oq have their sides equal hj 
const'' and the angles slt, obq equal ; therefore thej are 
equal in every respect, and similar (vi. Def. i. Obs. 4) ; 
and HK is similar to oq : therefore hk is similar to bt, and 
LH, LK fall on the homologous sides is, i/r. Therefore 
their diagonals through l are in the same straight line 
(vi. 26) ; draw this straight line lby. 

Because the parallelograms as, hx are on equal bases 
AH, HB, and between the same parallels ab, wx, therefore 
AS is equal (i. 36) to hx. Again, since hk, xz are paral- 
lelograms about the diagonal ly of tHe parallelogram st, 
xz is similar (vi. 24) to st, and therefore to td (vi. 21) ; 
and also the complements hx, xz are equal (i. 43). But 
as was shewn to be equal to hx ; and things that are 
equal to the same thing are equal to one another (Ax. i) : 
therefore as is equal to xz. To each of these equals add sz ; 
therefore the whole ay is equal (Ax. 2) to the gnomon szx. 
Now since hk and a are together equal to oq, that is, to 
ST, from each of these equals take away hk ; then the 
remainder o is equal (Ax. 3) to the remaining gnomon 
SZK; but it has been shewn that ay is eqiial to the 
gnomon bzk, and things that are equal to the same thing 
are equal to one another: therefore ay is equal to e. 
Hence to the given straight line ab has been applied the 
parallelogram awyz, exceeding by the parallelogram bxyk 
similar to the give n p arallelogram onsF, and equal to the 
given polygon e. TVnich was to be done. 

PROP. XXX. PEOB. 

To cut a given line in extreme and mean ratio. 

Let AB be the given straight line. It is required to 
cut it in extreme and mean ratio. 
There are two methods of solving this problem, one by 
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the aid of the preceding prop", and the other by Bk. II. 
Prop. XI. 

I. On AB describe (i. 46) the square 
AODB ; and supposing a to be that ex- 
tremity of AB adjacent to which the 
greater part is required to be, to oa 
apply (ti. 29) the parallelogram cefo 
exceeding by the parallelogram ahf0 
similar to the square ad, and equal to 
the square ad. Since gh is sinular to 
jLDf it will be a square; and as in 
!Bk. II. Prop. XI. H will be a point in 
AB. Then ab shall be cut in h as required. 

By const° 70 is equal to ad ; from each of these equals 

take away the common part ae : then the remainder oh 

is equal (Ax. 3) to the remainder hb. Now gh is a square, 

and as in Bk. II. Prop. XI. hb is a rectangle ; hence the 

two parallelograms gh, hb, ha?ing the angles ahe, bhe 

right angles, and therefore equal (Ax. 11), are equal. 

Therefore their sides about these angles are reciprocally 

proportional (vi. 14), that is, eh is to hf as ah to hb. 

But since the opposite sides of parallelograms are equal 

(i. 34), bh is equal to bb, that is, to ba, for they are sides 

of the square ad (Def. 30) ; and hf is equal to ah, since 

they are sides of the square gh: therefore ab is to ah as 

AH to HB, and AH is greater (v. A) than hb, because ab 

is greater than ah (Ax. 9). Hence ab is divided in H so 

that the whole ab is to the greater part ah as ah is to 

the less part hb ; that is, the given straight line ab has 

been cut in extreme and mean ratio (vi. Def. 3) in b. 

Which was to be done. 

II. Divide (ii. 1 1) ab in h, so that the rectangle ab, 
BH is equal to the square of ah. Then ab shall be cut 
in H as required. 

By const'^ the rectangle contained by the extremes ab, 
BH of the three straight lines ab, ah, bh is equal to the 
square of the mean ah ; therefore these three straight 
lines are proportional (vi. 17), that is, ab is to ah as ah 
to HB. Hence, as before, the given straight line ab has 
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been cut in extreme and mean ratio in h« Wbidi was to 
be done. 

PBOP. XZXL TH£0£. 

In any rigliiasgled triaag^ a polygon deaeribed on 
tlio aide oppoaite to the right ao^ ahall be eqiial to 
the polygona wbidi are deaeribed on the aidea inolndiiig 
tlie right angle aimilar to it and similarly aitoated 
with it 

Let ABC be a right-angled triangle, having the right 
angle bag ; let n be a polygon detscribed on the side bc 
opposite the right angle bag ; and let x, r be polygons 
described on the sides ab, ac, including the right angle, 
similar to n, and similarlj situated \nth it, viz. having 
their sides ab, ao homologous to the side bc. Then d 
shall be equal to e and r. 

From A draw (i. 12) ao perpendicular to bc. 

Because bg is divided into 
the two parts bo, og by the 
perpendicular ao drawn from 
the right angle a; therefore 
(vi. 8. Cor.) cb is to ba as ba 
to BO, and gb is to ca as ga to 
GO. But if three straight lines 
are proportional, the first is to 
the third as the polygon on the 
first to the similar and similarly 
described polygon on the second 

(vi. 20. Cor) ; therefore gb is to bo as n to e, and cb is 
to GO as n to e. Hence, invertendo (v. B), bo is to bc 
as E to D, and oc is to bg as e to d ; therefore (y. 24) Be 
and OG together are to bg as £ and e together are to n. 
Now BO and oc together are equal to bg: therefore 
(v. A) E and e together are equal to n ; that is, the poly- 
gon D described on the side bg opposite to the right 
angle is equal to the polygons E, e, described on the sides 
AB, AG including the right angle, similar to D and simi- 
larly situated with it. Which was to be proved. 
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PEOP. XXXn. THEOB. 

If two triangles, whicdi have two sides of the one 
proportional to two sides of the other, be joined at a 
common angular point so as to have their homologons 
sides in the proportion parallel : then their third sides 
shall be in one straight line. 

Let the two triangles abc, dce have tlie two sides ba, 
AC proportional to the two sides od, de, viz. ba to ag 
as CD to DE ; and let them be joined at the common 
angular point c, so that ab is parallel to DC and ac to 
DE. Then the third sides bc, ge shall be in one straight 
line. 

Because ac cuts ab, cd, which 
are parallels by hyp', in a, c, the 
alternate angles bac, agd are equal 
(i. 29) ; and because cd cuts ac, de 
-which are parallels by hyp" in 0, d, 
the alternate angles acd,-cde are 
equal. Now things that are equal 
to the same thing are equal to one 
another (Ax. i) ; therefore the an- 
gles BAC, cde are equal. And by hyp* ba is to ac as cd 
to DE; therefore the two triangles bac, cde have the 
angle bac equal to the angle cde, and the sides about 
this pair of equal angles proportional. Therefore these 
two triangles are similar (vi. 6) ; and hence the angle 
ABC is equal to the angle dce. Now the. angle bac was 
shewn to be equal to the angle acd ; therefore, adding 
equals to equids, the two angles cba, bac are equal 
(Ax. 2) to the whole angle ace. To each of these equals 
add the angle acb ; then the three angles cba, bac, acb 
are equal to the two ace, acb. But the three angles 
cba, bac, acb of the triangle abc are equal (i. 32) to 
two right angles ; and things that are equal to the same 
thing are equal to one another : therefore the two angles 
ace, acb are equal to two right angles. That is, the 
two straight lines ce, cb on opposite sides of ca make 
with it at the point c the adjacent angles ace, acb equal 
to two right angles ; therefore bc, ce are on one straight 
line (i. 14). Which was to be proved. 




250 THE SLEICS^TS OF ErCLID. [bOOK 

PEOR XXXin. THEOE. 

In equal (nrcles or in the same circle angles, whether 
they be at the centres or circumferences, sliall have the 
same ratio to one another which the arcs on which they 
stand have. And in eqnal circles or in the same cirde 
sectors shall have the same ratio to one another which 
the arcs on which they stand have. 

Let ABO, D£7 be equal circles, of which the centres are 
o, H respectivelj ; and : — 

I. Let the angles Bao, ehp at the centres, and the 
angles bag, edf at the circumferences, stand on the arcs 
Bc, ef. Then the arc bo shall be to the arc ef as the 
angle bog is to the angle ehf, and as the angle bag to 
the angle edf. 





Li the circle abg take &nj number of arcs bg, ce, kl 
each equal to bg ; and in the circle def any number fm, 
MN, iro, each equal to ef. Join gk, gl ; hm, hn, ho. 

Because the arcs bg, gk, el are equal by const", and 
in the same circle the angles at the centre which stand on 
equal arcs are equal (iii. 27) : therefore the angles bgc, 
GGE, EGL are all equal, and hence whatever multiple the 
arc BL is of the arc bg the same multiple the angle bgl 
is of the angle bgg ; that is, the arc bl and the angle 
BGii are equimultiples of the arc bg and the angle bgg. 
By like reasoning, the arc £0 and the angle eho are equi- 
multiples of the arc ef and the angle ehf. Also, since 
in equal circles the angles which stand on equal arcs are 
equal (iii. 27), if the arc bl be equal to the arc so, the 
angle bgl will be equal to the angle EUO ; if the arc bl 
be greater than the arc EO, the angle bgl will be greater 
than the angle eho ; and if less, less. Now since there 
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are four magnitudes, viz. the arc bc, the arc ef, the angle 
EGG, the ^ngle ehf, and there have been taken of the 
first, the arc bg, and the third, the angle bgg, any equi- 
multiples whatever, the arc bIi and the angle bgl, and of 
the second, the arc ef, and the fourth, the angle ehp, any 
equimultiples whatever, the arc eg and the angle eho ; 
and since it has been shewn that the multiple of the third, 
the angle bgl, is greater than, equal to, or less than that 
of the fourth, the angle eho, according as the multiple of 
the first, the arc bl, is greater than, equal to, or less than 
that of the second, the arc eg : therefore by the def° of 
proportion (v. Def. 5), the arc bg is to the arc ef as the 
angle bgg is to the angle ehf : 

Again, because the angle bag at the circumference and 
the angle bgg at the centre of the circle abg have the 
same arc bg for their base, the angle bgg is double 
(iii. 20) of the angle bag. In like manner the angle ehf 
is double of the angle edf ; and magnitudes have to one 
another the same ratio which their equimultiples have 
(v. 15) : therefore the angle bag is to the angle edp as 
the angle bgg to the angle ehf. But it has been shewn 
that the arc bg is to the arc ef as the angle bgg to the 
angle ehf ; and ratios that are the same to the same ratio 
are the same to one another (v. 11) : therefore the arc bg 
is to the arc ef as the angle bag to the angle ebf : 

Hence the arc bg is to the arc ef both as the angle 
bgg is to the angle ehf, and as the .angle bag is to the 
angle edf. Had the arcs and angles been all in the 
same circle abc instead of in equal circles, the proof would 
Lave been exactly the same, h in this case coinciding 
with G, and n, e, f, m, n, o being points in the circum- 
ference ABG. Which was to be proved. 

II. Let the sectors bgg, ehf stand on the arcs bg, ef. 
Then the arc bg shall be to the arc ef as the sector bgg 
is to the sector ehf. 

Construct as in Part I. Also join bg, gk ; in the arcs 
bo, gk take any points p, q ; and join bp, pg, cq, qk:. 

By the def" of a circle bg, gc, gk are all equal, and for 
the same reason as in Part I. of the prop" the angles 
BGG, CGS are equal ; therefore the two triangles bgg, ggk 
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have the two 'sides BCh, go reepectively equal to the two 
sides GO, OK, and the included angle bgc equal to the in- 
cluded angle cgk. Therefore these two triangles are 
equal in everj respect (i. 4) ; and hence the base bg is 
equal to the base ce, and the triangle b&o to the triangle 
CGK. Again, the arc bpc is equal to the arc cqk bj 
const" ; hence, taking away each of these equals from the 
same magnitude, viz. the whole circumference abc, the 
remaining arc bag is equal (Ax. 3) to the remaining are 
OAK. But in the same circle the angles at the circum- 
ference which stand on equal ares are equal (iii. 27) ; 
therefore the angle bpo is equal to the angle cqk. Hence 
the segments bpc, cqk are similar (iii. Def. 11); and 
they stand on equal straight lines bo, ck : therefore they 
are equal (iii. 24) to one another. And the triangle bgo 
was proyed to be equal to the triangle shf; therefore, 
adding equals to equals, the whole sector bgc is equal 
(Ax. 2) to the whole sector cgk. In like manner it may 
be shewn that the sector kol is equal to the sector bgc, 
and that the sectors bgc, cgk, kgIi are all equal; and 
hence whatever multiple the arc bl is of the arc bc, the 
same multiple is the sector bgl of the sector bgc ; that 
is, the arc bl and the sector bgl are equimultiples of the 
arc BC and the sector bgc. By like reasoning the arc bo 
and the sector eho are equimidtiples of the arc bt and 
the sector xht. Also if the arc bl be equal to the arc 
BN, it may be shewn that the sector bgl will be equal to 
the £H0 by const" and proof similar to that used above to 
prove the sectors bgc, cgk equal, the equal circles abc, 
£HN having equal radii and circumferences (iii. Def. i), 
and being now substituted for the same circle abo; if 
the arc bl be greater than the arc Eif, the sector bgl will 
be greater than the sector XHO ; and if less, less. Now 
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sinc& there are four magnitudes, yiz. the arc bc, the arc 
BF, the sector bgc, the sector ehf, and there have been 
taken of the first, the arc BC,'and the third, the sector 
BOG, any equimultiples whatever, the arc bl and the 
sector BGL, and of the second, the arc ef, and the fourth, 
the sector ehf, any equimultiples whatever, the arc eg 
and the sector ehg ; and since it has been shewn that the 
multiple of the third, the sector bgl, is greater than, 
equal to, or less than that of the* fourth, the sector ehg, 
according as the multiple of the first, the arc bl, is greater 
than, equal to, or less than that of the second, the arc 
BO : therefore by the def° of proportion (v. Def. 5) the 
arc BC is to the arc ef as the sector bog is to the sector 
BHF. Had the arcs and sectors been all in the same 
circle abg instead of in equal circles, the proof would have 
been exactly the same, h in this case coinciding with g, 
and B, E, F, H, N, G being points in the circumference abg. 
"Which was to be proved. 

PEOP. B. THEOE. 

If an angle of a triangle be bisected by a straight 
line cutting the opposite side : then the rectangle con- 
tained by the two other sides of the triangle diall be 
equal to that contained by the two parts into which 
tms side is divided together with the sqnare of the 
bisecting line. 

Let ABG be a triangle, and let one 
of its angles bag be bisected by ad, 
cutting the opposite side bc in d. 
Then the rectangle ba, ag shall be 
equal to the rectangle bb, dg together 
with the square of ab. 

About the triangle abg circum- 
scribe (iv. 5) the circle abg ; produce 
AD to meet the circumference in e; 
and join eg. 

By hyp* the angle bad is equal to the angle gad, 
and the angle abg is equal (iii. 21) to the angle aeg, be- 
cause they are in the same segment ab£G; hence the 

z 
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triangles abd, abc liaTe the two angles abd, bad re- 
spectivelj equal to the two angles asc, sac, and con- 
sequently (L 32. Cor. A) the third angle bda to the 
third angle ace ; therefore these two triangles are equi- 
angular to one another. Therefore they are Rimil^ r (vi. 
4) ; and hence ba is to ad as ea to AC. But if four 
straight lines be proportional, the rectangle contained hj 
the two extremes is equal (vi. 16) to that contained by 
the two means : therefore the rectangle ba, ao is equal 
to the rectangle ea, ad. Now, since ab is divided into 
two parts in D, the rectangle ea, ad is equal (ii. 3) to the 
rectangle ed, da together with the square of aj> ; aad 
because ae, bc are straight lines in the circle, cutting one 
another in d, the rectangle ed, da is equal (iii. 33) to the 
rectangle bd, dc : therefore the rectangle ea, ad is equal 
to the rectangle bd, dc together with the square of ad. 
But it was shewn that the rectangle ba, ac is equal to 
the rectangle ea, ad ; and things that are equal to the 
same thing are equal to one another (Ax. i) : therefore 
the rectangle ba, ac is equal to the rectangle bd, dc 
together with the square of ad. "Which was to be proved. 

PEOP. C. THEOE. 

$ 
% 

If from any angular point of a triangle a straight 
line be drawn perpendicular to the opposite side, or the 
opposite side produced: then the rectangle contained 
by the two other sides of the triangle shall be equal to 
l£at contained by the perpendicular and the diameter 
of the circle circumscribed about the triangle. 

Let ABC be a triangle, and A one of its angular points ; 
from A let ae be drawn perpendicular to the opposite side 
BC (Fig. i), or bo produced to d (Fig. 2) ; and let abf 
be the circle circumscribed about the triangle abc Then 
the rectangle ba, ao shall be equal to that contained by 
A£ and the diameter of the circle abe. 

Find (iii. i) the centre of the circle abc, and through 
A draw the diameter ao ; join oc. 

The angle aco in the semicircle Aco is a right angle 
(iii. 31), and aeb is^ a right angle by hyp« ; and all righv 






T^ ] PEOPOSITIOKS C. D. S55 





Fig. 1. Fig. 2. 

angles are equal (Ax. 1 1) : therefore the angle acq is 
equal to the angle a£b. Also the angle abo is equal 
(iii. 2i) to the angle ago, because they are in the same 
segment abgo ; hence the two triangles abe, ago have 
the two angles aeb, abe respectively equal to the two 
angles acq, ago, and consequently (i. 32. Cor. A) the 
third angle bab equal to the third angle gac : therefore 
these two triangles are equiangular to one another. There- 
fore they are similar (vi. 4) ; and hence ba is to ae as ga 
to AC. But if four straight lines be proportional, the 
rectangle contained by the two extremes is equal (vi. 16) 
to that contained by the two means ; therefore the rect- 
angle BA, AC is equal to the rectangle ae, ga, that is, to 
the rectangle contained by ae and the diameter of the 
circumscribed circle abp. Which was to be proved. 

PROP. D. 

The rectangle contained by the two diagonals of any 
qnadrilateral inscribed in a circle dudl be equal to tihe 
two rectangles contained by the two pairs of its oppo- 
site sides. 

Let ABCD be a quadrilateral figure inscribed in the 
circle abc ; ac, bd its two diagonals, that is, the straight 
lines joining the two pairs of opposite angular points. 
Then the rectangle ao, bd shall be equal to the rectangle 
AB, CD together with the rectangle ad, bo. 

The two angles abd, dbo are either equal to one 
another, or not. If they are equal (Fig. i), let e be the 
point where bd cuts ac. If they are unequal (Fig. 2), 

z 2 
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Fig. 1. Fig. 2. 

let ABB be the one which is greater than the other cbd ; 
and at the point b in the straight line ab make (i. 23) 
the angle abe equal to the angle dbc, and let r be the 
point where be cuts ao. 

In Fig. I, the angle abb is equal to the angle cbt. 
And in Fig. 2, since by consf^ the angle abf is equal to 
the angle obd, to each of these equals add the angle bbf : 
then the whole angle abb is equal (Ax. 2) to the whole 
angle cbf. Hence in both figures the angle abb is equal 
to the angle cbf ; and the angle boa is equal to the angle 
BBA, because they are in the same segment bcba (iii. 21); 
therefore the two triangles abb, cbe have the two angles 
ABB, ABB respectively equal to the two angles cbf, bcf, 
and consequently (i. 32. Cor, A) the third angle bad to 
the third angle cfb ; that is, these two triangles are 
equiangular to one another. Therefore they are similar 
(vi. 4) ; and hence bc is to or as bb to ba. But if four 
straight lines be proportional, the rectangle contained by 
the two extremes is equal (yi. 16) to that contained by 
the two means : therefore the rectangle bo, ab is equal to 
the rectangle bb, of. Again in both figures the angle 
ABF is equal to the augle cbb, and the angle bag to the 
angle bbo, because they are in the same segment of the 
circle babc ; hence the two triangles baf, bob have the 
two angles abf, baf respectively equal to the two angles 
BBO, CBB, and consequently the third angle afb to the 
third angle bcb; that is, these two triangles are equi- 
angular to one another. Therefore they are similar ; and 
hence ba is to af as bb to bc. Therefore for the same 
reason as before, the rectangle ba, bo is equal to the 
rectangle bb, af. Now it has been shewn that the rect- 
angle BO, AB is equal to the rectangle bb, of : hence, 
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adding equals to equals, the rectangles bc, ab and ab, bc 
are together equal to the rectangles bb, cf and bb, ai*. 
But since bb is undivided, and ca divided into two parts 
in F, the rectangle bb, ca is equal (ii. i) to the rect- 
angles BB, OF and BB, AF ; and things that arei equal to 
the same thing are equal to one another (Ax. i) : there- 
fore the rectangle ag, bb is equal to the two rectangles 
AB, BC and AB, bo. Which was to be proved. 
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DEFINITIONS. 

I. 

A SOLID is that which has length, breadth, and thick- 
ness. 

II. 

The extremities of a solid are surfaces. 

Obs. Hence a solid fignre (Bk. i. Def. 14) is enclosed by one or 
more boundaries (Bk. i. Def. 13), each of which is a surface. 

ni. 

A straight line is defined to be perpendicular or at 
right angles to a plane, when it is at right angles to 
every straight line that is drawn to meet it in that 
plane. 
^ IV. 

A plane is defined to be perpendicular or at right 
angles to a. plane, when the straight lines drawn in 
one of the planes perpendicular to the common sec- 
tion of the two planes are perpendicular to the other 
plane. 

Obs. The common section of two surfaces which cut one another is 
a line ; and it will be proved in Bk. zi. Prop. 3, that in the 
of two planes cutting one another, this Une is a straight line. 
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V. 

When a straight line meets a plane and is neither 
in the same plane with it nor at right angles to it, it 
is said to be obliquely inclined to the plane ; and its 
inclination is the acute angle included by the straight 
line and another straight line, which is drawn from 
the point where the first line meets the plane to the 
point in which a perpendicular to the plane, drawn 
from any point of the first line, meets the plane. 

VI. 

When a plane cutting another plane is not per- 
pendicular to it, the two planes are said to be ob« 
liquely inclined to one another ; and their inclination 
is the acute angle included by two straight lines 
drawn each from any point in the common section of 
the two planes at right angles to it, one in one plane 
and the other in the other plane. 

VII. 

Two planes are said to have the same or a like in- 
clination to one another which two other planes have, 
when the angles of inclination are equal to one an- 
other. 

vni. 

Parallel planes are such as being produced ever so 
far every way never meet. 

IX. 

A solid angle is that which is constituted by the 
meeting together at a point of more than two plane 
angles, each of which is in a plane different from all 
the others, and is contiguous to two of them, i. e. 
each of the two straight lines which include it is one 
of the straight lines which include two of the other 
plane angles. 

Ob8. I. A solid angle may also be regarded as formed by the meeting 
together of more than two planes at a point, each of which is dif- 
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ferent from all the others, and is intersected by two of them ; for 
the common sections of each with the two contiguous planes (which 
are straight lines by Bk. xi. Prop. 3} form one of the plane angles, 
which in the def i^ constitute the solid angle. 

Obs. 2. If the plane angles which constitute one solid angle be re- 
spectively equal to those constituting another, and the indinatioii 
of planes of each pair of contiguous angles in the one is equal to 
thivfc of the planes of the pur of contiguous equal angles in the 
othw : then these two solid angles sbidl be equal to one another. 
For if one solid angle be applied to the other, so that a plane 
angle of the one may coincide with the equal plane angle of the 
other, the two solid angles fidling on the same side of it ; then the 
two planes contiguous to the plane angle of the one will fall on the 
two planes contiguous to the equal plane angle of the other, sinoe 
by hyp" the inclinations of each pair of contiguous angles are 
equal in each ; and therefore the two plane angles contiguous to 
the plane angle of the one will cmnckle with the two contigiioiis 
to that of the other, sinoe by hyp" the plane angles are equal. 
Similarly it may be shewn that each of the other plane an^es of 
the one coincides with each of those of the other. Hence the two 
solid angles coincide ; and magnitudes that coincide are eqaal 
(Ax. 7) : therefore the two solid an^es are equal to one another. 
Which was to be proved. 

X. 

When the surfaces which bound a solid figure are 
all planes, the solid figure is called a polyhedron. 

Obs. I. Since the common section of two pUnes cutting one another 
is a straight line (Bk. xi. Prop. 3), each of the bounding planes 
of the polyhedron will be cut by the other bounding planes in 
straight lines, and will therefore be a plane rectilinear figure or 
polygon, of which these straight lines are the sides; and at each of 
whose angular points more than two bounding^ planes cut <Mae 
another. Then : — 

(i) the straight lines, which are the common sections of pairs of 
the bounding planes, and are sides common to two of the 
polygons, are called the edges of the polyhedron ; 

(3) the bounding polygons are called the faces of the poly- 
hedron; 

(3) the solid angles at the points where more than two of the 
bounding planes meet, which are constituted by the plane 
angles of the corresponding polygons, are calleid the BoHiA 
angles of the polyhedron. 

Obs. 2. When the &oes of a polyhedron are aU equal t^^nlar poly- 
gons, it is called a regular polyhedron. 
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XI. 

One polyhedron is defined to be similar to another 
polyhedron having the same number of solid angles, 
and the same number of faces constituting each solid 
angle, when each solid angle of the one is equal to a 
solid angle of the other, and the faces constituting 
each solid angle of the one are respectively similar to 
the faces constituting the equal solid angle of the 
other. 

XII. 

A pyramid is a polyhedron, bounded by a polygon, 
and a set of triangles which have the sides of the 
polygon for their bases, and meet in a common an- 
gular point without the plane of the polygon. 

xin. 

A prism is a polyhedron, two of the faces of which 
are equal, similar and parallel to one another, and 
the rest parallelograms. 

XIV. 

A sphere is the solid figure generated by the revo^ 
lution of a semicircle about its diameter, which re- 
mains fixed. 

XV. 

The axis of a sphere is a fixed straight line about 
which the generating semicircle revolves. 

XVI. 

The centre of a sphere is the centre of the gene- 
rating semicircle. 

XVII. 

A diameter of a sphere is a straight line which 
passes through the centre, and which is terminated 
both ways by the surface of the sphere. 
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xvni. 

A right cone is the solid figure generated by the 
revolution of a right-angled triangle about one of the 
sides including the right angle, which remains fixed. 

The cone is called a right-angled, an obtuse-angled, 
or an acute-angled cone, according as the fixed side 
of the generating triangle is equal to, less than, or 
greater than the other side including the right angle. 

Obs. Unlets the oonlniy be expressly stated, whenever a cone is 
spoken of, a right oone is to be ondentood. 

XIX. 

The axis of a cone is the fixed straight line about 
which the generating triangle revolves. 

.A \» 

The base of a cone is the circle swept out by that 
side of the generating triangle including the right 
angle, which revolves. 

XXI. 

A cylinder is the solid figure generated by the re- 
volution of a rectangle about one of its sides^ which 
remains fixed. 

XXII. 

The axis of a cylinder is the fixed straight line 
about which the generating rectangle revolves. 

XXIIL 

The bases of a cylinder are the two circles swept 
out by the opposite sides of the generating rectangle, 
which revolve. 

XXIV. 

Cones and cylinders are defined to be similar when 
they have their axes and the radii of their bases pro- 
portional. 
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XXV. 

A cube is a polyhedron bounded by six equal 
squares. 

XXVI. 

A regular tetrahedron is a polyhedron bounded by 
four equal equilateral triangles. 

XXVII. 

A regular octahedron is a polyhedron bounded by 
eight equal equilateral triangles. 

XXVIII. 

A regular dodecahedron is a polyhedron bounded 
by twelve equal regular pentagons. 

XXIX. 

A regular icosahedron is a polyhedron bounded by 
twenty equal equilateral triangles. 

Obs. The polyhedrons defined in the five preceding def°s are re- 
guhir polyhedrons (Bk. zi; Def. lo. Obs. 2) ; and it can be proved 
diat these five are the only regular polyhedrons which exist. 
Unless the contrary be expressly stated, when a tetrahedron, octa- 
hedron, dodecahedron, or icosahedron is spoken of, a regular one 
is to be imderstood. 

A. 

A parallelepiped is a polyhedron bounded by six 
parallelograms^ each opposite pairof which are equal 
and parallel. 



PROPOSITIONS. 



PEOP. I. THEOE. 

One part of a straight line oannot be in a plane and 
another part without the plane. 

Por if there can, let. if possible, one part ab of a 
straight line abc be in the plane ef, and another part bc 
without the plane. Then since the straight line ab is in 
the plane ef, it can be produced to any length required 
in a straight line in this plane (Post. 2) ; let it be pro- 
duced to a point D in the plane ef. Also take some 
plane passing through the straight line ab; and let it 
revolve about ab, remaining fixed, until it pass through 
the point 0, and let it then have arrived into the position 
AGB, being a point, in the plane agb. 

- Then because the points 
B, are both in the plane 
AGB, the straight line bo is 
in this plane, by the def" of 
a plane (Def. 7). Hence 
there are two straight lines 
ABO, ABB in the same plane 
AOB which have a common 
segment ab ; which is impossible (i. 11. Cor.). Therefore 
one part of a straight line cannot be in a plane, and 
another part without the plane. Which was to be 
proved. 




BOOK XI.] PBOPOSmOKS I. H. III. 265 

PEOP.n. THEOE. 

Two straight lines which cut one another shall be in 
one plane. And three straight lines, each of which cuts 
fhe other two, shall be in one plane. 

I. Let the two straight lines as, cd cut one another in 
x. Then ab, cd shall be in one plane. 

Take some plane passing through ab ; and let it re- 
volve about AB, remaining ^ed, until it pass through the 
point c, and let it then have arrived into the position 
BAT, being a point in the plane bat. 

Then because the points e, o 
are both in the plane bat, the 
straight line eo which joins them 
is in this plane by the def" of a 
plane (Def. 7). Therefore ab, eg 
are in the phuie bap ; but on is in 
the same plane bap that ce is in, 
since one part of a straight line 
cannot be in a plane, and another 
part without it (xi. i) : therefore 
AB, CD are both in one plane abp. "Which was to be 
proved. 

n. Let EC, op, BE be three straight lines, each of 
which cuts the other two, the points of intersection being 
s, c, B. Then they shall all three be in one plane. 

For it may be shewn as in Part I. of the prop" that 
the straight line eo is in a plane bep which passes through 
BE, and that the straight line bc is in the plane bep. 
Therefore eb, bc, ce are all three in one plane bep. 
"Which was to be proved. 

PEOP. m. THEOE. 

If two planes cut one another : then their common 
section shall be a straight line. 

Let the two planes AG, ck cut one another, and let 
their common section be the line db. Then the line db 
shall be a straight line. 

A. a 
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Fop if not: let, if posBible, db 
be not a straigl:^ fine. Then 
since 3, n are two points in the 
plane aq, the straight l^e which 
joins them is in this plane (Def. 
7), and it does not coindde with 
Bn; let it be bbd. Also «inice 
B, D are two points in the pl^ne 
CK, the straight line which joins 
them is in this plane, a^d it doef 
not coincide with bp ; let it be bfb. 

Because bed, bfi) are in two different planes, and do 
not coincide with bd, they are diilEerent straight Iqies, 
and they have the same points b, b for their extr^nities ; 
therefore the two straight lines bed, bfj) ei^close « space: 
which is impossible (Ax. lo). Therefore Bn is a atQiigU 
lind. Which was to be proved^ 

PEOP, IV. THEOB. 

If a straight line bf9 at right angles tp eacli of two 
straight lines cutting one another at ^ point of their 
intersection : then it shall be perpendicular tp tiie 
plane, which passes through them, or in whic)^ fhey 
are. 

Let the straight line ab be at right angles to eacH 
of the two straight lines CD, BE which cut one another at 
the point of their intersection b. Then ab shall be per- 
pendicular to the plane (xi. 2) passing through Er, en. 

In BC take any point G, and from be, bd, be cut off 
(i. 3) BH, BE, BL each equal to bo. Join gh^ IiK; and 
through B draw in the plane, in which od, ef are, auy 
straight line mbn, cutting gh in m and le: in k. Lastly, 

join AG, AM, AH, AK, AN, AL. 

By const" the four straight lines bg, bh, bk, bii are 
equd. And the angles gbh, lbk ^rre equal, since they 
are opposite vertical angles (i. 15) ; therefore the two 
triangles gbh, zbl have the two sides gb, bh respectively 
equal to the two sides KB, bl and the included angle 0bh 
equal to the included angle kbl, Therefore iiheaa two 
triangles are equal in every respect (i. 4) ; and hence the 
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base afi is equal to the base xx, ftnd the angle hgb equal 
to the angle bkl : 

And the angles g^bv, kbk are eqnal, smce they are oppo- 
site vertical angles ; therefore the two triangles obm, s3K 
have the two angles mob, mbo' respectively equal to the 
tvro angles bks, ttbe, and the sides bo, bk adjacent to 
the eqiml angles in each eqnal. Therefore these two 
triangles are equal in every respect (i. 26) ; and hence 
the side OK is equal to the side kjst, and the side mb to 
the side istb : 

Again bg is equal to bk, ba common to the two tri- 
angles ABO, ABE, and the angles abo, abk are equal 
(Def. 10), because ab by hyp* is at right angles to en ; 
therefore these two triangles have the two sides gb, ba 
respectivelv equal to the two sides eb, ba and l^e in- 
cluded angle gba equal to the included angle eba. There- 
fore they are equal in every respect ; and hence the base 
AG is equal to the base ax : 

And in like manner from the pair of equal triangles 
ABH, abs it may be shewn that the base ah is equal to 
the base al: 

Also GH was proved to be equal to el ; therefore the 
two triangles agh, aeii have the three sides ag, gh, ha 
respectively equal to the three sides ae, el, la. There- 
fore these two triangles are equal in every respect (i. 8) ; 
and hence the angle agh is equal to the angle ael : 

Aa2 
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And AG is equal to ak, and Gic to lor ; therefore tlie two 
triangles aoh, axn have the two sides ao, aif respectivelj 
equal to the two sides ak, ek, and the included angb 
AGM equal to the included angle ajot. Therefore these 
two triangles are equal in every respect ; and hence the 
base AM is equal to the base as : 

And lastly, mb was shewn to be equal to bk, and ab is 
common to the twq triangles abk, abk : therefore these 
two triangles have the three sides, am, mb, ba respectively 
equal to the three sides ak, sb, ba. Therefore they are 
equal in every respect ; and hence the angle abm is equal 
to the angle abk : 

Thus AB standing on ics makes with it the adjacent 
angles abm, abn equal to one another ; therefore by the 
def^ of a right angle each of these angles is a right angle, 
and AB is at right angles to mbit. In like manner it may 
be shewn that a!b is at right angles to every other straight 
line drawn meeting it in the plane passing through cd, 
£E: OL, HK being joined instead of gh, kl, when the 
straight line lies between bg and be, and bf and bd, instead 
of between bc and bf, and eb and bd as in the figure : 
therefore by the def** of a straight hne being perpendicular 
to a plane (xi. Bef. 3), ab is perpendicular to the plane 
passing through en, ef. Which was to be proved. 

PEORV. THEOE. 

If a straight line be at right angles to each of three 
straight lines at the point where they meet : tiien these 
three straight lines shall be in one plane. 

Let AB be at right angles to each of the three straight 
lines BC, bd, be at the point b where they meet. Then 
BG, BD, BE shall be in one plane. 

For if they are not all in one plane ; then, since each 
two must be in one plane because they cut one another 
(xi. 2), any two will be in one plane, and the third with- 
out it. Let, if possible, bd, be be in one plane, while bc 
is without this plane through bd, be ; and through ab, 
BG draw a plane cutting the plane through bd, be in the 
common section bf, which is a straight line (xi. 3)^ and 
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which cannot coincide 
with BO, because bo is 
supposed without the 
plane through bb, be. 

By the const^ ba, bo, 
BF are ail in one plane, 
viz. that through ba, bc. 
Now because ab is at 
right angles to each of 
the straight lines bd, be 

at the porut of their intersection b, it is' perpendicu- 
lar to the plane through them (xi. 4) ; and bi* is drawn 
meeting it in that plane: ther6f6re hj the def^ of a 
straight line being perpendicfalaT to a plane (xi. Def. 3), 
AB^is at right angles to be, and abf a righ^ angle: But 
ABC is a right angle by hyp* ; and all right angles are 
equal (Ax. 10) : therefore^ the angle abeIs equal to the 
angle abo. Now, they are both in one plane, that through 
BA, BO, so that ABO is a part of the whole abe ; hence 
the whole abe is equal to the part abo: which is im- 
possible (Ax. 9). Therefore no one of the three strai^t 
lines BC, bb, be can be without the plane in which the 
other two are ; that is, the three bo, bb, be are all in one 
l^aoe. Which was to be ployed. 

PEOP. VI. rSEOE. 

If: two' straight lines be eaA of fhem perpendionlar 
to thtt same p£uie : then they shall- be* parallel to one 
amother. 

Let the two straight lines, ab, ci) be perpendicular to 
the* same plane Ea at the points b, b. Then ab shall be 
pttrallel to cb. 

Join BB, which by the def" of a plane (Def. 7) is in the 
plane TO; in this plane draw (i. 11) nn at right angles 
to^ BD, and from bh cut off (i. 3) be equal to ab. Join 

BE, A£, AB-.' 

Because ab is perpendicular to the plane eg by hyp* ; 
and BB, EB are drawn meeting it in that plane : therefore 
by the def^ of a straight line being perpendicular to a 

A a 3 
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plane (xi. Defl 3), 
each of the angles 
ABD, ABE is a right 
angle. For like rea- 
son each of the an- 
gles CBB, CDE is a 
right angle. Now 
because ab is equal 
to DB by const**, bd 
common to the two 
triangles abd, bbe, 
and the right angle 

abb equal to the right angle bde, since all right angles are 
equal (Ax. 11); therefore these two triangles have the two 
sides AB, BD respectively equal to the two sides eb, bb 
and the included angle abd equal to the included angle 
EDB. Therefore they are equal in every respect (i. 4) ; 
and hence the base ad is equal to the base be. And ab 
is equal to de, and ae common to the two triangles abe, 
ADE ; therefore these two triangles have the three sides 
AB, BE, EA respectively equal to the three sides ed, da, ae. 
Therefore they are equal in every respect (i. 8) ; and 
hence the angle abe is equal to the angle eda. But abs 
is a right angle ; therefore also eda is a right angle. And 
EDB, EDO are both right angles ; hence ed is at right 
angles to each of the three strai^t lines db, da, dc at 
the point d where they meet. Therefore these three 
straight lines are all in one plane (xi. 5) ; and ab is in 
the plane in v^hich bd, da are, because each of the three 
straight lines ab, bd, da cuts the other two (xi. 2) : 
therefore ab, bd, do are all in one plane. Now each of 
the angles abd, bdc is a right angle; and hence bb 
cutting the two straight lines ab, cd, which have been 
proved to be in the same plane with it, in b and b makes 
the two interior angles abd, cdb on the same side of bb 
together equal to two right angles : therefore ab is 
parallel (L 28) to on. Which was to be proved. 
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PEOP. vn. THEOE. 

If two straiglit lines be parallel : fhen fhe straiglit 
line drawn joining any point in the one with tiny point 
in the other shall be in the same plane with tiie two 
parallels. 

Let AB, CD be two parallel straight lines ; £ any point in 
JLB ; E any point in CD. Then the straight line ef, which 
joins E and f, shall be in the same plane with as, cd. 

Por if not : let it, if possible, be without the plane and 
have the position egf, and in the plane in which the pa- 
rallels AB, CD are draw (Post, i) the straight line ehf 
from E to F, which does not coincide with egf. 

Then egf, ehf, hav- 
ing the same points ^ b 

E, F for their extremi- ^ 
ties, enclose a space be- 
tween them; and they c 
are each straight lines ; ' 

that is, two straight 

lines enclose a space: which is impossible (Ax. lo). 
Hence ef cannot be without the plane in which ab, cd 
are, that is, it is in it. Which was to be proved. 

Obs. This prop<* may be proved at once from the def^ of a plane ; 
for since E, F are points in the phtne in which the parallels AB, 
CD are, therefore £F which joins them lies in this plane (Def. 7). 

PEOP. Vni. THEOE. 

If two straight lines be parallel, and one of them be 
perpendicular to a plane : tiien the other also shall be 
perpendicular to that plane. 

Let AB, CD be two parallel straight lines, meeting the 
plane ra in the points b, d ; and let one of them ab be 
perpendicular to the plane. Then the other cd shall also 
be perpendicular to the plane eg. 

Join BD, which by the def° of a plane (Def. 7) is in 
the plane egf; in this plane draw (i. 11) dh at right 
angles to bd ; and firom dh cut off (i. 3) de equal to ab. 

Join BE, AE, AD. 
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Then because ab, 
OB are parallel bjr 
llJp^ and BB is drawn., 
joining the point b in.' 
AB with the point.!)- 
in CD; BD is in the 
same plane with ab, 
en (xi. 7), or AB, BD, 
CD are ail in one 
plane. Also because 
BD cuts the parallels 

AB, CD, in B, n, the two interior angles abd, cdb on the 
same side of it are equal (i. 29) to two right angles. 
And because ab is by hyp" perpendicular to the plane 
re; and db, bb are drawn meeting it in that plane: 
therefore by the def° of a straight line being perpen- 
dicular to a plane (xi. Def 3), each of the angles abd, 
ABB is a right angle. But the angles abd, cdb were 
shewn to be equal to two right angles ; and one of them 
ABD is a right angle : therefore the remaining angle cdb 
is a light angle. Now since ab is equal to de by const", 
BD common to two triangles abd, bde, and the right 
angle abd equal to the nght angle bdb, since all right 
angles are equal (Ax. 11) ; therefore these two triangles 
have the two sides ab, bd respectively equal to the two 
sides ED, DB and the included angle abd equal to the 
included angle edb. Therefore they are equal in every 
respect (i. 4) ; and hence the base ad is eqiial to the base 
be. And AB is equal to db,' and ab "common to the two 
triangles abb, abe: therefore these? -two •.trianglefr^ have 
the three sides ab, be, ea re^ectively equal -to the three 
sides ED, DA, AE. Therefore they arse equal in. every 
respect (i. 8) ; and hence the angle abe is equal to the 
angle eda. But abb is a right angle ; therefore also bda 
is alright angle. AndBDB is a right angle; hence ed is 
at right angles to each of the straight lines BD, ad at the 
point of their intersection' d. Th<»efdre ED is perpen- 
diculari to the plane through bd, da (xi. 5) ; andtJD, which 
has heeaik shewn to be in the same plane with ab,* bd, da, 
ia'^drawn meeting 'ED in the plane thsrough bd, da; there* 
fore by the def'' of a straight line being perpendieniar 
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to a plane, the angle edo is a right angle. But cms is a 
right angle ; hence on is at right angles to each of the 
two straight lines nn, de at the point of their intersection 
D : therefore en is perpendicidar (xi. 4) to the plane 
through ns, ns, that is, to the plane re, to which ab is 
at right angles. Which was to be proved. 

PEOP. IX. THEOE. 

Two straight lines, which are each of them parallel 
to the same straight line, and are not both in the same 
plane with it, shall be parallel to one another. 

Let AB, en be each of them parallel to the same straight 
line Br, and be not both in the same plane with it, so that 
AS, BB, en are not all in one plane. Then ab shall be 
parallel to en. 

In EB take any point G; from o draw (i. 12) in the 
plane, in which the parallels ab, be are, gh at right angles 
to EB cutting AB in H ; and from e draw, in the plane, in 
which the parallels be, en are, qk at right angles to be, 
cutting en in E. 

Because be is at 
right angles by .const" ^ — — — 

to each of the two 

straight lines oh, ok 
at the point of their c— — 
intersection O; there- '^ 

fore it is perpendicular 

to the plane passing through them (xi. 4), or the plane 
HGK. Now AB is parallel to ee by hyp* : and be has been 
just shewn to be perpendicular to the plane hgk : there- 
fore also AB is perpendicular to this plane (xi. 8). In 
the same manner it may be shewn that en is perpen- 
dicular to the plane hgk ; hence ab, en are each of them 
perpendicular to the plane hgk : therefore ab is parallel 
(xi. 6) to en. "Which was to be proved. 

PEOP. X. THEOE. 

If two straight lines meeting one another be respec- 
tively parallel to two others meeting one another, but 
are not in the same plane with l3ie first two : then 
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Let the two nttBi^lab lines' A3, SOj^meetiiig one another 
in B, be respeetiyely parallel to the two db, ep, meeting 
one another in b ; that is, let A3 be parallel to se, and bg 
parallel to ev ; and let the plane through ab, bo be not 
the same with that through de, ei*. Then the angle AlBG 
incshided bj ab, bo AtH be eqnsL to.' idie: oogle deit ih- 
dlttded by be, vsi 

In BA take a&y pdnt. a;, a&d froiti bc, eb, Hi? cot off 
(L 3) BH, ee, Ell equal to Ba. Join-os;, be, hl, aH,.KL. 

By const" the four straight lines bo, bh, ek, el 
are all equal. And ba is parallel to ed b j hyp' ; hence 
na is equal and parallel to ee; and they aia ibined 
towardBX«unepVrts,yk.. ' ^ 

towards e, k and towards b,, 
E by the straight lines OK, 
3E : therefore aK is equal 
and parallel (i. 33) to be. 
Eor like reason, hl is equal 
and parallel to be; hence 
GK, HL are both equal to be, 
and both parallel to be. !^ow; 
since things that are equal to 
the same thing are equal to 
one another (Ax. i), there- 
fore QK is equal to hl ; and 

BLQce straight lines that are parallel to the same straight 
line and not both in the same plane with it are parallel to 
one another (i. 9), therefore qk is parallel to hl. Henoe 
GK, HL are equal and paraller straight lines; and they are 
jpined towards the same parts, yiz. towards o, h and 
towards e, l, by the straight lines gh, ex : therefore gh, 
el are themselves: equal and parallel. Also bg, ee, bh, 
EL are all equal; therefore the two triangles bgh, eel 
have the three sides gb, bh, hg respectively equal to the 
three sides ge, el, le. Therefore they are equal in every 
respect (1. 8") ; and hence the angle obh is equal to the 
an^e eel, that is, the angle included hy ab, bc is equal 
to that included by be, bp; Which was to be proved. 
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PEOP. XI. PEOB. 

To draw a straight line perpendicular to a given 
plane from a given point without the plane. 

Let lOi be the given plane, 
and A the given point with* 
ont it. It is required to draw 
from A a straight line perpen- 
dicular to the plane kl. 

In the plane sx draw anj 
straight line bo ; in the pkuae 
which passes through bg and 
the point A, from a draw (L 
12) AD at right angles to bo ; 
and from p draw (L 11), in 
the plane kl, de at right 
angles to bo. Then if ad is 

also at right angles to be, ad is at right angles to each of 
the two straight lines bo, be at the point of their inter- 
section B, and is therefore perpendicular to the plane 
through EB, BC (xi. 4) ; that is, from a has been drawn a 
straight line ad perpendicular to the plane kl, and the 
thing required is already done. But if ab is not perpen- 
dicular to BE ; in the plane passing through be and the 
point a, from a draw aj* perpendicular to be. Then af 
shall be perpendicular to the plane kXi. 

Throu^ ^ in the plane kl draw (i. 31) 0H parallel to 

BC. 

Bj const^ BO is at right angles to each of the two 
straight lines ba, be at the point of their intersection b ; 
therefore it is perpendicular to the plane through ba, 
BE (xi. 4). And en is 'parcel to bo bj consf*; there- 
fore also (xi. 8) GH is at right angles to the plane through 
BA, BE. But AF is in the plane through ba, be, because 
each of the three straight lines ap, be, ba cuts the other 
two, and they are therefore (xi. 2) all in one plane ; and at 
is drawn meeting oh in this plane : therefore oy the def" of 
a straight line being perpendicular to a plane (xi. Def 3), 
GFA is a right angle. Now, aee is a right angle by const^; 
hence af is at right angles to each of the two straight 
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lines ED, &F at the point of their intersection ir. There- 
fore AV is perpendicular to the plane through sd, en, or 
the plane kl ; that is, from the given point a without the 
given plane kl has been drawn at perpendicular to that 
plane. Which was to be done. 

PEOP. Xn. PEOB. 

To draw a straight line perpendicular to a given plane 
from a given point in the plane. 

Let BF be the given plane, and a the given point in it. 
It is required to draw from a a straight Ime perpendicular 
to the plane. 

Take any point b without the plane ef ; and &om b 
draw (xi. 1 1) bo perpendicular to the plane, cutting it in 
0. Then if o coincides with a, from a has been drawn 
a straight line ob or ab per- ^ 

pendicular to the plane; and 
what was required is already 
done. But if o does not co- 
incide with A, in the plane 
through BC and the point a 
draw (i. 31) ad parallel to bc. T 
Then ad shall be perpendicular 
to the plane ef. 

Because by const° ad, ob are parallel straight lines, 
and one of them bo is perpendicular to the plane ef, 
therefore the other ad is also perpendicular (xi. 8) to it. 
Hence from the given point a has been drawn a straight 
line AD perpendicular to the given plane ef. Which was 
to be done. 

PEOP. XIII. THEOE. 

From the same point in a given plane, there cannot 
be two straight lines perpendicular to the plane on the 
same side of it. And there can be but one perpendicular 
to a plane from the same point without the plane. 

I. Erom the same point in a given plane, there cannot 
be two straight lines perpendicular to the piano on the 
same side of it. 
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For if there can : let, if 
possible, ^m the point a 
m the plane Fe me two 
straight lines ab, ao be 
perpendicular to the plane 
on the same side of it. 

Through ab, ao draw 
the plane he ; and since 
the common section of this 
plane with the plane tq is 

a straight line (xi. 3) through a, let it be the straight 
line DAB. 

Bj const" the three straight lines ab, ac, dab are in 
one plane hk. Now, because oa by hyp* is perpen- 
dicular to the plane 70, and ea is drawn meeting it in 
this plane ; therefore by the def^'of a straight line being 
perpendicular to a plane (xi. Def. 3), cab is a right angle. 
For like reason, bab is a right angle ; and all right an- 
gles are equal (Ax. 11): therefore the angle gab is equal 
to the angle bab. But because ba, oa, ab are all in one 
plane hx, the angle cab is a part of the angle bab ; hence 
the part gab is equal to the whole bab : which is impos- 
sible (Ax. 9). Therefore from the same point in a given 
plane there cannot be drawn two straight lines perpen- 
dicular to the plane on the same side of it. Which was 
to be proved. . 

n. There can be but one perpendicular to a plane 
from the same point without it. 

For if there can be more 
than one; let, if possible, 
from the same point a with- 
out the plane fg the two 
straight lines ab, ao be per- 
pendicular to the plane. 

Then, since ab, ag are 
both perpendiculiur to the 
same plane to, they are pa- 
rallel (xi. 6) to one another. But they cannot be parallel 
(Def. 35), because they meet in the point a : which is 
impossible. Therefore there can be but one perpendicular 
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to a plane from the same point without it. Which was 
to be proYed. 

PEOP. XIV. THBOB. 

Two planes, to each of which the same straight line 
is perpendicniar, shall be parallel to one another. 

Let the same straight line ab be perpendicular to each 
of the two planes en, Er, meeting en at a. and £7 a;t b. 
Then the planes en, ef shall be parallel. 

For if tnej are not parallel, thej will meet one another 
if produced far enough in some direction or other (jL 
Def. 8) : let them, if possible, be produced until they 
meet, and let their common section, which is a straight 
line (xi. 3), be gh. In oh take any point k, and join 
AK in the plane dch and bk in the plane efo. 

Because by hyp' ba is perpen- 
dicular to the plane en, and ka 
is drawn meeting it in that plane ; 
therefore by the def* of a straight 
line being perpendicular to a pluie 
(xL Def. 3), the angle kab is a 
right a^gle. Similarly it my be 
shewn that the angle kba is a 
right angle. Hence the angles 
kab, kba are equal to two right 
angles. But because each of the three straight lines ka, 
AB, BK cuts the other two, they are all in one plane (xL 
2), and form a triangle ttab ; and two of its angles sab, 
KBA have been just shewn to be equal to two right an- 
gles: which is impossible (i. 17). Therefore the planes 
on, £F, if produced ever so far every way, shall never 
meet ; that is, by the def° of parallel planes, the planee 
en, ef are parallel. Which was to be proyed 

PEOP. XV. THEOR 

^ If two straight lines meeting oae another be rmee- 
tively parallel to two others, whieh meet onfi aaouer, 
bat are not in the same plane with the flrst two: tha 
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the plane passiiig throiigli the first two shall be parallel 
to the plane passing through the other two. 

Let the two straigbt Bnes ab, bc meeting one another 
in B be respectively parallel to the two be, bf meeting 
one another in s ; that is, let ab be parallel to be, and bo 
to BE ; and let the plane through ab, bg be not the same 
with that throligh be, ee. Then the planes through ab, 
BO and through be, ee shall be parallel. 

From B draw (li. 1 1) BCh perpendicular to the plane 
through BE, EE ; and from a, the point where bo meets 
the plane, draw (i. 31) in it gh parallel to eb, and gk 
parallel to ee. 

Because bg by const" is at right angles to the plane 
through BE, EE ; and hg, kg are drawn meeting it^ in this 
plane : therefore by the def" of a straight line being per- 
pendicular to a plane (xi. Def. 3), each of the angles 
BGH, BGK is a right angle. Now, because ba is parallel 
to EB by hyp", gh 



parallel to eb by 
const" ; and straight 
lines which are pa- 
rallel to the sam€^ 
straight line and 
not both in tiie 
same plane with it 
are parallel to one 
another (xi. 9) : 
therefore bX is pa- 
rallel to gA. And 
because :i^g cuts the parallels ba, gh in g, h, the two 
interior angles pn the same side of it gba, bgh are e^ual 
(i. 29) to two right angles ; but one of them bgh is a 
right angle : therefore the other gba is a right angle. In 
the i^ame way it may be shewn that gbc is a right angle ; 
heisfce gb is at right angles to each of the two straight 
lines AB, GB at the point of their intersection b. There- 
fore GB is at right angles to the plane through ab, bc 
(xi. 4) ; and by const" it is at* right angles to the plane 
through BE, EE. But planes to each of which the same 
straight line is perpendicular are parallel (xi 14) : there- 
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fore the plane through ab, bo is parallel to the plane 
through DE, BF. Which was to be proved. 

PEOP. XVI. THEOE. ^ 

If two parallel planes be each of them cut by a third 
plane : then their common sections with it shall be 
parallel 

Let the two parallel planes ^ 

AB, CD be each of them cut bj 
the plane efhg ; and let their 
common sections with it, 



.'% 





which are straight lines (xi. 
3), be EF, OH. Then ef shall 
be parallel to oh. 

Por if not : let, if possible, 
ef, oh be not parallel. Then 
they being produced far 

enough must meet either towards f, h, or towards e, o. 
First let them be produced and meet towards f, h in the 
point K. 

Then since ef is in the plane ab and has been pro- 
duced to K, every point in the straight line efk is in 
the plane ab, or in the plane ab produced; but k is 
a point in efe: : therefore £ is a pomt in the plane ab 
produced. In like manner it may be shewn that k is a 
point in the plane en produced ; hence the planes ab, cd 
when produced have a common point e, and therefore 
meet one another ; but they never meet one another, if 
produced ever so far every way (xi. Def. 8), because they 
are parallel by hyp* : which is impossible. Therefore ef 
and GH, being produced, do not meet towards f, h. In 
like manner it may be proved that they, being produced, 
do not meet towards e, o. Hence ef, oh ia the plane 
EFHG being produced eyer so far both ways do not meet : 
therefore by the def° of parallel straight lines (Def. ^^), 
EF is parallel to gh. Which was to be proved. 

PEOP. XVn. THEOE. 

If any two straight lines, whether in one or in dif- 
ferent planes, be each of them cut by three parallel 
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planes ; fhen the fbnr parts cut off from them at the 
points of section diall be proportionaL 

Let PQ, BS be any two straight lines whether in one or 

in different planes ; and let the three parallel planes oh, 

KL, MK cut PQ in the points a, e, b, and bs in the points 

c, F, p so that from pq are cut off the two parts ae, bb, 

and from bs the two parts cr, ra. Then ae shall be to 

£B as cr is to pb. 
Join AC, BD, AD ; and let x be the point where ab cuts 

the plane kl. Join ex, xp. 
Then because ba, ba 

cut one another in a, ■'f ib 

they are in one plane 

(xi. 2) ; and b, x and B, 

B are points in this 

plane, therefore by the 

defo of a plane (Def. 7) 

Bx, BB the str£^ght lines 

joining them are both in 

the plane through ab, 

AD. And EX, BD are 

drawn in the planes ex, 

MN: hence ex, bb are 
the common sections of 
the plane through ba, 

AD with the two parallel planes kl, mn. But if two 
parallel planes be ' cut by another plane, the common 
sections with it are parallels (xi. 16) : therefore ex is 
parallel to bd. In tne same way it may be shewn that 
XF, AC are both in one plane, that through ba, bc, and 
parallel to one another. Now, because ex is drawn 
parallel to one side bb of the triangle abd, cutting the 
other sides ab, ab in e and x, therefore ae is to eb as ax 
to XB (vi. 2). Again, because xr is drawn parallel to 
one side ac of the triangle acd, cutting the other sides 
AB, CB in X and r, therefore cp is to pb as ax to xb. 
But it was shewn that ae is to eb as ax to xb ; and 
ratios that are the same to the same ratio are the same to 
one another (v. 11) : therefore ab is to eb as cp to pd. 
Which was to be proved. 

Bb 3 
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PEOP. XVm. THEOE. 

If a straiglit line be at right angles to a plane: then 
every plane which passes throngh it shall be at right 
angles to that plane. 

Let the straight line ab be at right angles to the plane 
CD. Then every plane, which passes through ab, shall be 
at right angles to the plane on. 

Take any plane or 
passing through ab, 
and let its common 
section with the plane 
CD, which is a straight 
line (xi. 3), be bbe. 
Take any point h in 
E7, not coinciding 
with B, and from h 
draw (i. 11), in the 
plane eo, he: at right 
angles to ee. « 

Because ab by hyp* is perpendicular to the plane cd, 
and EB is drawn meeting it in this plane ; therefore by 
the def° of a straight line being perpendicular to a plane 
(xi. Def. 3), EBA is a right angle. But khb is a right 
angle Jby const" ; hence hb cutting he, ab, in the plane 
GE, in h and b makes ' the two interior angles khb, abh 
on the same side of hb equal to two right angles. 
Therefore hk is parallel (i. 28) to ab ; but of these two 
parallel straight lines he:, ab one of them ab is at right 
angles to the plane on : therefore the other hk also is at 
right angles (xi. 8) to the plane en. But he is any 
straight line drawn in the plane eo perpendicular to ee : 
hence the straight lines drawn in one of the planes eg, 
CD perpendicular to their common section ee are per- 
pendicular to the other plane. Therefore by the def** of 
a plane being perpendicular to a plane (xi. Def. 4), the 
plane eo is perpendicular to the plane cd. In like 
manner it may be shewn that every other plane which 
passes through ab is perpendicular to tho plane cd. 
Which wUs to be proved. 
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PEOP. XIX. THEOE. 

If two planes cnttmg one another be each of them 
perpendiciilar to a third plane : then their common seo- 
tion shall be perpendicnlar to the same plane. 

Let the two planes ab, bc, which cut one another, and 
have for their common section the straight line (xi. 3) 
BD, be each of them perpendicular to a third plane, with 
which their common sections are the straight lines ad, dg 
respectively. Then shall bd be perpendicular to the third 
plane adc. 

For if not : let, if possible, bd be not perpendicular to 
the plane ado at d. From d draw (i. 11) in the plane 
ab, de at right angles to ad ; and from d draw, in the 
plane bo, df at right angles to do. Of the straight lines 
DB, DE though one may, yet both cannot coincide with 
DB ; for if they did, then db would be perpendicular to 
each of the straight lines da, do at the point of their in- 
tersection D, and therefore (xi. 4) to the plane adc, which 
it is supposed not to be. 




E 





Because the plane ab is perpendicular to the plane ado 
by hyp', and de is drawn in the plane ab perpendicular 
to their common section ad ; therefore by the def ° of a 
plan^ being perpendicular to a plane (xi* Def. 4), de is 
perpendicular to the plane ado. In like manner it may 
be shewn that de is perpendicular to the plane adc. But 
DB, DF are in different planes ab, bc, and can only coin- 
cide by both coiQciding with db, which it has been shewn 
they cannot do; hence from the same point d in the 
plane adc there are drawn two different straight lines 
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DE, D7 perpendicular to the plane ado on the same side 
of it : which is impossible (n. 13). Therefore db cannot 
be not perpendicular to the plane ado ; that is, bd is per- 
pendicular to the third plane aj>o. Which was to be 
proved. 

PEOP. XX. THEOR. 

If a solid angle be constituted by three plane angles: 
then any two of them shall be together greater than the 
third. 

Let the solid angle at a be constituted by the three 
plane angles bao, cab, bab. Then any two of them shall 
be together greater than the third. 




The three angles bag, cab, bab are either all equal, or 
not all equal. K they are all equal, it is manifest that 
any two of them are together greater than the third. 
But if they are not all equal ; there are either two equal 
angles which are each greater than the third, or else one 
angle is greater than each of the other two : so that in 
every case there is an angle not less than either of the 
other two, and greater than one of them. Let bag be 
that angle, which is not less than either of bab, bac and 
greater than one of them, bab. At the point a in the 
straight line ab make (i. 23) in the plane of the angle 
BAG, the angle bae equal to the angle bad, ae felling 
between ab and AC, since bad is supposed less than bag. 
In AB take any point E ; from ae cut off (i. 3) A0 equal 
to AT ; through o draw in the plane bag any straight line 
HOK, cutting AB in H and AC in k ; and join fh, ik. 
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By const^ the angle hap is equal to the angle HACh 
' and AF to AGh, and ah is common to the two triangles 
FAH, GAH; therefore these two triangles have the two 
sides 7A, AH respectively eqnal to the two sides eA, ah, 
and the included angle tah equal to the included angle 
GAH. Therefore they are equal in every respect (i. 4) ; 
and hence the base 7h is equal to the base an. Now 
since each of the three straight lines eh, he, kf cuts the 
other two, they are in one plane (xi. 2) and form the tri- 
angle PHE, any two of whose sides are greater than the 
third (i. 20) ; therefore hf, fk are greater than hk. And 
it has been shewn that he is equal to hg ; hence, taking 
away equals from unequals, the remainder ek is greater 
'(Ax. 5) than the remainder gk. Also ea is equal to AG, 
and AK common to the two triangles eak, gak; hence 
these two triangles have the two sides ea, as: respectively 
equal to the two sides ga, ae, iMit the base ek greater than 
the base gk. Therefore the angle eak included by the 
sides of that which has the greater base ee is greater 
(i. 25) than the angle gae included by the sides of the 
other. But the angle eah is equal to the angle gah; 
hence adding equals to unequals, the two angles eah, 
EAE are greater (Ax. 4) than the two angles hag, gae, 
that ia, than the angle hae. Thus it has been shewn 
that the two angles bad, cad ar^ greater than the angle 
BAG ; and since bag is supposed not less than either of 
the two BAD, CAD, therefore bag together with either of 
them is greater than the other. Hence any two of the 
three angles bag, bad, cad are together greater than the 
third. Which was to be proved. 

PEOP. XXI. THEOE. 

The plane angles which constitate any solid angle 
shall be together less than four right angles. 

There are two cases according as the number of the 
plane angles is three or more than three. 

I. Let the solid angle at a be constituted by three plane 
angles bag, cad, dab. Then these three together shall 
be less than four right angles. 
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In the straight lines ab, ao, ad take any points s, f, g : 
and join et, vq, oe. 

Then because each of 
the three straight lines 
Ef, VGt, es cuts the other 
two, they are all in one 
plane (xi. 2) and form a 
triangle eeg. Now since 
the solid angle at s is 
contained by three plane 
angles tea, aeg, peg, the 
two EEA, AEG are greater 
than the third eeg. Por 

like reason, the angles efa, aeg are greater than l^e 
angle efg; and the angles fga, eg a greater than the 
angle fge. Hence, addmg these nnequals together, the 
six angles fea, aeg, age, agf, gfa, afb are greater than 
the tlnree angles feg, efg, fge ; but feg, efg, pge, the 
three angles of the triangle feg, are equal to two right 
angles (i. 32) : therefore the six angles fea, Axa, age, 
AGF, GFA, AFE are greater than two right angles. Again, 
because the three angles of each of the tnangles afs, 
AFG, EGA are equal to two right angles; therefore the 
nine angles of these three triangles, viz. fea, eaf, afe, 
AFG, FAG, FGA, AGE, GEA, EAG are equal to six right 
angles. But of these nine angles, six, viz. fea, aeg, age, 
AGF, GFA, AFE have been shewn to be greater than two 
right angles : therefore the remaining three, viz. sag, 
GAF, FAE are less than four right angles. Hence the 
three angles bag, gad, dab which constitute the solid 
angle at a, are less than four right angles. Which was 
to be proved. 

II. Let the solid angle at a be constituted by any 
number of plane ^gles, bag, cad, bae, eaf, fab. Then } 
these together shall be less than four right angles. 

Take any plane cutting each of the planes in which 
the plane angles are ; and let its common sections with 
them be gh, hk, kl, lm, mg. 

Then gh, hk, sx, lm, hg are all straight lines (xL 3) ; 
and as they meet one another and are in one plane, they 
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form a polygon ghklh, which has as many sides as there 
are plane angles constituting the solid angle at a. Also 
each of the sides of the polygon as gh is the base of a 
triangle in the plane of one of the plane angles, and 
having its opposite angular point at a. Now since the 
solid angle at e is constituted by the three plane angles 
AGM, AGH, MGH, the two AGM, AGH are greater (xi. 20) 
than the third mgh. For the same reason the two 
plane angles at each of the points h, x, l, m, which are 
at the bases of the triangles having the common angular 
point at A, are each greater than the third angle at the 
same point, which is one of the angles of the polygon 
GHKLM. Therefore all the angles at the bases of the tri- 
angles are together greater than aU the angles of the 
polygon GHKXM. To each of these unequals add four 
right angles ; therefore all the angles at the bases of the 
triangles together with four right angles are greater 
(Ax. 4) than all the angles of the polygon together with, 
four right angles. But all the angles of the polygon 
GHKLM together with four right angles are equal to twice 
as many right angles as the polygon has sides (i. 32. 
Cor. i), that is, as there are plane angles constituting the 
solid angle at a ; therefore likewise all the angles at the 
bases of the triangles together with four right angles are 
greater than twice as many right angles as there are plane 
angles constituting the solid angle at a. Now because 
the three angles of each of the triangles are equal to two 
right angles (i. 32), all the angles of the tnangles are 
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equal to twice as many right angles as there are tri- 
angles, that is, as there are plane angles constituting the 
soHd angle at A: hence all the angles at the bases of 
the triangles together with four right angles are greater 
than all the angles of the triangles, that is, than all the 
angles at the bases of the triangles together with all the 
angles at a. From each of these unequals take away 
the common angles at the bases of the triangles* then the 
remaining four right angles are greater (Ax. 5) than the 
angles of the triangles at a. That is, the plane angles 
BAG, CAB, BAE, EAE, EAB, which Constitute the solid angle 
at A, are together less than four right angles. Which 
was to be proved. 

Obs. The proof (I.^ is but a particular case of the general demon- 
stration (II.), and may be included in it. 
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If firom fhe greater of two unequal magnitudes there 
be taken away a part greater thui its half, and from 
the remainder a part greater than its half; and so on : 
then this operation can be repeated nntil there is left a 
remainder less than the less of Ijie two nneqnal magni- 
tudes. 

Obs. This propA is required for the proof of Bk. zii. Prop. 2. It 
is the first prop^ in the Tenth Book of the Elements. 

Let AB and be two unequal magnitudes of which ab 
is the greater ; and from ab let there be taken away a 
part greater than its half, from the remainder a part 
greater than its half, and so on. Then this operation 
can be repeated until there is left a magnitude less 
than c. 

Since the less magnitude c may be multiplied a suffi- 
cient number of times for its multiple to exceed the 
greater ab, let it be so multiplied, and let its multiple be 
PE, which is greater than ab. Erom ab take ah greater 
than its half; from the remainder rB take eg greater 
than its half; and repeat the operation till the number 
of divisions in ab is equal to the number of times c was 
multiplied. Let these divisions be af, fo, gh, hb ; and 
let SJB be divided into magnitudes each equal to c, viz* 

c 
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DK, KL, LM, ME, the number of these divisions being equal 
to that of the divisions of ab. 

Because be by 
const"* is greater than ^ ^ o ^ b 

AB; and from db is ' * ^ 

taken a part dk not c— — 
greater than its half, t. i i i i t 
while from ab is taken ^ ^ ^ 

a part af greater than 

its half: therefore the remainder ke is greater than the 
remainder eb. Again, because ke is greater than pb ; 
and from ee is taken el not greater than its half, and 
from FB is taken fg greater than its half; therefore the 
remainder le is greater than the remainder GhB. And 
proceeding in like manner for the corresponding divisions 
of BE and AE, we should have at last the remainder me 
greater than the remainder hb. But me is equal to c hj 
const° ; therefore c is greater than hb. Hence the ope- 
ration has been repeated until there remains a magnitude 
HB less than o. Which was to be proved. 

GOB.— If from the greater of two unequal magni- 
tudes there be taken away its half, and from the 
remainder its half; and so on: then this operation 
can be repeated until there is left a remainder less 
than the less of the two unequal magnitudes. 

The proof of this is exactly similar to that of the 
prop". 

PEOP. I. THEOE. 

If similar polygons be inscribed in circles : then fhey 
shaU be to one another as the squares of the diameters 
of the circles in which they are inscribed. 

Let ABC, FGH be two circles ; and in abg, fgh: let 
there be inscribed the similar polygons abode, fohkl. 
Then the polygon abode shall be to the polygon fohsx 
as the square of the diameter of the circle abo is to the 
square of that of the circle fgh. 
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The angles at a, b, c, d, e being supposed those which 
by the def> (vi. Def. i) of similar polygons are respectively 
equal to those at f, a, h, k, l, and the sides ab, bg, od, ds, 
£A those which are homologous to vq, gh, hk, el, lp, find 
(iii. i) the centres of the circle abo.. fgh ; and through a, 
p draw their diameters am, tts. Join mb, ng, ac, fh. 

Since the angle abc is equal to the angle fgh, and 
AB is to BC as FG to GH (vi. Def. i) ; therefore the 
two triangles abo, fgh have the angle abc equal to the 
angle fgh, and the sides about this pair of equal angles 
proportional. Therefore these two triangles are similar 
(vi. 6) ; and hence the angle acb is eqiial to the angle 
fhg. But the angle ahb is equal to the angle acb, 
because they are in the same segment amcb ; and the 
angle fng is equal to the angle fhg for like reason : 
therefore the angle amb is equal to the angle fng. Also 
the angle abm in the semicircle abm, and the angle fgn 
in the semicircle fgk are right angles ; and all right 
angles are equal: tl^erefore the angle abm is equal to 
the angle fgn. Hence the two triangles abm, fgk have 
the two angles amb, mba respectively equal to the two 
angles fng, ngf, and consequently (i. 32. Cor. A) the 
third angle bam equal to the third angle gfn ; therefore 
these two triangles are equiangular to one another. 
Therefore they are similar (vi. 4) ; and hence ab is to 
AM as FG to FN. Therefore, altemando (v. 16), ab is to 
fg as AM to TS ; and the duplicate ratio of the ratio of 
AB to FG is the same as the duplicate ratio of the ratio of 
AM to FN. Now the polygons abode, fghel are similar 
by hyp*, and the squares described on am, fn are similar, 
since regular polygons of the same number of sides are 
similar (vi. Def. i. Obs. 3) ; and similar polygons have 

o c 2 
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to one another the duplicate ratio of the ratio of their 
homologous sides (vi. 20) : therefore abode has to fohkl 
the duplicate ratio of the ratio that ab has to FGh, and 
the square described on am has to the square described 
on FN the duplicate ratio of the ratio that am has to fk. 
But it was shewn that the duplicate ratio of the ratio of 
AB to Fo is the same as the duplicate ratio of the ratio of 
AM to FN ; and ratios that are the same ratio are the same 
to one another (v. 11): therefore abode has to fghkl 
the same ratio which the square described on am has to 
the square described on fn ; that is, the polygon abode 
is to the polygon fohkl as the square of the diameter of 
the circle abc to the square of the diameter of the circle 
FGH. Which was to be proved. 

COB^-^Similar polygons shall be to one another as 
the squares of either pair of their homoU^us 
sides. 

Por if abode, fghel be supposed any similar 
polygons whatever, not necessanly inscribed in cir- 
cles, and AB, FO a pair of homologous sides ; it may 
be shewn in like manner as in the prop** that abode 
has to FOHKL the duplicate ratio of the ratio of ab 
to FO, and the square of ab has to the square of fo 
the duplicate ratio of the ratio of ab to fo, and 
therefore that the polygon abode is to the polygon 
FGHEL as the square of ab is to the square of fg. 
Which was to be proved. * 

PEOP. n. THEOE. 

Circles shall be to one another as the squares of fheir 
diameters. 

Let ABC, DEF be two circles ; and ab, de diainet^*8 of 
them respectively. Then the square of ab shall be to the 
square of de as the circle abo is to the circle def. 

The square of ab must be to the square of de as the 
circle abc is to some space or other. If this space be 
not equal to the circle det, it must be either less than it, 
or greater than it. 
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I. Let, if possible, the square of ab be to the square of 
Dis as the circle abo is to a space z, less than the 
circle bee. 








In the circle dbp inscribe (iv. 6) the square Erra, so 
as to have be for one of its diagonals, and through e, r, 
B, G draw (iii. 17) straight lines touching the circle : these 
will form (iv. 7) the square hikl circumscribed about the 
circle bee, and lb, be will be each rectangles. Then 
since the triangle ebe and the parallelogram lb are on 
the same base be and between the same parallels hl, be, 
U) is double (i. 41) of fbe. In like manner be is double 
of BGE ; therefore the whole hiel is double of the whole 
SFBQ. But HIEL is greater than the circle bee ; there- 
fore the double of eebg- is greater than the circle bee, 
and therefore eebg is greater than half the circle bee : 

Again, bisect (iii. 30) the arcs fb, bo, ge, ef in m, h", 
o, P, and join nb, bo, og, gp, pe, em, mf, fn. Through 
x draw a straight line touching the circle ; from b draw 
(i. 11) BQ perpendicular to it, and through f draw (i. 31) 
m parallel to bq cutting the touching line in b. Then 
BQ is at right angles to the straight line drawn from ir 
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through the centre (iii. 18) ; and from the problem (iii. 30) 
of bisecting an arc, this straight line bisects fd at right 
angles : therefore qb, df, which are cut by this line, make 
the two interior angles on the same side together equal 
to two right angles, and are therefore parallel (i. 28). 
Hence qdfb is a parallelogram (Def. A) ; and it may be 
shewn as before, that the triangle dkf is greater than 
half the segment dnf. In like manner, each of the 
other triangles noo, ope, emf is double of the segment in 
which it is ; and therefore all the triangles dkf, Doa, ope, 
emf together are greater than half of the segments dnf, 
DOO, gpe, emf together. And a like result would ap- 
pear each time that the arcs are bisected, and their ex- 
tremities joined with the points of bisection : 

By hyp« the space x is less than the circle def ; and 
therefore the circle def and the excess of the circle def 
above the space x are two unequal magnitudes, of which 
the circle def is the greater. Now if from the greater of 
these two unequal magnitudes, viz. the circle def, there 
be taken a part greater than its half, and from .the re- 
mainder a part greater than its half, and so on ; then this 
operation can be repeated (xii. A) until there is left a 
remainder which is less than the less of the two unequal 
magnitudes, viz. the excess of the circle def above the 
space X. Let such operations be performed : that is, from 
the circle def take away the inscribed square eobdf, 
which has been shewn to be greater than its half; from 
the remainder, viz. the segments fnd, doo, ope, emf to- 
gether take away the triangles fiid, doo, «hP£, emf, which 
have be^i shewn to be together greater than its half; 
and so on ; and let the remainder after the last <^p^ration, 
which is less than the excess of the circle def above the 
space X, be the segments fn, i^d, do, o&, op, pe, em, me. 
But all these segments together are the excess of the 
circle def above the inscribed regular polygon fitdogpsm; 
therefore the excess of the (^cle def above the polygon 
fkdoopem is less than the excess of the cirde def above 
the space x. Therefore the polygon fndoopem is greater 
than the space x : 

Next, in the circle abo let there be inscribed a regular 
polygon csATVVBw of the same number of sides as the 
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polygon ITTDOGPSM, bj inscribing a square, and succes- 
sivelj- bisecting the arcs of the circle, and joining the points 
of bisection with their extremities : then these two regular 
polygons will be similar (vi. Def. i. Obs. 3). But similar 
polygons, inscribed in circles are as the squares of their diar 
meters (xii. i) : therefore the square of ab is to the square 
of BE as the polygon csatuybwis to the polygon fndoopem. 
Now, by hyp* the square of ab is to the square of de as the 
circle abc is to the space x ; and ratios that are the same 
to the same ratio are the same to one another (v. 11): 
therefore the circle abo is to the space x as the polygon 
OBATUTBW is to the polygon fetdoopem. But the circle 
ABO is greater (Ax. 9) than the polygon osatutbw; 
therefore the space x is greater (v. 14) than the polygon 
PKDOOPEM, that is, the polygon pitdoopem is less than 
the space x. But it has been proved to be greater than 
the space x : which is impossible : 

Therefore the square of ab is not to the square of de 
as the circle abc to any space less than the circle def ; 
and generally the square of the diameter of one circle is 
not to the square of the diameter of another circle as the 
first circle is to any space less than the second circle. 

II. Let, if possible, the square of ab be to the square 
of be as the circle abo is to a space y greater than the 
circle dep. 

Then, invertendo (v. B), the square of de is to the 
square of ab as the space y is to the circle abc. But the 
space Y is to the circle abc as the circle dep is to some 
space or other, as z ; and the space y is by hyp* greater 
than the circle dep : therefore also the circle abc is 
greater (v. 14) than the space z. Now since the square 
of DE is to the square of ab as the space y is to the circle 
ABC, and the space y is to the circle abc as the circle dep 
to a space z less than the circle abc ; and ratios that are 
the same to the same ratio are the same to one another 
(v. 11) : therefore the square of de is to the square of 
AB as the circle dep to a space z less than the circle dep ; 
which has been shewn in Part I. of the proof to be im- 
possible : 

Therefore the square of ab is not to the square of de 
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aa the circle abc is to any space greater than the circle 

Hence since the square of ab must be to the square of 
nE as the circle nbc is to some space or other ; and since 
it has been shewn that this space is neither less nor 
greater than the circle def : therefore it is equal to the 
circle dee ; that is, the square of ab is to the square of 
DE as the circle abc is to the circle def. Which was to 
be proved. 
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APPENDIX A. 

Fbofessob PLitTPAiB, in his "Elements of Geometry" 
(Glasgow, 1795), substituted the axiom that " two straight 
lines, which cut one another, cannot be each of them pa- 
rallel to the same straight line," for Bk. I. Ax. 12, as 
given in the text. If this method be adopted, the above 
maj be made Axiom A. of the 1st Book, and the as- 
sertion of Euclid's 12th Axiom proved by means of it ; 
this will form Bk. I. Prop. A., and may be placed con- 
veniently after Prop. XXVIII. The prop" then in 
which Ax. 12 is introduced may either be proved as in 
the text, reference being made to Prop. A. instead of to 
Ax. 12 ; or their proofs may be so modified as to depend 
immediately on Playfair's Axiom. We shall enunciate 
A-x. A., state and prove Prop. A., and prove Bk. I. Prop. 
XXIX. immediately by help of Ax. A., according to Play- 
fair. 

AXIOM A. 

Two straight lines, which cut one another^ cannot 
be each of them parallel to the same straight line. 

Obs. To inustrate this ; let AB, 
CD be two straight lines which 
cat one another in the point 
E. Then Ax. A asserts that 
AB, CD shall not be each of 
them parallel to the same 
straight line F6. 

Either one of the two AB, 
CD may be parallel to FG; 
but both cannot. 




/■ 
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BK. I. PEOP. A. 

If a straight line cut two straight lines, so as to make 
the two interior angles on the same side of it together 
less than two right angles : then these two straight lines, 
being continually produced, shall at length meet on that 
side of the cutting line on which are the angles that are 
together less than two right angles. 

Let the straiglit line efgh 
cut AB, CD in F, e, so as to 
make the two interior angles' 
BFG, FOD on the same side of 
EH (viz. that side towards b, 
n,) together less than two 
right angles. Then ab, cd, 
being continuallj produced, - 

shall at length meet in some / 

point on the side of eh to- =' 

wards b, d. 

For if they do not meet on the side of eh towards b, 
D ; they must either meet if produced on the side of eh 
towards a, o, or else be parallel. 

I. Let, if possible, ab, od meet if produced on the side 
of eh towards a, o. 

Then the angles gfa, fgo are two angles of a triangle, 
and therefore are together less (i. 17) than two right 
angles. But since gf makes with ab the adjacent angles 
AFG, BFG, these two angles are equal to two right angles ; 
and for like reason the two angles ggf, fgd are equal to 
two right angles : hence, adding equals to equals, the four 
angles afg, fgc, fgd, gfb are equal to four right angles. 
But two of them, afg, fgc have been shewn to be less 
than two right angles, therefore the other two bfg, -eqj> 
are greater than two right angles ; and by hyp* they are 
also less : which is impossible. Therefore ab, cd do not, 
if produced, meet on the side of eh towards a, c. 

II. Let, if possible, ab, cd be parallel. 

At the point f in the straight line gf make the angle 
GFL equal to the angle fgo ; and produce lf to s:. 
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Then, because ja makes with od the adjacent angles 
PGG, PGD, these two angles are equal to two right angles ; 
and the angle pgo is equal to the angle gel bj const^ : 
therefore the two angles gfl, pgd are equal to two right 
angles. But the two angles gpb, pgd are by hyp' less 
than two right angles ; therefore the two angles gpl, fgb 
are greater than the two angles bfg, fgb. From each of 
these unequals take away the common angle fgd ; there- 
fore the remaining angle gpl is greater than the remaining 
angle gpb, and pl does not coincide with fb ; that is, 
AB, KL are two straight lines, cutting one another in p. 
But since he, cutting the two straight lines kl, cd in 
G, p makes the alternate angles ogp, gel equal, sx is 
parallel (i. 27) to gd ; and ab is supposed parallel to CD. 
That is, the two straight lines ab, cd, which cut one 
another in p, are each of them parallel to the same 
straight line cd: which by the axiom (Ax. A) is im- 
possible. Therefore ab, od are not parallel. 

Hence, since it has been shewn, that ab, cd neither, 
if produced, meet on the side of eh towards a, c, nor are 
parallel, ab, cd must, if continually produced, meet on 
the side of eh towards b, d. Which was to be proved. 

The following is the proof of Bk. I. Prop. XXIX. 
as given by Playfair, and depending immediately on 
Axiom A. 

BK. I. PEOP. XXIX. 

Enunciate as in the text, 
and proceed thus : — 

For if AGH, GHD be not 
equal ; let them, if possible, 
be unequal. At the point 
G in the straight line hg 
make the angle hgk equal 
to the angle ghd ; and pro- 
duce KG to L. 

Then by const" the angle hgk is unequal to the angle 
HGA ; therefore gk and ga do not coincide, and ab, kl 
are two straight lines cutting one another in g. Now 
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becatuie sf cuttmg kl, cs in a, h makes the alternate 
angles kqh, ghb equal, theo^ore kl is parallel (i. a8) to 
on ; and ab is by hyp* parallel to on. That is, tiie two 
straight lines ab, kl, which out one anoth^ in o are each 
of them parallel to the same straight line on : which bj 
the axiom (Ax. A) is impossible. Therefore the angles 
AGH, enn are not unequal, that is, the alternate angles 
AGH, GHD are equal. In like manner it may be shewn 
that the alternate angles bgh, gho are equal. Whick 
was to be proved. 

The proofs of Farts 11. and III. are the same as those 
in the text. 

Playfair deduces what is giren above as Prop. A firom 
this prop", to which he makes it a Corollary. 



APPENDIX B. 

If we lay down the following as an Axiom : — 

If the distance of a point from the centre of a 
circle be less than the radius of the circle, the point 
is within the circle ; and if the distance of a point 
from the centre of a circle is greater than the radius, 
the point is without the circle : 

The 2nd and 18th Prop"* of Bk. III. may be proved 
by a direct proof, instead of the ex absurdo demonstra- 
tions given in the text, as we shall now shew ; and the above 
axiom will be referred to as Bk. III. Ax. A. These 
methods are due to Commandine, who published the 
fifteen books of Euclid's Elements in Latin, at Pisauri, 
fol., in the year 1572. 

BK. III. PEOP. n. 

^ Let ABO be a circle and a, b any two points in the 
circumference. Then the straight line ab, which joinB ' 
them, shall fall within the circle. 
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In AB take any point e ; find n the 
centre of the circle (iii. i) ; and join 

DA, DB, DB. 

Because da. is equal to bb by the 
def^ of a circle, the angle dab is equal 
(i. 5) to the angle bba ; and because 
the side ab of the triangle dae is pro- 
duced to B, the exterior angle deb is 
greater than the interior and opposite 
angle dab (i. 16) : therefore the angle deb is likewise 
greater than the angle dbe. But the greater angle of a 
triangle is subtended by the greater side (i. 19) ; therefore 
DB is greater than de. That is, de the distance of the point 
E from the centre d is less than the radius of the circle abc; 
therefore by the axiom (iii. Ax. A) the point e is within 
the circle abo. In like manner it may be shewn that 
every other point in ab is within the circle abo, excepting 
A and B which are points in the circumference : therefore 
the straight line ab, which joins a and b, falls within the 
circle. Which was to be proved. 

BK. IIL PEOP. XVI. THEOE. 

Let ABC be a circle, of which d is the centre and da 
any radius ; and let the straight line ab be drawn at right 
angles to da from its extremity a. Then : — 

I. AE shall fall without the circle abc. 

In AE take any point f, and join df. 

Because the angle daf is a right 
angle by const", the angle dfa must 
be less than a right angle ; for if it 
were either equal to or greater than 
a right angle, the two angles daf, 
DFA of the triangle daf would be not 
less than two right angles : which is 
impossible (i. 17). Hence the angle 
DAF is greater than the angle dfa ; and 
the greater angle is subtended by the 
greater side (i. 19): therefore df is greater than da. 
That is, DF the distance of the point f from the centre D 
is greater than the radius of the circle abo : therefoir 

D d 
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by the axiom (iii. Ax. A), the point e is without the circle 
ABC. In like manner it may be shewn that every other 
point in ae is without the circle abc, excepting the point 
A which by hjrp' is in the circumference : therefore the 
straight line ae falls without the circle. Which was to 
be proved. 

II. No straight line can be drawn from a between ae 
and the radius ad, which shall not cut the circle abc. 

From A draw any straight line ap between ae and ad ; 
and from d draw (i. 12) do perpendicular to at. 

Because the angle dga is a right 
angle by const", and the angle dag 
is less (Ax. 9) than a right angle, 
since the 'angle daf is a part of the 
right angle dab : therefore the angle 
DGA is greater than the angle dag. 
But the greater angle is subtended 
by the greater side (i. 19) ; therefore 
DA is greater than dg. That is, dg 
the distance of the point g from the 
centre d is less than the radius of 
the circle abc: therefore by the 
axiom (iii. Ax. A) the point g is within the circle. Hence 
since the point a of the straight line ae is in the circum- 
ference, and the point G is a point within the circle, the 
straight line ap must cut the circle. In like manner it 
may be shewn that every other straight line drawn from a 
between AE and ad cuts the circle; that is, no straight line 
can be drawn from a between ae and the radius ad which 
shall not cut the circle abc. Which was to be proved. 




APPENDIX C. 

There is an analogous prop" to Bk. III. Prop"" VII. 
VIII. which is useful, inasmuch as it explains why in 
Bk. in. Def. 4 and Prop"*. XIV. XV. the perpendicular 
from a point on a straight line is called the cdstance of 
the point from the line. Its enunciatioa and proof are 
98 follows : — 



j 
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BK. m. PEOP. A. THEOE. 

If any point be taken without a straiglit line : then 

(1) of all the straight lines which can be drawn 
from it to the straight line, the greatest Aall 
be that which is perpendicular to the straight 
line ; and of the rest that which is nearer to 
the perpendicular shall be always greater than 
one more remote ; 

(2) from this point there can be drawn one and 
only one straight line tp the straight line, 
equal to a given strsdght line drawn from it to 
the straight line, which shall be on the opposite 
side of the perpendicular. 



/ D B F 
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Let AB be any straight line ; c any point without it ; 
and OD perpendicular to ab. Then : — 

I. Of all the straight lines cd, ce, of, cg that can be 
drawn from c to ab, cd shall be the least ; and of the 
rest CE which is nearer to cd than gf shall be less than 
GF, and CF which is nearer to cd than CG shall be less 
than OG. . 

Because ode is a right angle by hyp^, the angle ced is 
less than a right angle ; for if not, the two angles ode, 
CED of the triangle cde would be not less than two right 
angles (i. 17) : which is impossible. Hence the angle 
cde is greater than the angle ced ; and the greater angle 
is subtended by, the greater side (i. 19) : therefore ce is 
greater than cd. Also, since ced is less than a right 
angle, the angle cef is greater than a right angle ; and it 
may be shewn as before that cfd is less than a right 
angle : therefore the angle cef is greater than the angle 
CF£, and OF greater than ce. In like manner CG is 

Dd2 
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greater than cf. Hence of cd, ce, ce^ co the least is od, 
CE is greater than cd, ce than ce, and ca than cp. 
Which was to be proved. 

II. Prom c there can be drawn one and only straight 
line to A3 equal to a given straight line ce drawn £rom 
c to AB, which will be on the opposite side of the perpen- 
dicular CD. 

At the point c in the straight line nc make the angle 
PCH equal to the angle dce ; and let CH cut ad in z. 
Then vk shall be equal to ce. 

Because the right angle cdk is equal to the right angle 
ODE since all right angles are equal (Ax. ii), the angle 
ncE to the angle dce bj const**, and en common to 
the two triangles bck, dce ; therefore these two triangles 
have the two angles kdc, dce respectively equal to the 
two angles edc, ecd, and the side cp adjacent to the equal 
angles in each common. Therefore they are equal in every 
respect (i. 26) ; and hence ck is equal to ce. Also besides 
CK no other straight line can be drawn from c to ab equal 
to CE : for if there can, let it be cl. Then because ci> is 
equal to ce, and ce to ce, and things that are equal to 
the same thing are equal to one another (Ax. i) ; there- 
fore CL is equal to ce, that is, the straight line cl drawn 
from c to AB, further from cd than ce is, is equal to ce : 
which is impossible by Part I. Therefore from c one 
straight line and one only ce can be drawn to a.b equal 
to ce, lying on the opposite side of the perpendicular cd. 
"Which was to be proved. 



APPENDIX D. 

> 

The problem of describing a circle of which a segment 
or an arc is given, may be solved by the following method, 
which is simpler than that given in the text. 

BK. III. PEOP. XXV. PEOB. 

A segment or an arc of a circle being given, to de- 
seribe tiie circle of which it is the segment or the are. 
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Let AOB be the given segment, or acb the given arc 
of a circle. It is required to describe the circle of which 
it is the segment, or the arc. 

In the arc aob take any 
point o, and join oa, ob. 
Bisect (i. lo) ca, gb in d, e ; 
and from n, b draw (i. ii) 
nv, BGh perpendicular to ao, 
GB. Then as in the const** of 
Bk. IV. Prop. V. it may be 
shewn that df, e& being con- 
tinually produced will meet. 
Let them be produced to meet 
in H ; and join ho. 

Then because be is drawn bisecting at right angles the 
straight line in the circle ag, therefore the centre of the 
circle is in this line df produced (iii. i. Cor.) ; for like 
reason the centre of the circle is in Ea. Hence the centre 
of the circle is a point in df, and a point in sa, and must 
therefore be h, the point of intersection of df, eo : there- 
fore iC with centre h and radius ho a circle be described, 
it will be the circle of which acb is the segment, or aob 
the arc. Which was to be done. 




APPENDIX E. 

The following prop*** requiring the use of the 11th 
"Book, are analogous to the one proved in Appendix C, 
and they may be called Prop'^' A. and B. of Bk. XI. 

BK. XI. PEOP. A. THEOE. 

Of all the straight lines drawn to meet a plane from 
a point without it, that which is perpendioular to the 
plane shall be the shortest 

Let A be any point without the plane kl (see figure of 
Bk. XI. Prop. XII.) ; AF the perpendicular from a on 
the plane. Then of all the straight lines drawn from A 
to meet the plane, af shall be the least. 
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Take ad any straight line, meeting the plane in b ; and 
join DP. 

Then since ai* is by hyp* perpendicular to the plane^ 
and Di* meets it in v in that plane, therefore by the def '^ 
of a straight line being perpendicular to a plane (xi. Def. 
3), AID is a right angle, and therefore the squares of ax^ 
FB are equal (i. 47) to the square of ad. Hence the square 
of AF alone is less than the square of ad, and therefore af 
less than ap. Similarly it may be shewn that af is less 
than every other straight line drawn from a to meet the 
plane ; therefore af is the least of all such lines.. Whidi 
was to be proved. 

BK XI. PEOP. B. THEOE. 

If there ba two straight lines not in the same plane : 
then of all tiie straight lines joining any point in the 
one with any point in the other, the least shall be that 
whidh is perpendicular to each of them. 

Let AB, CD be two straight Hues not in the same plane ; 
EF the straight line which is perpendicular to each of 
them. Then of all the straight lines joining any point in 
AB with any point in od, 
£F shaU be the least. 

Take any straight line 
PQ joining p in ab with 
Q in CD. In the plane 
through CD and fb, draw 
through b (i. 31) oeh 
parallel to ofd, and from 
Q draw QB perpendicular 
to GH ; join bp, which will be in the plane gh, through 
AB and OH. 

Then since fb cuts the parallels CD, gh in f, e, the two 
interior angles on the same side cfe, feg are equal (i. 29) 
to two right angles ; and cfe is a right angle by const": 
therefore the other feg is a right angle. And fb by 
hyp* is at right angles to ab ; therefore fb is at right 
angles to each of ab, gh at the point of their inter- 
section e. Therefore ef is perpendicular to the plane 
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through AB, GH ; and qb bj coiust° is parallel to Bi* : there- 
fore QB is perpendicular to the plane oh. But pb is 
drawn mee^g; it in thia plane ; therefore by the def '^ 
(xi. Def. 3) of a straight fine being perpendicular to a 
plane, qbp is a right angle. Hence the square of pq is 
equal to the squares of qb, bp (i. 47), that is, of fe, 
BP, since qbef is a parallelogram hj const^, and qb there- 
fore (i. 34) equal to ep : therefore the square of pe alone 
is less than the square of pq, and therefore pe than pq. 
Similarly it may be shewn that pe is less than eveir 
other straight Ime drawn joining any point in ab with 
any point in cd. Hence ep is the least of all such 
lines. Which was to be proved. 
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HAZLITT'S Classical Gazetteer. A Dictionary of Ancient 

Geography, Sacred and Profane. 8vo. cloth . .08-6 
HERODOTUS, by Gaispord. 2 vols. 8vo. cloth . .110 
HINCK'S Greek and English School Lexicon. New edition, 

improved, square, bound • • . . .076 
Summary of Ancient and Modem History. New 

edition, 18mo. cloth 3 

KEIGHTLE Y'S History of India. 8vo. cloth . .080 

. England. 2 vols. 12mo. cloth 14 

Elementary History of England. 12mo. bd. 6 | 

History of Rome. New edition, 12mo. cloth 6 6 1 

; the Roman Empire. 12mo. cloth 6 6' 

'■ Elementary History of Rome. 18mo. bd. .0 3 6 i 

History of Greece, New edit. 12mo. cloth 6 6' 

Elementary History of Greece. 18mo. bd. 3 6 

Mythology. 8vo. cloth . . . . 16 

Abridged for the Use of Schools. 



1 8mo. bound . . , 4 

KEITH'S Complete Measurer. 12mo. bound . . .050 
Practical Arithmetic. New edition, by Maynard. 

12mo. bound 4 6 

System of Geography. New edition, 12mo. bound 6 



KOCH'S History of Europe. 8vo. cloth . . . .060 

LEBAHN'S Practice in German. 12mo. cloth . .060 
LEVIZAC'S French Dictionary. New edit. 12mo. bd. 9 
LIVY. With English Notes, by Dr. Stocker. Vol. I. in '[! 

two parts. Ovo. boards 14 

- — — Vol. II. in two parts. 8vo. boards .1 4 
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MAYOR'S Eton Latin GrammaSr. 12mo. bound . . 2 G 
MAXWELL'S Military Geography of Europe. 12mo. 

cloth 040 

MEIDINGER'S German Self-Teacher ISmo. bound . .066 
MITCHELL'S SOPHOCLES. With EngUsh Notes, CriUcal 

and Explanatory. 2 vols. Syo. cloth . . .18 
%* The Plays can be had separately, 8vo, doth, 6s. each. 
MOLINEUX on the Globes, by Matnakd. 12mo. cloth .0 3 
MORRISON'S (Charies) Introdnctioo to Book-keeping, Sto. 

half-bound 8 

MURRAY'S English Grammar. 18mo. bound . . .010 

NIBLOCK'S Latin-English and English-Latin Dictionary, 
square 12mo. bound . . . . . . .090 

Tyronis Thesaurus. square'l2mo. bound .0 6 6 

NUGENT'S French and English Dictionary, square, bound 7 6 
-^— ^— — Pearl. New edition, 18mo. bound .066 

OLLENDORFF'S (Dr. H. G.) French Method. Fourth 
edition, 8vo. cloth 12 

*«* Key to ditto, by Dr. Ollendorff. 8vo. cloth .0 7 
— — — — ^— Grerman Method. Part I. Seyenth 

edition, 8vo. cloth 12 

Part XL Second 



edition, 8ro. cloth 12 

\* Key to ditto (both parts). 8vo. doth . . .070 
Italian Method. Second edition, 8vo.cl. 12 



*«* Key to ditto, by Dr. Ollendorff. 8vo. cloth .0 7 

PERRIN'S Elements of French Conyersation. New 

edition, 12mo. cloth 16 

— ^— Fables, French and English. New edition, 

12mo. cloth 2 6 

French Spelling Book. New edit 12mo. cloth 2 



WHTTTAEEB'S UFBOVED EDITIOirS OF 

PINNOCK'S History of England. Forty.first edition, 12mo. 

bound roan 6 

Rome. Twenty-ninth edition, 

12mo. bound roan 6 6 

Greece. Twenty-fifth edition, 



12mo. bound roan 6 6 

Arithmetical Tables. 18mo. sewed. New 



edition 006 

Ciphering Book. No. 1. Foolscap 4ta sewed. 



New edition 10 

No. 2. Foolscap 4to. half- 
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bound. New edition 3 

Key to Ciphering Books. l2mo. bound .0 3 6 

Child's First Book. 18mo. sewed . . .003 

Explanatory English Reader. 12mo. bound .0 4 6 

English Spelling Book. New edit. 12mo. cloth 16 

Exercises in False Spdling. 18mo. cloth .0 IP 

First Spelling Book. 18mo. doth . . .01 
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mii.Av«i>.g gELEOT SCHOOL BOOKS. 



« £ t.d. 

PINNOCK'S Introduction to the Explanatory English 

Reader. l2mo. cloth 3 

Juvenile Read^. 12mo. doth . . .016 

Mentorilui Primer. l8mo. half-bound . .0 6 

Elements of Latin. 18ma cloth . . .016 

. Latin Vocabulary. 18mo. cloth . . .016 

(W. H.) First Latin Grammar. OUendorflTs 

system. 12mo. cloth 3 

Catechisms of the Arts and Sciences. 18mo. 



sewed, each 9 

PLATT*S Literary and Scientific CUss Book. New and re- 
vised edition, 12mo. bound 6 

PORSON'S EURIPIDES. New edition, with Notes from 

ScHAEFEB and others. 8vo. cloth . . . .0120 
*«* The four Plays separate. 8vo. boards, each . .036 

SIMSON'S Symbolical EUCLID. By Bulkelogk. 18mo. 
cloth 060 

EUCLID. 18mo. roan 6 

SOAYE'S Novelli MoraU. 12mo. cloth . . . .040 

TAYLOR'S (Dr. W. C.) History of France and Normandy. 
12mo. bound 6 

— ' History of the Overthrow of the Roman Em- 
pire. 12mo. doth 6 6 

TYTLER'S Elements of Universal History, with con- 
tinuation. 8vo. sewed 4 6 

VALPY'S GRADUS, Latin and English. New edition, 
royal 12mo. bound .076 

Greek Testament, for Schools. New edition, 

12mo. bound 6 

SALLUST. New edition, l2mo. cloth . .026 

With English Notes by Hickie. 



12mo. doth 4 6 

Cornelius NEPOS. New edition, 12mo. cloth .0 2 6 

Schrevelius*s Greek and English Lexicon. New 



edition. By Dr. Major. 8vo. cloth . . . 16 

YENERONTS Italian Grammar. New edition, l2mo. bound 6 

WALKINGAME'S Tutor's Assistant. By Fraser. New 
edition, 12mo. cloth 2 

\* Key to ditto. New edition, 12mo. cloth . .030 

WEBER'S Outlines of Universal History. Translated by 

Dr. M. Behr. 8vo. cloth 9 

WOOD BRIDGE'S Rudiments of Geography. Third edition, 

18mo. bound 3 6 

Modem Atlas, coloured, to accompany 

the above. 4to. half-bound 8 

WHITTAKER'S (Rev. G.) Florilegium Poeticum. 18mo. 

cloth 030 

Latin Exercises ; or, Exempla Propria. 

l2mo. cloth 3 

Y^NOPHON'S Anabasis, with Notes, &c. By the Rev. 

T. F. Macmichabl, B.A. Fourth edition, 12mo, cloth 6 
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